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Abstract—With the increasing penetration of renewable energy
sources and power electronic converters, the grid strength and
inertia of modern power systems have significantly declined,
potentially leading to various stability challenges, such as small-
signal stability and frequency stability. It is widely recognized that
the integration of grid-forming (GFM) energy storage systems
(ESS) can mitigate these issues and enhance the stable operation
of power systems from multiple perspectives. However,
determining the optimal configuration of GFM ESS in hybrid
systems to balance stability and economic efficiency remains an
open research question. To bridge this gap, this paper proposes an
optimization method for GFM ESS configuration considering
stability constraints. First, based on the small-signal model of the
multi-converter system, the relationship between system stability
and the placement and capacity of GFM ESS is established, and
stability criteria are derived. On this basis, both small-signal
stability constraints and inertia constraints are incorporated,
formulating the GFM ESS configuration problem as a mixed-
integer programming problem. Finally, a relaxation method for
eigenvalue constraints and a two-layer iterative algorithm are
proposed to solve the optimization problem efficiently. Case
studies conducted on the IEEE 39-bus system and the fully
inverter-based system validate the accuracy and general
applicability of the proposed configuration method.

Index Terms—Optimal configuration, renewable power system,
grid-forming energy storage systems, small-signal stability.

|. INTRODUCTION

O achieve the zero-carbon target, renewable energy
sources such as wind power and photovoltaic systems
have been integrated into power systems on a large scale
over the past decade [1]. In several regions, the penetration of
renewable energy has exceeded 90%, as seen in South Australia
and Ireland. Power electronic converters, serving as grid
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interfaces for renewable energy sources, significantly influence
the stability and dynamic characteristics of power systems [2],
[3]. Most existing power electronic converters operate under
grid-following (GFL) control, synchronizing with the grid
frequency through a phase-locked loop (PLL) [4]. However,
with the decommission of synchronous generators (SGs), GFL
converters face increasing synchronization stability challenges
[5], which are particularly pronounced in high-renewable-
penetration systems. In recent years, small-signal stability
issues, such as sub-synchronous oscillations induced by weak
grids, have attracted considerable attention [6]. Additionally,
due to the control structure, GFL cannot provide an effective
inertial response, leading to frequency stability concerns [7].

To mitigate stability issues caused by weak grids and low
inertia, grid-forming (GFM) converters have been proposed as
a viable alternative power source due to their dynamic
characteristics similar to those of SGs [8]. GFM converters can
autonomously establish system voltage and frequency while
exhibiting a slowly varying internal voltage, significantly
enhancing the small-signal stability of GFL converters [9], [10].
Furthermore, the virtual synchronous machine (VSM) control
within GFM converters provides a rapid inertial response,
effectively supporting system frequency stability [11]. It is now
widely recognized that integrating GFM converters into power
systems is the most promising solution for achieving these
functionalities. Moreover, energy storage systems (ESS) are
considered the most beneficial energy source for GFM
converters due to their greater flexibility in deployment and
operation [12].

The primary purpose of early ESS design was to address
short-term and long-term power balance issues caused by the
variability of renewable generation, such as peak shaving and
frequency regulation. This objective also represented the main
focus of most early studies on energy storage deployment [13],
[14], [15]. With the advancement of grid-forming technology,
GFM ESS has been widely deployed in renewable power
systems, providing energy services while enhancing system
robustness. Hybrid power systems comprising GFL renewable
generation, GFM ESS, and SGs are expected to remain
prevalent for the foreseeable future [16].

In recent years, theories and tools for analyzing the stability
of hybrid power systems have been increasingly refined [17],
[18], and scholars have increasingly focused on how to
optimally configure GFM devices to enhance the stability of
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hybrid systems. Based on participation factors and power flow
analysis, ref. [19] optimized the placement and capacity of
GFM converters under voltage and power flow constraints.
However, since the approach involves the configuration of a
single GFM converter, it may lack general applicability. Ref.
[20] proposed a greedy algorithm to determine the placement of
GFM converters that maximizes grid strength. However, this
approach requires repeatedly solving optimization problems
involving eigenvalues, which may result in a computational
burden. Additionally, it does not consider the capacity of the
GFM converters. After analyzing the impedance model of the
GFM converters, ref. [21] investigated the required proportion
of GFM ESS to maintain small-signal stability based on the
concept of generalized short-circuit ratio. However, it is
assumed that the same proportion of GFM ESS was installed
near all GFL converters, which may not be the most cost-
effective solution in practice.

The existing studies on the configuration methods of GFM
ESS exhibit several notable limitations: 1) They fail to account
for the influence of GFM control parameters on the stability of
GFL converters, which may lead to inaccurate results [22]; 2)
They do not address stability issues intrinsic to the GFM
converters themselves, resulting in configuration schemes that
may not ensure the overall system stability [23]. For instance,
in [24] and [25], GFM are simplified as a voltage source in
series with an inductance during the configuration process,
neglecting their inherent dynamic behavior. To fill these gaps,
this paper extends the investigation of the placement, capacity,
and inertia configuration of GFM ESS within hybrid systems,
aiming to minimize configuration costs while maintaining
system stability. Initially, based on the modeling and stability
analysis of the hybrid GFL-GFM system, stability criteria for
both GFL and GFM converters are derived. Subsequently, by
incorporating constraints such as small-signal stability and
inertia, the configuration problem is formulated as a mixed-
integer programming (MIP) problem, with eigenvalue
constraints subjected to a relaxation process. Finally, a two-
layer iterative algorithm is proposed to solve the problem, and
case studies are conducted on the IEEE 39-bus system. To
evaluate the feasibility of GFM ESS independently supporting
the operation of a renewable energy power system, the case
study of a fully inverter-based system is also presented. The
main contributions of this paper are summarized as follows:

1) Based on system partitioning and decoupling, the stability
problem of a complex hybrid system is transformed into
the stability analysis of a single equivalent converter.
Furthermore, a small-signal stability criterion for the
system is proposed. This criterion fully considers the
impact of control parameters and strategies on system
stability and the instability dominated by GFM themselves,
leading to more accurate configuration results.

2) The configuration problem for GFM ESS is formulated
based on a MIP approach, where the placement of GFM is
represented by binary variables, thereby eliminating the
computational burden associated with placement
permutations. On this basis, an eigenvalue constraint

relaxation method is proposed for different scenarios based
on matrix differentiation theory, enabling the optimization
problem to be solvable using existing solvers.

3) A capacity-inertia two-layer iterative algorithm is
proposed, where the inner-layer iteration optimizes the
placement and capacity, and the outer-layer iteration
optimizes the inertia of GFM ESS. The two layers
iteratively update data. This algorithm avoids the complex
nonlinear constraints in the optimization problem, thereby
enhancing the solution efficiency.

The rest of this paper is organized as follows: In Section II,
the impedance model of the hybrid system is established, and a
stability assessment method is proposed. Section III formulates
the optimization configuration problem of GFM ESS under
stability constraints. Section IV presents the solution method
for the configuration problem. Case studies are provided in
Section V. Section VI concludes the paper.

I1. MODELING AND STABILITY ASSESSMENT OF THE MULTI-
CONVERTER SYSTEM

This section first establishes the small-signal model of the
hybrid system consisting of GFL and GFM converters based on
the impedance method. The interaction dynamics between
GFM and GFL converters are further clarified, and a stability
assessment method for the system is proposed. These studies
provide the foundation for formulating the GFM configuration
problem in Section III.

A. Impedance Model of the Hybrid System

The schematic diagram of a hybrid power system is shown
in Fig. 1, which includes n GFL converter nodes {1,2,...,n}, m
GFM converter nodes {n+1,...,n+m} and k internal nodes
{n+m+1,...,n+m+k}. Node 0 represents the infinite bus, which
serves as the common grounded node. For economic
considerations, the nodes to be configured with GFM are
located at the high-voltage side of the GFL step-up transformers
in the internal nodes [21]. The specific placements and
capacities of the GFM converters will be determined by the
optimization results. The impedance model of the system is
established to characterize its stability, which includes the GFL
converters, GFM converters, and the passive network.
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Fig. 1 lllustration of a hybrid power system.
1)  Admittance model of the GFL converters
The admittance of the GFL Converters can be expressed as
AIGFL,i = _SGFL,iew' YGFL,i (S)eimlAUi ,1=1,2,-n (1)
where AlgrLi = [AlcrLd,i, A|G|:|_q,i]T and AU; = [AUq,, AUq,i]T are
the vectors of the output current and terminal voltage of GFL
converter i in the global reference frame. A denotes the
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perturbed value of a variable. Sgrei is the per-unit value of the
capacity of the i-th GFL. YgrLi(S) is the 2>2 admittance matrix
in the frequency domain for the GFL converter with unit
capacity, and its specific expression can be found in [26].
Matrix ¢’% = [cosé, sinf;; siné; -cosé,] and 6; represents the
steady-state angle difference between the local dq reference
frame of the i-th converter and the global reference frame.
When the control strategies and parameters of the GFL within
the system are homogeneous, all Ygri(S) in (1) are identical.

2) Impedance model of the GFM converter

When addressing small-signal stability concerns, GFM
converters can be represented by a Thevenin equivalent circuit
in the dq reference frame. Specifically, this model comprises an
ideal voltage source and an internal impedance. The internal
impedance Zgrm(s), Which is determined by the control strategy
and parameters of the GFM converter, can be expressed as the
sum of two independent impedances [27].

Zorn (8)=Zyy () a(s)+ Zpe (8)

2 ()o@ o] @
0 O 1

Z ~ o H , H =—
PF(S) @y Psc{vdzo 0:| PSC(S) Js% + Ds

where Zgqy(sS)a(s) represents the impedance generated by the
inner-loop control of the GFM, L;s is the filtering inductance,
Hv(s) = PlvcL(S)PlceL(s), Plver(s) = K +Ki/s, and Plcel(S) =
KpetKic/s are the transfer functions of the voltage and current Pl
controllers, respectively; Zpe(s) is the impedance generated by
the power synchronization loop; J and D are the inertia and
damping coefficients, respectively. Vo represents the steady-
state values of the d-axis voltage.

Equation (2) describes a basic GFM control strategy, while
in practice, several additional control loops of importance may
also be incorporated. If the GFM converter adopts Q-V droop
control, the corresponding impedance introduced by this
control should also be incorporated into the expression of
Zcrm(s), denoted as Zov(s):

Zq (s)=[0 N/ D“} ©)

0 0

where Dq denotes the reactive power droop coefficient.

When an additional damping control is applied to the GFM
converter, an extra frequency-feedback branch is introduced in
the active power control [28]. Consequently, the original
damping coefficient D is replaced by the equivalent damping
coefficient Deg:

D, (s)=D+K, -

w  1+sT, @)
“ 1+sT, 1+5T,

where K,, is the additional damping gain, Ty is the time constant
of the high-pass filter, T; and T, are the time constants of the
phase compensator. There are various forms of additional
damping control, and (4) is considered as a typical example in
this paper.

The impedance model of the GFM converter can be
described as:

Zeemi (S
AU, =—e % L'()e”'AIGFM'i,i=n+1,~-~n+m. (5)

I SGFM,i

where Algemi = [Alcrmd,i, A|G|:|v|q,i]T and AU; = [AUq,, AUq,i]T
are the vectors of the output current and terminal voltage of
GFM converter i in the global reference frame. Sgrw,i is the per-
unit value of the capacity of the i-th GFM.
3) Model of the passive networks

When considering a general setting, the dynamic equation
of the line between Node i and Node j is

sl ] e

where [Alg,jj, Alq]T is the vector of current between nodes i and
j, and Yij(s) is a 2 x 2 transfer function matrix encoding the
dynamics of the line. For the line composed of a resistor and an
inductor, we have:

(S-i—z'ij )/a)o -1 N

1 (S +7; )/a)o
where Bjj and z;; are the line susceptance and the R/X ratio of the
line ij. For simplicity, the R/X ratio of all lines is assumed to be
consistent (averaged), i.e., Fij(s)=F(s), i, j = 0,1,...,m+n+k.

The network topology and admittance of the system are
represented by the node Laplace matrix B, with elements given
by: B = -Bj (i # j) and B;= X" B;. By performing Kron
reduction on B, the Laplace matrix By, which eliminates the
internal nodes {n+m+1, ..., n+m+k}, can be obtained:

m+n)x(m+n m+n)xk
B, e R™™Mmn) B¢ R
B3 c ka(m+n) B4 c kak

By combining (6), (7) and (8), the dynamics of the passive
network can be described by the following 2(m+n)>2(m+n)
transfer function matrix.

Ly = Ygria (S)U =[ B, ®F(s) U, (9)

Whel’e qu = [Id']_, Iq,]_,..., Id'm+n, qum+n]Tl qu = [Udy]_, Uq,]_,...,

Udm+n, Ugm+n] are the injected current and voltage vectors of
Node {1,2,...,m+n}.

Equation (1), (5) and (9) establish the closed-loop dynamics

of the multi-converter system, with its closed-loop
characteristic equation given by:

det[ﬂsGFL . }@IzjemYc(S)eJ%Br@F(S) =0 (10)

where Sgr. = diag{ScrL1,. .., SerLn}, Serm = {Scrm.1,. - ., SeFMm}
consist of the power ratings of each GFL and GFM converters.
Yc(s) = diag{YerL1(S),..., YarLn(S), ZépM,l,...,ZépM,m} is the
admittance matrix of all converters. ¢’9=diag{e’",...,e/0} is
the reference frame transformation matrix.

Yij (S) = Bij = BijFij (S) @)

B, =B, -B,B;'B, B= 8

B. Stability Assessment Method of the Hybrid System
1) System partitioning and decoupling

In Section Il.A, the closed-loop dynamics of the multi-
converter system are derived by separating the dynamics of the
converters and the passive network, providing a foundation for
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system stability assessment. Given that GFM converters exhibit
characteristics similar to voltage sources, they can be
incorporated into the passive network to form an equivalent
network [29], thereby partitioning the original system into two
subsystems.

Proposition I1.1: The hybrid system described with (10) is
stable if the following two subsystems (characteristic equation)
are both stable:

subsystem1: det(Ye, (5) Yy (3)+ 1, ) =0

subsystem?2: det (Y, (5) Y4 (s)+1,,) =0 (11)
where:
{YCl(S) Ycz(s)}z[[sm SGFM}@)'ZJeJ@YC(S)eJ@
&8 28}{2 :ﬂ@F(S)zBr@)F(S) (12)

Yg,eq (S) = Ygl (S)_ Y, S)[YCZ (S)+ Yg4 (S)] l Y93 (S)

The dimensions of Yca(s) and Ycz(s) are 2n>2n and 2m>2m,
respectively, while Yg(s) and Yga(s) have corresponding
dimensions. Ygeq(S) represents the transfer function matrix of
the equivalent network after the integration of the GFM
converters.

Proof: See Appendix A.

From (11) and (12), it can be observed that if each GFM
converter is sequentially replaced by an ideal voltage source in
series with an impedance branch Zgem,i(S)/Scem,i, the resulting
system, which consists of n GFL converters, corresponds to
subsystem 1 in (11). Since the GFM converters are equivalently
modeled, the characteristic equation of subsystem 1 primarily
reflects the stability characteristics dominated by the GFL
converters.

The characteristic equation of subsystem 2 can be further
expressed as (13), indicating that subsystem 2 represents a
system consisting solely of m interconnected GFM converters
after disconnecting the GFL branches. Consequently, the

characteristic equation (13) characterizes the stability
dominated by the GFM converters.
det {02” } B, ®F(s) |=0 (13)
e +B, s) |=
Ye, (S)

Compared to directly analyzing the original system, we
partition the system into two subsystems, as illustrated in Fig.
2. Each subsystem contains only a single type of converter.
Clearly, the stability of the original system is equivalent to the
stablllty of both subsystems.

GFL1 Equivalent

| |
I . Netvvork n | & I fe’t_wgrk o !
'HG H“ i R i
it ."\ i Yols) |
|

|
|
|
|
|
Yg,eq(s) | :
|
|
|
|

: GFLn1 -\, /d\ Y d\
gl Ol

_ ___ _Subsysteml _ __ _ oL __ Subsystemz __ _ _ _
Fig. 2 Equivalent subsystems of the hybrid system

Typically, the impact of the steady-state power angle
difference of converters on system small-signal stability is
minor and can be neglected [20]. Thus, it follows that ’® = g7
=~ |. Additionally, it is assumed the control strategies and
parameters of the GFM converters are homogeneous, i.e.,
Zrmi(S) = Zerm(s), i =1,...,m. Based on the modal decoupling
theory [18], subsystem 2, which consists of multiple GFM
converters, can be decoupled into a series of single-converter-
infinite-bus systems, where the grid-connected admittances
correspond to the eigenvalues 1, 02,..., om Of Matrix Sggy B4

det (Y, (5)+ Yy, (5)) = det(Sgey ®Zghy (3)+B,, ®F(s))

(14)
= det(Sgpy Hdet( o (8)+0F(s))=0

The 5|mpI|f|ed treatment of subsystem 1 is presented in 2).

2) Effect of the power synchronization control on GFL

In contrast to subsystem 2, subsystem 1 cannot be fully
decoupled into multiple single-converter-infinite-bus systems,
where each GFL converter is connected to the grid through an
admittance. This is due to the structural difference between the
admittance matrix Ycz(s) and the line admittance matrix Y gria(S).
According to (2), since Zyq(S) remains nearly constant at Zggm
for frequencies above 20 Hz [22], the inner-loop impedance
Zyg(S)a(s) exhibits a form analogous to the impedance of
transmission lines as expressed in (7). Further examining the
synchronization impedance Zpe(S), it is desirable to
approximate its influence on the GFL converters using a
symmetric impedance Zpieq(S)a(s). The following proposition
provides an approximate equivalence for Zpg(S).

Proposition 11.2: The influence of Zpg(s) on the small-signal
stability of GFL can be approximated by the impedance matrix
Zpieq(S)a(s), where the equivalent synchronous impedance
Zpieq(S) is given by:

Zyea(s)= “%ls __ “Vag
Proes 2(s*+a5) 2(s*+a;)(Js”+Ds)
where Zy is the nonzero element in Zpe(S).

proof: See Appendix B.

The equivalent synchronous impedance Zpseq(S) varies as a
function of frequency, with its Bode diagram depicted in Fig.
3(a). Within the frequency range prone to GFL instability (10—
50 Hz), the phase of Zpieq(S) approaches 180 opposite to that
of Zqq, While the magnitude increases as the inertia coefficient J
decreases. This observation can also be inferred from the
expression of Zpeq(S), since when J is not too small and the
frequency exceeds 10 Hz, the term Js? dominates in Js?+Ds,
resulting in a phase of 180< Consequently, a smaller J results
in a lower overall impedance of the GFM converter, making it
more closely resemble a voltage source, thereby enhancing the
stability of the GFL. This relationship is further corroborated
by the GFL-dominated eigenvalues locus presented in Fig. 3(b).

(15)
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Fig. 3 (a) Bode diagram of the equivalent synchronous impedance; (b)
Dominant eigenvalues locus

To obtain the conservative stability condition for GFL, this
paper adopts the maximum value of the equivalent synchronous
impedance Zyeq(S) within a frequency range to approximate its
wideband characteristics. The equivalent GFM impedance is
then approximated by Zgrma(s), which is expressed as:

Zogw = qum + prm,eq (J)

Ly

N,
dgm :m’ prm,eq(‘]): —

B 2|0 + D*af (of —a;f)

where w1 represents an oscillatory frequency of the GFL, which
is determined by its control parameters. The value of w1 can be
obtained either through numerical computation or experimental
measurement. In the numerical approach, w1 corresponds to the
root of the algebraic equation given in (17).

det(Yer (@ )F(joy)+Al,)=0 (17)
where A is an unknown real number. By decomposing (17) into
its real and imaginary components, two algebraic equations are
obtained, from which the oscillation frequency wi can be
explicitly determined.

Fig. 3(b) illustrates the effect of approximating the GFM
impedance Zgema(s) in place of Zgem(s) on the GFL-dominated
eigenvalues. This method maintains a conservative design
approach while achieving satisfactory accuracy.

Similarly, when the GFM employs Q-V droop control, the
effect of Zpr(S)+Zov(s) can be approximated by Zpgeq(S)a(s),
and Zyq,eq(S) denotes the equivalent power impedance.

wOZ |:(pr _qu)qum _przqv:|
Z pq.eq (S): 2(52+a)2)Z
0

where Zg is the nonzero element in Zgy(s). The derivation
procedure of (18) is identical to that of (15). Moreover, the
wideband characteristic of Zpqeq(S) IS approximated by its
maximum value within a specified frequency band for
conservativeness.

Thus, Ygeq(s) in (12) can be approximated as the transfer
function matrix of a resistive-inductive network, which
characterizes the network features following the configuration
of the GFM. Similar to subsystem 2, subsystem 1 can be
approximately decoupled into multiple single-converter
systems, where the grid-connected admittances correspond to

the eigenvalues of matrix Sag; By red.

7 (16)

(18)

dgm

Yo (S)~ |:Br1 -B,,(B,, +AB)71 Bﬁ} ®F(s)

(19)

BLred

AB = SGFM /(qum + prm,eq (‘] ))

It should be noted that regardless of the control strategy and
parameters of the GFL converters, the eigenvalues of Sg; By e
can reflect the grid strength of the system after the configuration
of the GFM. This is of significant importance for assessing the
stability of the GFL.

3)  Stability characteristic of the GFL and GFM converters

Based on the studies in 1) and 2), the hybrid converter
system can be approximated by partitioning and decoupling
into multiple single-converter-infinite-bus systems. The
stability problem of the original system is thus reduced to the
stability analysis of individual GFL and GFM converters. A
brief description of the stability characteristics of a single GFL
and GFM converter is provided as follows.

The stability of the GFL converter diminishes as the grid
admittance decreases. Therefore, the GFL remains stable when
the smallest eigenvalue of matrix Sgp; By eq €Xceeds Acric,
where AcrLc represents the admittance required for the GFL to
achieve critical stability. In the case of heterogeneous GFLs,
AcrLc = max. {AGFL.ci}, Where Acrici denotes the critical grid

admittance for the i-th GFL converter.

In contrast to GFL, the stability of the GFM converter
weakens as the grid admittance increases [31]. According to
(14), the eigenvalues of SgryB,4 must be smaller than the grid
admittance Acem,c, Which ensures the critical stability of the
GFM to guarantee its stability. The critical grid admittances
AceLc and Aeemc are both solely dependent on the control
strategy and parameters of the converters.

I1l. FORMULATION OF THE STABILITY CONSTRAINED GFM ESS
CONFIGURATION PROBLEM

This section establishes the optimization configuration
framework for GFM converters to enhance system stability.
Specifically, for a given power system integrating multiple
GFL-based renewable energy plants, the objective is to
determine the optimal placement, capacity, and inertia of GFM
ESS. The configuration must satisfy constraints on small-signal
stability and rate of change of frequency while minimizing the
overall investment cost.

A. System Stability Constraints

1) Small-signal stability constraint of GFL
The stability constraints of the multi-converter system
encompass both GFL and GFM stability requirements. As
analyzed in Section I1.B, the stability constraint for GFL is
given by:
/Imin (SE}ZLBLred ) 2 ﬂ“GFL,C (20)
where Amin(J denotes the smallest eigenvalue of the matrix.
Parameter JcrLc can be obtained through numerical modeling

or experimental testing of a single GFL converter. A more
straightforward approach is to adopt an empirical value. The
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physical interpretation of /e c corresponds to the short-circuit
ratio (SCR) at which a grid-connected GFL converter reaches
critical stability, typically ranging between 2 and 3. For a
conservative estimation, a value of 3 is often chosen,
representing the boundary between strong and weak grids. If,
after configuring the GFM based on AgrLc = 3, the GFL remains
unstable, this indicates that the equipment design is inadequate,
rendering it unsuitable for grid connection.
2) Small-signal stability constraint of GFM

Since the inertia coefficient J of the GFM plays a crucial
role in both small-signal stability and frequency stability of the
power system, it is also considered an optimization variable in
this study. The impact of J on GFL stability is reflected in its
influence on the equivalent impedance of the GFM, as
described in (16). Furthermore, J affects the stability of the
GFM by altering the critical grid admittance Agemc. The
stability constraint for the GFM converter is derived as follows,
with the characteristic equation of the single GFM converter
given by:

det(Zdq (s)a(s)+Zu(s)+ o-a(s)) =0
Vo

s? ol
—+1 +o0|+t———=
& H, (s) Js® + Ds

where ¢ is the grid impedance. Within the frequency range of
GFM synchronization instability (10-20Hz), (21) satisfies
s? /w31, allowing it to be neglected.

After simplification, (21) reduces to a quartic equation:

(KK o+ X, )s*+[ Koo+ D(K Ko+ X ) ]s°

(21)

+(IK Kyyo + DKoo + oV K K, ) °

ic v

(22)

+(DK, Ky, o + oV, Ky ) s + 0V K Ky, =0

Assuming 7%, = 2/3 and applying Routh criterion, the
stability condition for GFM is:

(Koo +D(KeK o+ X, ) | 0K K, <3 DK Kot oK
b, 2
3(K Ko + X, )(DK, K, o +20,Kyc /3)
‘]KVC0-+D(KPCKPVO-+Xf)
+JIK, K, 0+ DKo +20,K K, /3

Ic v

(23)
After simplification, the stability criterion for a unit-
capacity GFM converter is:

K (K, Ko+ X
20KKe ¢ (). (KpKpo+X,)
3 f,(o)

—20,K,, K,, /30

~(IK, K, +DK,c )&

[\% ic

(24)

IKyeo+D(K, Ko+ X,)
DK K o+20, K, /3

= ric

f.(o)

where Xi = wols, Kve = KpKic + KpcKiv, and the physical
quantities are expressed in per-unit values. The critical grid
impedance oc of the GFM is defined as the value of ¢ that

satisfies equality in (24). Consequently, (24) also provides an
implicit function between critical grid impedance oc and the
inertia coefficient J. Additionally, oc and the critical grid
admittance Acem.c exhibit a reciprocal relationship.

With changes in the GFM control strategy, the functional
relationship between oc and J is modified accordingly. The
stability constraint of the GFM converters remains:

;)‘max (S;:M Br4) S]/GC (‘]) (25)
where Amax( 9 denotes the biggest eigenvalue of the matrix. The
relationship between ac(J) and J is given by (24).

3) Inertia constraint

As power electronic devices replace the mechanical rotors
of SGs, the system inertia is reduced, which may lead to
excessive rates of change of frequency (RoCoF) under power
fluctuations. This phenomenon is particularly pronounced in a
power electronics-dominated power system. As a result, GFM
converters are required to provide a certain level of inertia
support, which imposes specific constraints on their inertia
coefficient. For the sake of simplicity, this paper employs the
maximum RoCoF as an indicator of the system’s inertia, which
typically occurs at the instant of the disturbance. According to
the frequency response model in [32], the initial RoCoF, when
subjected to a power step disturbance, is expressed as:

df (1) _ f, AP, i (26)

dt |t:o* ‘]se + ‘]GFL +J zizlsGFM,i

where fo is the rated frequency of the system, AP represents the
power disturbance, Jsg and JerL correspond to the inertia of
synchronous generators and GFL devices in the system. When
GFL converters do not employ virtual inertia control, equation
JerL = 0 holds. Otherwise, the effective inertia contributed by
GFLs must be evaluated using other methods, which is beyond
the scope of this paper (see [33] for reference).

From (26), the inertia constraint of the system can be
derived as follows:

J ZSGFM i 2
i=1

whereflim is the maximum allowable RoCoF.

f, AP

_‘]SG_‘]GFL :‘Js (27)

ys
lim

B. Description of the Optimization Problem

In practical scenarios, it is infeasible to deploy a GFM ESS
at each renewable energy site. Therefore, the configuration
strategy is considered to involve the installation of at most Nmax
GFM ESS (where Nmax < n) at a subset of n potential nodes.
Given that this problem encompasses the siting of GFMs, the
configuration problem can be formulated as the following MIP
problem:

(P1) N (S ) = 6. 28)

Subject to (20), (25), (27),
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min max
uiSGFM < SGFM,i < uiSGFM

n

Zui < Nmax

Li;le {0,1}, i E{l,Z,“’,ﬂ}

where the objective function C(Scrm) represents the total
configuration cost of the GFM, with c; denoting the cost of
configuring a unit-capacity GFM. The binary variable u; = 1
indicates the installation of a GFM at node i, while ui = 0
signifies the absence of a GFM at node i. S&%, and S,
represent the upper and lower capacity limits for the GFM.

The optimization problem (P1) takes into account different
network topologies and converter control strategies, making it
applicable to the GFM configuration of any system. Unlike
conventional small-signal stability constraints based on
dominant pole damping ratios, this study provides conditions
that the network must satisfy to maintain converter stability.
This approach not only avoids complex numerical calculations
but also remains feasible when the internal structure and
parameters of the converter are unavailable. Additionally, a
detailed consideration of the GFM converter is provided. First,
the impact of its inertia on the system’s support capacity is
quantified, which helps clarify the multifaceted influence of
inertia on the system and enhances the accuracy of the GFM
configuration results. Second, stability constraints specific to
the GFM converter are established. Although GFM converters
exhibit relatively good stability in weak grids with high
renewable energy penetration, their capacity is generally much
smaller than that of GFL converters, resulting in a relatively
stronger grid from the GFM perspective. Specific case studies
are presented in Section V.

(29)

C. The Relationship Between ESS Configurations with
Different Objectives

The primary and most fundamental role of ESS is to
maintain power balance in the power system. Most
configurations are designed with energy management as the
primary objective, such as peak shaving, frequency regulation,
and reactive power support [14], [15]. Owing to its specific
control structure, GFM ESS can not only provide these services
but also offer support at shorter time scales, namely small-
signal stability enhancement and inertia support, which are the
focus of this study. These aspects precisely correspond to the
challenges that must be addressed in renewable power systems.
Although the configuration objectives differ, the proposed
configuration for improving small-signal stability and inertia
does not conflict with configurations aimed at energy
management; instead, they can be integrated into a unified and
comprehensive scheme.

The small-signal stable and inertia support investigated in
this study occur at an ultra-short time scale (on the order of
milliseconds). Thus, the energy capacity of ESS is not within
the scope of consideration. From the perspective of energy
management, system operators may determine the energy
capacity, since the objective functions of long-term
optimization typically include total rated power and energy

capacity. Moreover, such studies seldom consider the
placements of ESS, as their impact on the objective function is
relatively minor. Consequently, the placement optimized in this
work is unlikely to conflict with placements determined by
other configuration objectives. On the other hand, the external
characteristic of GFM ESS is only marginally affected by its
output power [23]. Therefore, the power requirements imposed
from the perspective of energy management do not compromise
the maintenance of small-signal stability.

When optimizing the rated power of GFM ESS, both energy
services and stability support must be taken into account, with
the rated power determined as the larger of the two optimization
outcomes. In summary, the optimized placement and rated
power capacity of storage obtained in this work can serve
respectively as a reference scheme and a necessary condition
for power system planning, while the energy capacity should be
determined according to energy management requirements.

IV. PROPOSED METHOD FOR OPTIMIZING THE PLACEMENT AND
CAPACITY OF GFM ESS

This section presents a solution method for the GFM
configuration problem (P1). Since the two eigenvalue
constraints in (P1), namely (20) and (25), cannot be solved
using existing solvers, different relaxation methods are
employed to transform them into conventional constraints.
Additionally, the complexity of the expression in (24) and the
relatively low efficiency of simultaneously optimizing inertia
and capacity pose challenges. To address this issue, a capacity-
inertia two-layer iterative algorithm is proposed to improve the
solution efficiency.

A. Relaxation of the Eigenvalue Constraints
1)  Stability constraint of GFL

Assuming the inertia of the GFM is known, the matrix
SdriBLeq represents a complex decision variable dependent on
the capacity of GFM. Let A(Sgem)=Scia B eqScrs. denote a
symmetric  matrix; since A=SYZ (SgrBred)Sars.  and
Scki By g are similar matrices, they share identical eigenvalues.

The second-order Taylor expansion of the multivariable
function Amin(A(Scrm)) around the results of the k-th iteration is
given by [24]:
ﬂmin (A(SGFM )) = ﬂéku)] +<V}H§1kiz )T (SGFM _Sg(F)M )

+%(SGFM _Sg(F)M )T H(SGFM,S)(SGFM _S(C;(F)M )

SGFM,H = SE;kF)M +‘9(SGFM _Sg(gM ) Oe (0’1) (30)
where superscript (k) denotes the physical quantities generated
at the k-th iteration, V represents the gradient operator, and H( 9
is the Hessian matrix of the scalar function Amin(A(Scrm)).

Noting the properties of the quadratic form, (30) can be further
simplified as:

o ()2 280 + (VA2 (S 5 )+ S ~SE [ 3D

where y < min(H(Scem,)) is a tuning parameter and can be
initially set to a smaller value and then adjusted based on the
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convergence behavior.
v,% is a column vector composed of the partial derivatives

min

of Amin(A(Seem)) with respect to each element of Sgrm:

N L G I Yo
Sern OSermi
oA (A(S(G"‘F)M )) 7 aA(SGFM )Xl i e {1,2'...n} (33)

asGFM Nl ' aSGFM Rl

where x, and x| are the left and right eigenvectors of matrix
A(Scem) corresponding to the eigenvalue ® and

‘min?

a'A\(S((‘TIEM )/aSGFM i SG]éiBacEn IBT E;]éi /ZGFM

34
B, = BrZ(Br4 +0B(SE, ))1 &

where E, ;i denotes an n-dimensional diagonal matrix with its ii-
th diagonal element set to 1, while all other elements are zero.

In conclusion, in the neighborhood of Sg‘LM, the eigenvalue
function Amin(A(Scrm)) can be approximated by the simplified
expression on the right-hand side of (31). Accordingly, the
constraint in (20) can be reformulated as:

/1mm (V/lmln) (SGFM _S(lelM )+%“SGFM _S(lezM HZ = A’GFL,C (35)

2)  Stability constraint of GFM

Given that the constraint in (25) pertains to the maximum
eigenvalue of matrix S¢ryB,4, Which is a diagonally dominant
matrix, a relaxation approach based on matrix norms can be

considered:
} (36)

ﬂ‘ (SG:IL:M r4) - ||SGFM
where || .. represents the £.-norm of the matrix, while Byaji
represents the element located at the (j, i) position in matrix Bya.
It is noteworthy that when the optimized capacity of certain
GFMs is 0, (36) becomes invalid. Therefore, the GFM stability

constraint is reformulated as:

HU(SGFM +51,)"B

n B i
= max | 3|2
0 i=1,2,---,n = S

GFM,

@37)

ra4

B <YYo (J)

where U = diag{us,u,...,un}, and o represents a sufficiently
small constant. When Sgewm,i = 0 in the optimal solution, the i-th
diagonal element of matrix U(Serm+d1n) ! is zero. Equation (37)
outlines the constraints for the non-zero GFM capacities.

B. The Capacity-Inertia Two-Layer Iterative Algorithm

To enhance the efficiency of solving the MIP problem (P1),
this section introduces a two-layer iterative algorithm for
capacity and inertia optimization. The inner layer focuses on
capacity optimization, where the degenerate problem (P2) is
solved based on the inertia coefficient provided by the outer
layer, and the results are transmitted to the outer layer. The
outer layer pertains to inertia optimization, where the inertia
coefficient is updated based on the capacity optimization
outcomes from the inner level, continuing until both the GFM
capacity and inertia converge. The formulation of the

8
degenerate optimization problem (P2) is given as follows:
(P2) min C(Sgey ) ZC Serm i (38)
Subject to (29)
(SGFLBL@) ﬂm c
(39)

HU o +51,)

<yfor (")

where J™ represents the inertia value provided by the outer
layer optimization at the m-th iteration. The solution method for
(P2) is first introduced.

Based on the aforementioned relaxation of the eigenvalue
constraints, the optimization problem (P2) can be iteratively
solved by addressing the sub-optimization problem (SubP2).
Since the optimization problem (SubP2) is convex, it
guarantees the existence of an optimal solution.

(SubP2) min C(Sgey ) Zc Serm i

(40)
Subject to (35), (37), (29).

Specifically, in each iteration, the optimization problem
(SubP2) is solved. The result of the k-th iteration is used as the

parameter Sg‘gﬁ,} for the next iteration, while parameter S%‘%M is

derived from the solution of the optimization problem in the

(k—1)-th iteration. The parameter SGFM in the first iteration is a
given feasible initial value, ensuring that all constraints in
(SubP2) are satisfied. The iterative process continues until the
two sets of capacities are sufficiently close, i.e.:

||S(‘fl:hil) oy " <& (41)

where || { represents the Euclidean norm of the vector, and &,>0
is the convergence threshold.

Based on the previous analysis, it is evident that when the
inertia coefficient of the GFM decreases, both its own stability
and the stability of the GFL (within the synchronous frequency
range) improve, which results in a lower value for the objective
function of (P2). Since in (P1), only constraint (27) limits the
reduction of the GFM inertia, when (P1) reaches its optimal
solution, constraint (27) must hold with equality. Therefore, the
outer iteration can update the inertia value as follows:

_ym oy
r[J + l’usGFMnJ

where r > 1 is a tunable parameter, m denotes the number of
outer iterations, and || 4|1 represents the ¢,-norm. Similarly, the
initial value for the outer iteration is a small inertia J¥, and the
convergence criterion is given by ||[J™-JM)|| < g,.

In summary, the overall process of the proposed two-layer
iterative algorithm for solving the optimization problem (P1) is
shown in Fig. 4. The fundamental idea is to transform the
original problem into two interlinked degenerate problems,
with the outer iteration circumventing the nonlinear constraints
of the original problem. Furthermore, for the degenerate
problem (P2), the inner iteration relaxes the eigenvalue
constraints and approximates the complex implicit function
using piecewise simple functions. The entire optimization

J (m+1) (42)
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process only requires the repeated solution of the MIP problem
(SubP2), which can be efficiently solved using the Gurobi
solver in MATLAB.

Input admittance matrix B
Calculate By, By in (8)

C Initialization: m = 1, J® )

Y Capacity
Calculate (7}, ,o"in (16), (24) optimization
Gnitialization: k=1; S(Gl)FM)
&
*‘

| |
| |
| |
| |
| |
| |
| |

|
: Calculate AB, B, in (19) |
: Calculate 2*), v 2(*)in (31),(32) k=k+1 :
| |
| |
| |
| |
| |
| |
| |
| |

| Solve (SubP2) and obtain Sgrm |

Inertia
optimization

m=m+1

@utput: Seem and J(m”))

Fig. 4 Procedure of the proposed two-layer iterative algorithm

Lemma 3.5 in [34] establishes the convergence of the inner
iteration. For the outer iteration, since the total capacity of GFM
increases with each iteration, it follows from (42) that:

(m+1) ‘]sys :l (m) ‘]SyS_ _1 (m) ‘]
R R R
(43)
Ilme+1 I < —lJ =0 (44)
S Y Bl ]

This proves the convergence of the two-layer iterative
algorithm. Lemma 3.6 of [34] presents the optimality condition
and proves that the convergent value of Sgrm also satisfies this
condition, thereby guaranteeing the optimality of the algorithm.
On this basis, the optimality condition of the proposed model is
given by:

3> 0, Uc=1-UV 2y (A(Sern )) @)

Arnin (A(S;FM )) = Aoric

where ¢ = [cy, ..., ¢n]". Equation (45) can be used to verify the
optimality of the optimization results, which will be
demonstrated in the case study.

V. CASE STUDY

In this section, the proposed GFM configuration method is
applied to a modified IEEE 39-bus system, with
electromagnetic transient simulations in MATLAB/Simulink
conducted to validate the effectiveness of the configuration
results. Additionally, considering the potential future scenario
in which certain power systems may operate with 100%
renewable energy penetration, a case study on a fully inverter-
based power system is presented to demonstrate the general
applicability of the proposed method.

In the modified IEEE 39-bus system depicted in Fig. 5, GFL
renewable energy units are connected at buses 1-9, while the
SG is located at bus 39. The candidate buses for GFM
deployment are {11,15,19,28,29,31,34,38,10}. Based on
empirical data, GFM ESS are integrated into the designated
buses via transformers with an impedance of 0.06 p u. The unit
capacity configuration cost is defined as ¢i = 1p.u., i=1,2,...,9.
The network line parameters remain consistent Wlth those in
[29], and the control parameters of the converters can be found
in Appendix C.

A. Case Study on the Modified IEEE 39-Node System
GFL 8

GFL 6

GFL 1 GFL9

GFL2 GFL3
Fig. 5 Diagram of the modified IEEE 39-bus system

To reduce grid strength, the capacity matrix of the GFL
converters is defined as Ser. = diag{2,2,2,1,1, 1, 25, 2.5, 3}.
Based on the control parameters, the critical grid admittance
required for stability is determined as Agrc=3.03. Under these
conditions, the minimum eigenvalue of matrix S Byeq IS
computed as 1.58, indicating that the system is unable to
maintain the stability of the GFL converters.

1) Convergence and optimality analysis of the algorithm
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Fig. 6 Algorithm convergence speed under different parameter settings. (a)
inner-layer iterations; (b) outer-layer iterations

.6
iterations
(b)

The convergence of the proposed algorithm is first validated.
In this case study, the tolerance values are set as &1 = Npax><10°
and ,=10"*. Taking Nmax = 3 as an example, Fig. 6(a) illustrates
the variation of capacity error with iteration count during the
first round of inner-layer iterations, where the vertical axis is
presented in a logarithmic scale. It can be observed that the
convergence rate of the inner iteration increases as the
parameter y grows; however, when y > —2, the algorithm
diverges. Additionally, as shown in Fig. 6(b), the convergence
rate of the outer iteration accelerates with increasing parameter
r. When both y and r are appropriately selected, the inner and
outer iterations achieve rapid convergence.

OB T e — -
EO'G— L 1
Z o4 0.40]] 7
EE 0.2 H

0= 72 3 4 5 6 7 8 9
Node

Fig. 7 Gradient calculation results at the optimal solution.

When the algorithm converges, the gradient computation
results under different values of Nmax are illustrated in Fig. 7.
Verification shows that these results satisfy the condition
specified in (45), thereby ensuring their optimality.

Furthermore, TABLE | presents the time consumptions and
iterations of the algorithm for Nmax = 3 under varying numbers
of candidate nodes. The second column reports the total number
of possible GFM placement combinations. As the number of
candidate nodes increases, the total iteration count remains
nearly unchanged, thereby demonstrating the applicability of
the proposed method to systems of different scales.

TABLE |

TIME CONSUMPTIONS AND ITERATIONS WITH Npax = 3

NL_meer of Combinations Time/s Iterations
candidate nodes

3 1 11.71 52

5 25 15.83 52

9 129 25.09 53
2) Comparison of configuration results for different

quantities of GFMs

Based on the proposed two-layer iterative algorithm, the
configuration results for different allowable quantities of GFMs,
Nmax = 3, 4, 5, are presented in TABLE Il. When Nmax = 3, the
optimal GFM placement is determined near buses 7, 8, and 9.
As Nmax increases, GFMs are also deployed on buses 1 and 2,
leading to a reduction in configuration costs. Notably, when
Nmax is further increased, the optimal solution remains identical

to the case of Nmax = 5. To explain this phenomenon, TABLE
11 summarizes the active constraints corresponding to the
optimal solutions in the three cases. The results indicate that
when Nmax = 3 or 4, the capacity allocated to each individual
GFM is relatively large, and the GFM stability constraint (37)
is not activated. However, when Nmax = 5, the stability
constraint of the GFMs becomes active, imposing a lower
bound on the capacity of each GFM and preventing further cost
reduction.

TABLEII
CONFIGURATION RESULTS OF DIFFERENT ALLOWABLE QUANTITIES
Nmax SGFM/p.U. J/pU C(SGFM)
3 [0,0,0,0,0,0,0.5320.477 0.691] 2.353 1.700
4 [0.325,0,0,0,0,0,0.327, 0.325, 0.465] 2.774 1.442
5 [0.292,0.271, 0, 0, 0, 0, 0.286, 0.263, 0.313] 2.808 1.425
TABLE Il
ACTIVE CONSTRAINT UNDER DIFFERENT ALLOWABLE QUANTITIES
Npax Difference of (20) Difference of (37)
3 1.6>107 40.30
4 2.5x107 7.51
5 0.08 -1.18x107

I CVC mmQVvC
1 Additonal damping control
EVC: Zerw = 0.0356
QVC: Zeryw = 010449

——Jys=5 —0Jys = 4 Jsys =3

=
=]

S ] i : =
216 a2 Damping control: Zgew = 0.0359
H H

o] ol5- MM
N e /A E (23

(@) | O

=
)
=

w
E
3
o
~
<)
w

4
Nmax
(a (b)
Fig. 8 Total cost of GFM configuration. (a) with different inertia
requirements; (b) with different control strategies.

Nmax

Furthermore, Fig. 8(a) presents the minimum configuration
cost under different inertia requirements and varying values of
Nmax. The results indicate that as the upper limit of allowable
GFM configurations increases, the configuration cost decreases,
eventually stabilizing. Additionally, when the inertia
requirements of the system increase, the total GFM capacity for
configuration increases, while the optimal quantity of GFMs
decreases. For instance, when Jss = 5, the optimal quantity of
GFMs reduces to 4. This result suggests that decentralized
GFM configurations can reduce investment costs to some
extent; however, the effectiveness of this reduction is
constrained by stability considerations.

3) Comparison of configuration results for different control
strategies of GFMs

The control strategies of the GFM influence the
configuration results through two pathways. Specifically, they
modify the external characteristics of GFM, thereby affecting
its support to GFL converters; this effect is reflected in the
equivalent impedance Zgem. In addition, the control strategies
can also alter the critical grid impedance oc. To further illustrate
these effects, Q-V droop control and additional damping
control are considered in this subsection, and the corresponding
configuration results are summarized in TABLE IV.

TABLE IV
CONFIGURATION RESULTS OF DIFFERENT GFM CONTROL STRATEGIES
Control Nmax Sepm/p.u. J/pU C(Sepm)
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[0,0,0,0,0,0,
3 0.671,0.601,0871] | 1 | 2144
; [0.396, 0, 0, 0, 0, 0,
Q-Vdroop | 4 0.400. 0307, 0560] | 2270 | 1762
[0.284, 0.284, 0, 0, 0,
> | 0,0293 0309,0.420] | 2O | 1592
[0,0,0,0,0,0,
Additional 3 0.533,0477,0692] | 2349 | 1708
dampin 4 [0.326,0,0,0,0,0, | 577 | 1444
Confmlg 0.327, 0.325, 0.466] : '
s | [0247,0231,0,0,0, | .o | a0
0,0.241,0.250,0.341] | * :

As Nmax increases, the total configuration cost decreases
under all three control strategies, while noticeable differences
among the strategies are observed, as shown in Fig. 8(b). When
Q-V droop control is adopted, the equivalent impedance of the
GFM increases from 0.0356 p.u. to 0.0449 p.u., resulting in a
higher required capacity to ensure sufficient grid strength. In
contrast, under additional damping control, the equivalent
impedance of the GFM exhibits no significant change, whereas
the critical grid impedance oc is reduced, thereby improving the
intrinsic stability of the converter. Consequently, when Nmax =
5, the adoption of additional damping control can further reduce
the configuration cost.

In summary, Q-V droop control and additional damping
control influence the configuration results by modifying the
external characteristics of the GFM and its intrinsic stability
threshold, respectively.  Achieving desirable external
characteristics and stability of the GFM within specific
frequency ranges constitutes one effective approach for
providing precise grid support.

4) Simulation validation of the configuration results

The accuracy of the configuration results is validated
through electromagnetic simulations. Taking the results for
Nmax = 3 as an example, Fig. 9 shows the output power
responses of the converters after a voltage sag lasting 0.02
seconds, applied at 2 seconds. Subplots (a), (b), and (c)
correspond to settings 1, 2, and 3 in TABLE V, respectively. In
all conditions, the configuration of GFM capacity and
placement is consistent with the results in TABLE II.

TABLEV
PARAMETER SETTINGS AND THEORETICAL CALCULATION RESULTS
Settings  J/p.u.  Kp/pU.  Ao(ScrBied)  AGELC
1 2.382 0.23 3.04 3.03
2 2.382 0.2 3.04 3.12
3 1.2 0.2 3.18 3.12

As illustrated in Fig. 9(a), since i, (SapL Brrea)Agrr.cr the
power responses of the converters exhibit nearly equal-
amplitude oscillations following the disturbance. In (b), a
reduction in the proportional gain Ky of the GFL current
control loop increases the critical stability admittance to AgrLc
= 3.12>3.04, resulting in system instability. To further examine
the impact of inertia on the small-signal stability of GFL
converters, (c) reduces the inertia of the GFM to 1.2 p.u. Under
these conditions, the value of 4, (Scier Bireq) increases to 3.18,
exceeding 3.12, thereby ensuring system stability. The
theoretical predictions align with the time-domain simulation
results, confirming the validity of the proposed analysis.
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Fig. 9 Simulation results of different parameter settings. (a) Setting 1; (b)
Setting 2; (c) Setting 3.

To illustrate potential stability issues arising from GFM
deployment, this case study presents a comparison by providing
configuration results without considering the GFM stability
constraint, as shown in TABLE VI. The maximum allowable
quantity of GFMs is set to Nmax = 5. When the GFM stability
constraint is not enforced, the total configuration cost is lower.
However, stability analysis reveals that the constraint is
violated, as A, (ScrvB,4) = 69.12 > 58.05 = 1/0(J). Fig. 10
presents simulation results for both configuration scenarios.
When all constraints are considered, the system stabilizes
following a disturbance. In contrast, when the GFM stability
constraint is not enforced, the output power of the converters
diverges, indicating system instability, with the oscillatory
mode predominantly governed by the GFM. These simulation
results validate the effectiveness of the proposed configuration
method and highlight the necessity of incorporating the GFM
stability constraint.

TABLE VI
CONFIGURATION RESULTS OF DIFFERENT CONSTRAINTS
Constraints Scrm/p.U. Jlp.u.  C(Scrm)
. [0.279,0.261, 0,0, 0, 0,
All constraints 0.272, 0.250, 0.300] 2.936 1.362
Without [0.232,0.231, 0,0, 0, 0,
constraint (37) 0.237, 0.252, 0.344] 3.083 1.291
—GFM1 ——GFM2 GFM3 ——GFM4 ——GFM5
2
1
2_0.5 L/ v \/W E_l
L L
a 0 I W a0
05 4.9Hz . |
3 35 4 3 35 4
Time/s Time/s
(@) (b)

Fig. 10 Simulation results of different constraints. (a) All constraints; (b)
Without the stability constraint of GFM

Finally, the configuration results under different control
strategies of GFM are compared. Fig. 11(a) validates the
configuration results when Q-V droop control (QVC) is
considered. During the interval from 2s to 4s, the system
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operates at the critical stability boundary. At t = 4s, the GFM
switches to constant voltage control (CVC), after which the
power outputs of all converters converge. These results confirm
that the support capability of the GFM is weakened under Q-V

droop control, which is consistent with the configuration results.

In addition, Fig. 11(a) validates the configuration results when
additional damping control is considered. During 2-4s, the
GFM operates with additional damping control. At t = 4s, the
additional damping control loop is removed, and the power
trajectories of the converters evolve from a critically stable state
to divergence. The simulation results also verify the
effectiveness of additional damping control in enhancing the
stability of the GFM.

In summary, the proposed configuration method is
applicable to GFM control strategies under diverse grid
requirements, thereby further demonstrating its generality.
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Fig. 11 Simulation results of different control strategies. (a) Q-V droop
control; (b) additional damping control.

B. Case Study on a Fully Inverter-Based Power System

In a fully inverter-based power system, the absence of SG
support necessitates the deployment of GFM converters with
adequate capacity to ensure stability. In addition, since the
system is disconnected from the main grid, frequency may
exhibit significant fluctuations under disturbances, thereby
making the consideration of inertia constraints essential. In the
practical fully inverter-based system illustrated in Fig. 12, four
GFL wind farms and multiple GFM ESS collectively form an
independent system operating in islanded mode. While the
available information does not allow for a precise determination
of which GFL is more susceptible to instability, the proposed
configuration method remains applicable.

The capacity matrix of the GFL converters is defined as Sgr.
= diag{1, 0.62, 0.42, 0.48}, with candidate buses for GFM
deployment including all 35 kV and 110 kV buses (buses 5-10).
The critical grid admittance AgrLc remains 3.03, the system
power disturbance is setto 0.1 p.u., and the maximum allowable
RoCoF is specified as 1Hz/s. The control parameters are
consistent with those specified in part A.

Fig. 12 Diagram of the fully inverter-based power system.

TABLE VII
CONFIGURATION RESULTS OF THE FULLY INVERTER-BASED SYSTEM

Nmax  Locations Scem/p.U. Jip.u. Cost
2 5,6 0.377, 0.260 3.953 0.638
3 56,8 0.176,0.114,0.122 6.108 0.413
4 5,6,7,8 | 0.147,0.093, 0.066, 0.073 6.658 0.379

TABLE VII summarizes the GFM configuration results
under different allowable quantities Nmax. Given the absence of
an external grid, GFM converters do not encounter instability
issues, resulting in a notable decrease in configuration costs as
Nmax increases. When Nmax > 5, the optimal solution to the
optimization problem remains unchanged from the case of Nmax
= 4, indicating that a decentralized and locally optimized
deployment of GFM converters can achieve improved
economic efficiency. Moreover, the results of this case study
offer an empirical reference: for a fully inverter-based power
system operating in islanded mode, ensuring stable operation
typically requires allocating approximately 15%-25% of the
total system capacity to GFM converters.
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Fig. 13 Time-domain response of the GFL power under a line disturbance. (a)
J =3.953; (b) J = 6.000.
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Fig. 14 Frequency responses of the converters and the COI frequency under a
load step disturbance.

Fig. 13 presents the simulation validation of the
configuration results for Nmax = 2. To facilitate observation, the
output power of each GFL is expressed as the ratio of its actual
power to its rated power, and the impedance Xijines increases to
1.05Xines at t = 3s. As shown in (a), when GFM converters are
configured according to the optimization results, the system
approaches critical stability following the line disturbance. In
(b), an increase in GFM inertia coefficient leads to
Jmin(SGFLBLrea) < AcFLc, causing the power outputs of the
converters to diverge.

The proposed configuration method not only guarantees
small-signal stability but also limits large-scale frequency
deviations. Att=1s, a 0.1 p.u. load step is applied at node 6,
and the waveforms of the system (COI) frequency and its rate
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of change are shown in Fig. 14. It can be observed that, under
the proposed configuration, both the frequency and its rate of
change stay within the permissible limits. These simulation
results demonstrate the effectiveness of the proposed method.

VI. CONCLUSION

This paper proposes a configuration method for GFM ESS
in hybrid power systems, incorporating small-signal and inertia
constraints. The proposed method derives the equivalent
stability conditions for the system, thereby formulating the
configuration problem as a MIP problem. The proposed
capacity-inertia two-layer iterative algorithm circumvents the
eigenvalue constraints and complex nonlinear constraints,
thereby improving computational efficiency. Case studies are
conducted on the modified IEEE 39-bus system and a fully
inverter-based system, where the proposed algorithm
demonstrates good convergence properties and delivers
accurate configuration results. The analysis of different
allowable quantities of GFMs indicates that a more distributed
GFM deployment can reduce investment costs to some extent;
however, the quantity of GFMs and the associated cost are
inherently constrained by stability requirements. Furthermore,
it is proven that the configuration scheme is closely related to
the control strategies and stability of the GFM converters. The
proposed configuration method comprehensively accounts for
multiple stability constraints, contributing to both cost-effective
investments in  modern power systems and enhanced
operational stability.

APPENDIX A
PROOF OF PROPOSITION II.1

Proof: Based on the Schur complement transformation, for
any block matrix, the following expression holds when D is
invertible:

detqé ED = det(D)-det(A-BD'C) (46)

Thus, the closed-loop characteristic equation (10) of the
system can be rewritten as:

o Y (8) N Yau(s) Yo (S)||_
‘“ﬂ vm(s)} {vm(s) vga<s>D °
= det| Yo, (5)+ Y0 (8) = Yo (5)] Yer (5)+ Yyu ()] Vs (9)

Ygeq(S)
det(Ycz(s)+Y (s))
= det(Ye, (3) Yya (5)+ 15y ) - det(Ye, () Vi (5)+ 1y )
(

9, 94

det(Y, ., (s))-det(Y,, (s))
(47)
Since Ygeq(S) and Yga(s) do not possess any unstable poles,
the unstable poles of the original system (i.e., the roots of the
characteristic equation in the right-half plane) correspond to the
union of the unstable poles of the two subsystems in (9). This

completes the proof.

APPENDIX B
PROOF OF PROPOSITION I1.2

Proof: By means of the Parallel GFL-GFM unit shown in
Fig. 15, the effect of power synchronization control on the
stability of GFL is analyzed. When Node i is disconnected from
the external system, the characteristic equation of it is given by:

det(l2 +Yar (3)(Zgqn@(8)+ Zo (s))) =0

s’ s
(—2 +1)Yddquz§qm + {—(Ydd +Yy )+ YaaYeq Z o }qum +1=0
23 @y

(48)
where Yqq and Yqq represent the diagonal elements of YgrL(S),
and the non-diagonal elements can be ignored [30]. Z is the
nonzero element of Zpg(s).

Fig. 15 Hlustration of a Parallel GFL-GFM unit.

The objective is to identify a suitable Zyeq Such that the roots
of the following characteristic equation approximate those of
(48).

2 2
(%H}Ydﬂqq (Zogn +Zyp0) +wi(\(dd Yoo ) (Zagn + Zyr g ) +1=0
0 0
(49)
The terms in (48) involving Zyx can be regarded as
perturbations, where Zyeq represents small variations induced
by Z,. Expanding (49) and substituting (48) yields:

2
pryeq — - - wOprYddququm (50)
2(5” + @5 ) Yag Yoo Zagn + 305 (Yas +Yeg )
denl den2
where the high-order term Z,,, is neglected.

Furthermore, Fig. 16 presents the Bode diagram of the
denominator in (50) under typical parameter values. It can be
observed that within the 10-30Hz frequency range, the
magnitude of den2 is much smaller than that of denl and can be
approximately neglected. Accordingly, the expression of the
equivalent synchronous impedance is obtained as:

o’z
ZPf .eq (S) ~ 2<520—+p;)2)
0

Bode Diagram

(51)
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Fig. 16 Magnitude of the denominator in Zyyeq.
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APPENDIX C
CONVERTERS CONTROL PARAMETERS

The control schemes of the GFL and GFM converters are
consistent with those presented in [20], and the corresponding
control parameters are summarized in TABLE VIII.

TABLE VIII
CONTROL PARAMETERS OF CONVERTERS IN THE IEEE 39-NODE SYSTEM
Base value for per-unit calculation
fpase=50HZ Spase=100MW Vpase=380V
Control parameters of GFL converter (per-unit values)

PLL controller Kpti, Kipii 0.68, 35
Power controller Kop: Kip 0.5, 40
Current controller Kpe, Kic 0.23,10

Control parameters of GFM converter (per-unit values)

APC controller J,D 4,50
RPC controller Dy 50
Additional damping Ko 10,
control T T, T2 50301
Voltage controller Kpv, Kiv 4,30
Current controller Kpe, Kic 03,10
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