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A B S T R A C T   

As an integral part of multi-energy systems, the energy hub acts a major task in developing the flexibility, ef-
ficiency, and reliability. Due to the increasing progress of science and human communities and the rise in air 
pollutants and Earth temperature, the need for renewable energies and electric vehicles has increased. The only 
challenge to the use of new energies is the uncertainty in their production due to the lack of continuous solar 
irradiation and wind in different hours of the day. Accordingly, this paper addresses an optimal load dispatch 
form for an energy hub to decrease the total costs of the energy hub, such as exploitation costs and CO2 emission 
costs. This energy hub includes a heat storage unit, combined heat and power (CHP) unit, photovoltaic (PV) 
arrays, gas boiler, wind turbine (WT), and electric vehicles (EV). EV uncertainty is modeled via Monte Carlo 
simulation and a developed algorithm based on grasshopper search is adopted for dealing with future un-
certainties in electricity price. Moreover, the proposed model considers the electric and thermal demand 
response (DR) methods comprehensively. Herein, three scheduling scenarios are discussed with different charge/ 
discharge and DR settings. The numerical and graphical results demonstrate that, by choosing a coordinate 
charge/discharge mode for the EVs, the final costs are successfully reduced. Compared to Scenario 1, the total 
costs of Scenario 2 are reduced by 12%. Consequently, it can be obvious that the EVs’ matched charge/discharge 
is successfully decreased the energy costs for the consumers. Compared to Scenario 2, the total costs of Scenario 3 
are decreased by 5.76%. The results also indicate that by implementing the DR programs, total consumer costs 
can be further decreased.   

1. Introduction 

Due to the rise in environmental and economic limitations in the 
today’s world, application of dispersed generation, which often uses 
renewable energies, along with electric vehicles is markedly increasing. 
On the large-scale, either of these technologies can have damaging ef-
fects on the electricity grid; however, with suitable consumption-side 
management and programming, technologies and energy storage re-
sources can reduce these effects. Accordingly, the effect of the integrated 
aggregation of plug-in electric vehicles (PEVs) to the grid for the charge/ 
discharge process and the resulting grid instability, especially at load 
peak time, is the main challenge to the use of these vehicles [1]. In other 
words, in the past, energy systems were exploited separately; today, 
however, due to the rise in the demand, limited amount of fossil fuels, 

and necessity of sustainable energy transfer, the integrated use of energy 
systems is a major challenge worldwide. Therefore, energy stability has 
become a major issue. Different aspects of the sustainable energy 
concept have so far been examined. In [2], the combination and inte-
gration of using and scheduling different energy structures are intro-
duced in the form of a multi-energy grid, as a way for the maximum use 
of the existing energy structures. Multi-energy grids are power delivery 
systems that include several energy carriers including electricity, gas, 
regional heat, and hydrogen. In fact, integrating different energy 
structures means to connect them to one another and allow them convert 
into one another. This cooperation occurs in a unit called energy hub, 
where different energy carriers can be converted into one another, 
stored, or transferred [3]. In fact, an energy hub functions as the link 
between consumers, producers, and energy infrastructure. There has 
always been a need for storing electric energy. This need has become 

Abbreviations: EV, electric vehicle; PEV, plug-in EV; PHEV, plug-in hybrid EV; EVA, EV aggregator; DG, distributed generation; ESS, energy storage system; RDER, 
renewable distributed energy resource. 
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Nomenclature 

Index 
T time period 
l stochastic simulation 
J electric vehicle 

Parameters 
OMPV PV maintenance factor 
OMWT WT maintenance factor 
OMPV CHP unit maintenance factor 
OMB boiler maintenance factor 
OMHS heat storage unit maintenance factor 
ugrigri electric grid’s CO2 emission factor 
uCHP CHP unit’s CO2 emission factor 
UB boiler unit’s CO2 emission factor 
γG

t natural gas cost in period t 
Ctre costs of the CO2 pollutant emission treatment unit 
CEV‘

R,J cost of changing the jth battery of the EV 
EEV

PUT,J total discharge/charge capability of the jth battery 

πE,UP
DR /πE,down

DR costs of the ascending/descending setting unit of the 
DR electric program 

πH,UP
DR /πH,down

DR costs of the ascending/descending setting unit of the 
DR thermal program 

MRE
up/MRE

down maximum ratios of electricity demand transferred 
up/down 

MRH
up/MRH

down maximum ratios of thermal demand transferred up/ 
down 

EEV
min,j/EEV

min,j lower/upper bound of the electric energy stored in the 
jth EV 

PEV
ch,max,j maximum bound of the charge power of the jth EV 

PEV
dch,max,j maximum bound of the discharge power of the jth EV 

PEV
ch,max/PEV

dch,max upper bounds of the charge/discharge power of all 
EVs 

ηEV
ch /ηEV

dch EV charge/discharge efficiency 
tarr,j/tdep,j entry/exit time of the jth EV 
HS

min/Hs
max maximum /minimum bound of the stored heat of the 

heat storage unit 
ηs

ch/ηs
dch charge/discharge efficiency of the heat storage unit 

ps
ch,max/ps

dch,max maximum bounds of the charge/discharge power of 
the heat storage unit 

ppv
i PV output power at time t 

PWT
t WT output power at time t 

PEL
t uncharged electric demand of the EV charge in period t 

PHL
t thermal demand in period t 

ηe
CHP efficiency of CHP gas conversion to electricity 

ηh
CHP efficiency of CHP gas conversion to heat 

ηB steam boiler efficiency 
GCHP

max maximum allowable natural gas at CHP inlet 
GB

max maximum allowable natural gas at boiler inlet 
PH

max maximum limit of thermal power transfer of the heat pipe 
Lmax

buy maximum transfer power when purchasing electricity from 
the electricity grid 

Lmax
sell maximum transfer power when selling electricity to the 

electricity grid 
πbuy

t lower bound of the forecast electricity price in period t 
Δt duration of each period 
T total number of periods in the scheduling cycle 
L total number of stochastic simulations 

J total number of EVs 

Continuous variables 
πbuy

t /πsell
t electricity purchase/sales price in period t 

Pbuy
t /Psell

t electricity purchase/sales power in period t 
COM operation and maintenance price of the energy carriers 
CEM total costs of CO2 emission treatment 
CRDER

OM maintenance and operation costs of RDERs 
CCHP

OM maintenance and operation costs of CHP unit 
CB

OM maintenance and operation cost of the boiler 
CHS

OM maintenance and operation cost of the heat storage unit 
CBAT EV battery depreciation cost 
CEDR/CHDR DR electric/thermal program cost of the energy hub 
GCHP

T natural gas consumed by the CHP at time t 
GB

t natural gas consumed by the boiler at time t 
PE,UP

T /PE,down
t electric power transferred up and down by DR 

program at time t 
PH,UP

t /PH,down
t thermal power transferred up and down by DR 

program at time t 
HS

T thermal energy stored in the heat storage unit at time t 
PEV

CH,j,t/PEV
ch,j,t charge/discharge power of the jth EV at time t 

EEV
j,t electric energy stored in the jth EV at time t 

EEV
j,t− 1 energy stored in the jth EV at time t-1 

PS
ch,t/PS

dch,t charge/discharge power of the heat storage unit at time t 
PECHP

t CHP output electric power at time t 
PHCHP

t CHP thermal power at time t 
PHB

t boiler thermal power at time t 
βt uncertainty of the electricity price at time t 
Pwit the output of the ith wind generator at time t 
νin cut-in wind speed 
νout cut-out wind speed 
νr wind speed rate 

Binary variables 
IE,up
t indicator of raising the electricity demand; 1 denotes an 

ascending change in the electricity demand status in period 
t; otherwise, IE,up

t = 0. 
IE,down
t indicator of reducing the electricity demand; 1 denotes a 

descending change in the electricity demand status in 
period t; otherwise, IE,down

t = 0. 
IH,up
t indicator of raising the thermal demand; 1 denotes an 

ascending change in the electricity demand status in period 
t; otherwise, IH,up

t = 0. 
IH,down
t indicator of reducing the electricity demand; 1 denotes a 

descending change in the electricity demand status in 
period t; otherwise, IH,down

t = 0. 
Zch

j,t charging mode of the jth EV; 1 denotes that the jth EV is 
charged in period t; otherwise, Zch

j,t = 0. 
Zdch

j,t discharging status of the jth EV; 1 denotes that the jth EV is 
discharged in period t; otherwise, Zdch

j,t = 0. 
kch

t charging status of the heat storage unit; 1 denotes that the 
heat storage unit is charged in period t; otherwise, kch

t = 0. 
kdch

t discharging status of the heat storage unit; 1 denotes that 
the heat storage unit is discharged in period t; otherwise, 
kdch

t = 0. 
r robust parameter  
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more pronounced due to the growth of RES in electricity production. 
Due to the uncertainties in RES products, the storage of the produced 
electricity by them and its use in emergencies have become more 
important. Fig. 1 illustrates the concept of integrated energy. 

Currently, many energy systems such as electricity and natural gas 
are used separately. Nowadays, with the increase in and advancement of 
two- and three-energy production technologies, it is essential to estab-
lish a link between energy systems. If different energy infrastructure, 
such as natural gas, heating, and cooling, are properly aggregated and 
integrated, the energy system use will be improved for different reasons 
[4]. These reasons include the expanded use of small-scale energy re-
sources to produce and heating, continuous increase in energy demand, 
difficulty and very costly replacement/development of energy infra-
structure, global policies to reduce greenhouse gasses, further use of 
sustainable and bio-compatible energy sources, and promising advances 
in energy technologies (e.g., increasing the energy efficiency of 
small-scale power plants with two and three energy products) [5]. 
Several studies have been conducted on multi-energy systems’ load 
dispatch. In [6], a combined energy division framework was proposed 
for multiple microgrids in an energy system integrated with the heat of 
electricity power, in which various factors, e.g., production cost, com-
merce costs, thermal discomfort cost, load characteristic, etc., were 
considered. By considering economic dispatch constraints, reduction of 
air transfer lines, and self-repair mechanisms, a decentralized and 
real-time system was suggested in [7]. The advanced model can be used 
in all electricity consumption sectors (residential, commercial, indus-
trial), installation companies, and electricity grid. In [8], there was a 
trade-off between maximizing the renewable penetration level to the 
energy hub and minimizing the associated costs. In this paper, a novel 
optimal scheduling model was recommended that allowed variable 
renewable penetration level (PRL) which can be regulated into energy 
hub (EH) to be used for minimizing the operational costs of the system. 
As determined by the grid operator, RPL was assumed as a setting for the 
scheduling model. The micro-energy system was the developer of the 
micro-system, a major energy use carrier in the future; the use of energy 
price as a controllable source helped improve the micro-energy system 
(MES) optimization potential [9]. In the first stage, based on the 
Euclidean ball method, a general method was proposed for modeling the 
MES steady-state energy balance equation. Then, based on the effect of 
replacing multiple energies in the backdrop of connecting multiple en-
ergies, the concept of price-based integrated demand response was 

presented. In [10], household energy management based on the smart 
residential energy hub (SREH) with the inputs of electricity and natural 
gas was designed for modern households. The models of energy use and 
control strategies were presented, respectively, via the physical char-
acteristics and preferences of the household users. A multi-objective 
optimization problem for energy resource allocation in SREH was pre-
sented and the scheduling program was offered for the equipment by 
using energy along with classified conventional devices. In [11], a 
combined renewable system comprising WT, PV cell, diesel, and battery 
was proposed. A new method was presented for determining the optimal 
size of the units in the combined systems based on the degree of coor-
dination between electricity production and consumption intervals, 
such that the minimum economic costs were incurred. The electricity 
adaptation rate was introduced as a criterion for determining the 
optimal number of units in the proposed combined system. This tech-
nique was developed based on the multi-objective PSO algorithm. In 
[12], a multi-objective optimization approach based on stochastic 
simulation was introduced for measuring combined systems based on 
renewable energy. This method integrated an optimization module 
based on multi-objective genetic algorithm; an uncertainty module that 
used the Latin Hypercube method and Monte Carlo simulation to 
generate uncertainty scenarios, and a simulation module for simulating 
the power system in real operational conditions. In [13], an integrated 
method was presented for designing electric hubs as a combination of 
optimization, multi-criterion evaluation, and decision-making. The cost 
of energy, investment cost, CO2 emission, grid integration level, use of 
RE, system flexibility, loss of load probability were the criteria used for 
evaluating the plan. In [14], a multi-objective programming model was 
presented for multi-energy systems based on operational financial sys-
tem and energy effectiveness. Moreover, two types of cooling and 
heating storage energy hubs were designed. In [15], an integrated pro-
gramming model was proposed to examine the technical and economical 
performance of an independent microgrid based on RE. In [6], a 
mixed-integer non-linear programming method was presented for smart 
DGs and the thermal energy managing of buildings and supporting water 
demand in a microgrid. In [17], a novel multi-objective method pre-
sented to solve an economic and emission power dispatch. Various pa-
pers have been presented on this topic in recent years; in [18], attempts 
were made to present a detailed explanation on the integration of RE in 
CHP systems. In [19], an optimal planning form was proposed for a 
multi-energy hub system. In [20], an electrical and thermal energy 
managing was created for a conventional residential energy hub to 
reduce the energy cost while taking into account customer settings. This 
work was examined only by connecting one EV to the system, and the 
large-scale EV installation was not modeled in the energy hub. In [21], a 
method based on reliable search area was used to solve the pollution and 
power dynamic distribution problem. In this method, in addition to 
developing the proposed algorithm based on the general search, the 
effect of the energy storage system in the power dynamic optimal 
problem was studied. In [22], a biogeography-based optimization 
method by solving the power dynamic problem was used while 
considering EVs. 

According to the literature review section, different factors should be 
considered in the planning and operation of multiple energy systems as:  

• In each converter and technology of storage in energy hub, the 
related size is important; 

• In energy hub systems, the type of conversion and storage technol-
ogies are important;  

• The technology of control methodology for power flow is important 
as well. 

The mentioned specifications govern the overall operational effec-
tiveness, and also determine the reliability of the system once subjected 
to an increasing demand. Based on a review of the literature, it is 
concluded that the connection of EVs to the grid has posed new 

Energy Hub

Heat 
Demand

Electric 
Demand

Renewable 
Energy

Electric 
Vehicle

Natural 
Gas

Electricity 
Network

Fig. 1. General concept of the energy hub.  
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challenges to power system management. 
The recent published systems lack some specifications as: The pos-

sibility of combining a large fleet of distributed energy sources (DER) 
and adapting to increasing energy demand in the future so that 
increasingly strict environmental laws are observed [1]. Inefficiency of 
these systems in managing power distribution based on user consump-
tion on a regional scale [8]. Also, problems with energy efficiency are 
emerging, as multiple generation energy systems and decentralized 
generation technologies have received more attention. Therefore, more 
flexible energy substrates are required in terms of operation and dis-
tribution [8–10]. 

Having suitable methods for improving grid management is an 
important issue when there are numerous RES. Therefore, a weakness of 
previous methods is being trapped in local points and the absence of a 
powerful general searcher in these algorithms. Meanwhile, the adapta-
tion of the probability distribution with uncertain data is tiresome. Also, 
the obtained results of optimization may not meet the limitations of 
states that are not included. Considering the world warm concerns, the 
carbon emission calculation and management is converted into an 
important investigate topic. The existing methods used for carbon cycle 
calculation and analysis include the statistical method, lifecycle analysis 
method, and grid-based model. In general, few papers on optimal load 
dispatch from the energy hub have considered EV extensive access, 
which is not suitable for analyzing the effect of increasing EV penetra-
tion in the energy hub load. Meanwhile, the majority of the existing DR 
program based on load dispatch models have considered only electric 
DR. To more energy consumption reduction, both DR thermal and 
electrical methods must be considered. In addition, the majority of the 
studies have not considered a robust and reliable optimization method 
to deal with electricity price uncertainty. To overcome these de-
ficiencies, a powerful optimization model for energy hub load dispatch 
is proposed in the present study. Accordingly, the most important con-
tributions and highlights of this paper include:  

1 An energy hub model is developed while considering environmental 
factors, in which both thermal and electrical DR methods are taken 
into account for further reduction of the user’s energy construction 
cost.  

2 A developed optimization approach based on the grasshopper search 
algorithm is presented to consider the uncertainty of the electricity 
price.  

3 The suggested energy hub form considers large-scale EV random 
access and EV battery depreciation cost to realize EV charge/ 
discharge economic management. 

2. Energy hub model 

2.1. Energy hub conception 

Energy carriers, including electricity and heat, along with other 
solid, liquid, and gas fuels, form the middle link in the energy supply 
chain among primary resources and the final consumer. An energy 
system comprising more than one carrier is referred to as the multi- 
carrier energy system or an energy hub. In this structure, transductors 
play a major role in the energy system due to the dependence of one 
carrier on another. Due to the importance of electricity and its 
increasingly critical role as a middle carrier with excellent features, 
energy studies are mainly focused on power system studies [23]. 
Moreover, gas fuel is of special importance in studies due to easy access, 
inexpensiveness, and existence of sufficient sources. Increasing attention 
to environmental issues and creating new protocols such as the Kyoto 
Protocol have increased this importance; this type of energy is now 
preferred to heavy fuels such as mazut and coal. The network structure 
of the gas energy carrier, its geographical expanse, and introduction of 
novel WT have contributed to the considerable attention paid to the 
dependence of gas and electricity grids compared to other forms of 

infrastructure. The presence of transductors made energy grids (that 
used to be separate, and produced, transferred, and consumed energy at 
multiple levels with a relatively similar structure) dependent on one 
another in many respects. Therefore, research on the effects of different 
energy carriers on one another in this new dependent setting has 
received considerable attention [24]. The input/output port model or 
the energy hub is displayed in Fig. 2 and formulated by: 
⎡

⎢
⎢
⎣

F1
F2
⋮
Fn

⎤

⎥
⎥
⎦ =

⎡

⎢
⎢
⎣

C11 C12 ⋯ C1m
C21 C22 ⋯ C2m
⋮ ⋮ ⋱ ⋮

Cn1 Cn2 ⋯ Cnm

⎤

⎥
⎥
⎦

⎡

⎢
⎢
⎣

I1
I2
⋮
In

⎤

⎥
⎥
⎦ (1)  

where m-vector I denotes input energy carriers, n-vector F denotes 
output energy flows, C indicates the coupling matrix, and each element 
of matrix C represents the energy efficiency. 

2.2. Energy hub modeling 

Here, the energy hub is considered with energy production, utiliza-
tion, and storage systems. Fig. 3 illustrates the brief illustration of the 
employed energy hub arrangement. RDERs in the energy hub include PV 
array and WT. Electricity demand includes the basic electricity load and 
EV charge load that can be supplied by the electricity grid, CHP, and 
RDERs. The hub’s excessive electricity can be sold to the electricity grid. 
The energy hub system produces thermal energy through CHP and boiler 
to meet the heat demand. As demonstrated in Fig. 3, the natural gas 
input can be separated into two main components which are consumed 
by the CHP and boiler, respectively. υ denotes the dispatch feature 
(0≤υ≤1) which shows the distribution of natural gas utilization among 
the boiler and CHP. 

3. Optimization representation 

3.1. EV charge form 

3.1.1. EV driving distance 
The daily EV driving distance can be represented as a logarithmic 

distribution function [25], i.e., S ∼ Log − N(μs,σ2
s ): 

fs(x) =
1
̅̅̅̅̅̅̅̅̅̅̅̅
2πσsx

√ exp

(

−
(lnx − μs)

2

2σ2
s

)

(2)  

where μs = 3.2 and σs = 0.88. Fig. 4 illustrates the daily EV driving 
distance based on the probability distribution [1]. 

3.1.2. EVs’ entry and exit time 
EV owners stop charging in the morning when they leave the house. 

The exit time of an EV follows normal distribution [26], i.e., t ∼ N(μdep,

σ2
dep): 

Fig. 2. Input-output port model for the energy hub.  
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fdep(t) =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

1
̅̅̅̅̅
2π

√
σ dep

exp

(

−

(
t − μdep

)2

2σ2
dep

)

0 < t ≤ μdep + 12

1
̅̅̅̅̅
2π

√
σ dep

exp

(

−

(
1 − 24 − μdep

)2

2σ2
dep

)

μdep + 12 < t ≤ 24

(3)  

where μdep= 3.24 and σdep= 8.92. The EV owners typically start 
charging in the evening when they arrive at home. The arrival time of 
the EV is formulated by normal distribution function, i.e., t ∼ N(μarr,

σ2
arr): 

farr(t) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

1
̅̅̅̅̅̅̅̅̅̅̅̅
2πσarr

√ exp

(

−
(t + 24 − μarr)

2

2σ2
arr

)

0 < t ≤ μarr − 12

1
̅̅̅̅̅̅̅̅̅̅̅̅
2πσarr

√ exp

(

−
(t − μarr)

2

2σ2
arr

)

μarr − 12 < t ≤ 24

(4)  

where μarr= 17.6 and σdep= 3.4. The probability distributions of the exit 
and entry times of these EVs are shown in Fig. 5. 

3.1.3. EV’s uncoordinated charge 
The daily driving distance and the EV’s charge time are autonomous 

of each other. Therefore, the load characteristic of each EV’s charge is 

Fig. 3. A review of the proposed energy hub.  

Fig. 4. The daily EV driving distance with probability distribution function.  
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obtained by random tests for simulating the driving distance and the 
charge onset time of each EV. Herein, the Monte Carlo technique is 
adopted to simulate each EV’s charge load characteristics. Then, by 
placing each EV’s load characteristics, we can obtain the overall charge 
load characteristics. To achieve the logical charge load characteristics, L 
simulations are performed for J EVs. The specific stages are as follows: 

Stage 1: Start the iteration l= 1, 
Stage 2: Start the EV j= 1, 
Stage 3: Based on the entry time probability density function, 
generate a random number from the charge onset time of the jth EV. 
Stage 4: Based on the driving distance probability density function, 
generate a random number from the driving distance of the jth EV. 
Stage 5: Calculate the electricity demand for charging and charge 
times of the jth EV. 
Stage 6: Adapt the charge load characteristics of the jth EV. 
Stage 7: If j < J, increase the jth indicator of EV by one unit and 
return to Stage 3; otherwise, proceed to the next stage. 
Stage 8: If l < L, increase the lth indicator of iteration by one unit and 
return to Stage 2; otherwise, generate the output of the results and 
the process ends. 

3.2. The objective function 

The objective function of the suggested model for minimizing the 
overall costs includes implementation costs when comparing the energy 
hub with the electricity grid, operation and maintenance costs of energy 
carriers, CO2 emission treatment costs, EV batteries’ depreciation costs, 
and implementation cost resulting from DR electric/thermal programs: 

min

{
∑

t

(
πbuy

t .Pbuy
t − πsell

t .Psell
t

)
.Δt+COM +CBAT +CEM +CEDR +CHDR

}

(5) 

The energy hub system integrates RDERs, CHP units, boiler, and 
thermal storage system. Therefore, the maintenance and operation cost 
of this system is explained by: 

COM= CRDER
OM + CCHP

OM + CB
OM + CHS

OM (6) 

The operation and maintenance cost of energy carriers comprises 
fuel costs and maintenance costs. The operations and maintenance costs 
of RDERs are formulated by [27]: 

CRDER
OM =

∑

T

(
PPV

T .OMPV +PWT
T .OMWT

)
.Δt (7) 

The operation and maintenance costs of CHP unit comprise fuel cost 
and maintenance cost, one gets: 

CCHP
OM =

∑

t

(
GCHP

t .γG
t +

(
PECHP

t +PHCHP
t

)
.OMCHP.Δt

)
(8) 

The operation and maintenance costs of the boiler consist of fuel and 
maintenance costs: 

CB
OM =

∑

t

(
GB

t .γ
G
t + PHB

t .OMB.Δt
)

(9) 

The maintenance cost of the heat storage system is considered by 
multiplying the total charge-discharge thermal cost by a maintenance 
cost factor: 

CHS
OM=

∑

t

(
PS

dch,t +PS
ch,t

)
.OMHS.Δt (10) 

To realize the EV charge/discharge economic management, the EV 
batteries’ depreciation cost is considered and defined as follows: 

CBAT =
∑

t

∑

J

(
PEV

ch,j,t +PEV
dch,j,t

)
.Δt

CEV
R,J

EEV
PUTJ

(11) 

By taking into account the CO2 emission cost in the proposed prob-
lem, this model can be defined as: 

CEM =
∑

t
CM.
(
PBUY

t .Ugrid +
(
PECHP

t +PHCHP
t

)
.UCHP +PHB

t .UB
)
.Δt (12) 

Using DR programs can modify peak load and fill the valley load by 
promising the consumers about a reduction in load demand in a period 
with a high price and a rise in load demand in a period with a low price. 
However, after the customers change their main electricity consumption 
pattern, it causes discomfort, and this discomfort level affects con-
sumers’ tendency to participate in DR methods. Therefore, the cost of 
implementing DR electric/thermal programs (i.e., consumers’ discom-
fort cost resulting from load variation) should be accounted for. Herein, 
it is assumed that increasing/decreasing the load demand in each 
scheduling period causes discomfort for the consumer; the discomfort 
cost has a positive relationship with the degree of load change [28], 
expressed as: 

CEDR =
∑

t

(
πE,down

DR .Pp,down
t + πE,down

t .PE,up
t

)
.ΔT (13)  

CHDR =
∑(

πH,DOWN
DR .PH,down

t + πH,up
DR .PH,up

t

)
.ΔT (14)  

Fig. 5. Probability distributions of the EVs’ exit and entry times.  
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3.3. Operational constraints of the system 

3.3.1. DR electric program constraints 
The DR electric program constraints are considered as: 

∑

t
PE,up

t =
∑

t
PE,down

t (15)  

0 ≤ PE,up
t ≤ MRE

UP.P
EL
t .IE,down

t (16)  

0 ≤ PE,down
t ≤ MRE

down.P
EL
t .IE,down

t (17)  

0 ≤ IE,up
t + IE,down

t ≤ 1 (18) 

The energy hub should consider the sum electricity utilization con-
stant in the planning cycle, which is constrained by Eq. (15). The upper 
bounds of the electric charge transferred up and down are constrained 
by Eqs. (16) and (17), respectively. Eq. (18) ensures that the energy hub 
cannot simultaneously transfer electric charge up and down. 

3.3.2. DR thermal program constraints 
The DR thermal program constraints are considered as: 

∑

t
PH,up

t =
∑

t
PH,down

t (19)  

0 ≤ PH,up
t ≤ MRH

up.P
HL
t .IH,up

t (20)  

0 ≤ PH,down
t ≤ MRH

down.P
HL
t .IH,down

t (21)  

0 ≤ IH,up
t + IH,down

t ≤ 1 (22) 

Similar to the DR electric program, Eq. (19) models the balance be-
tween the thermal loads transferred up and down. The upper bounds of 
the thermal load transferred up and down are constrained by Eqs. (20) 
and (21), respectively. Eq. (22) prevents the energy hub from trans-
ferring the thermal load up and down simultaneously. 

3.3.3. EV constraints 
EV constraints are given below: 

EEV
j,t = EEV

j,t− 1 + PEV
ch,j,t.Δt.ηEV

ch

PEV
dch,j,t.Δt
ηEV

dch
(23)  

EEV
min,j ≤ EEV

j,t ≤ EEV
max,j (24)  

0 ≤ PEV
dch,j,t ≤ PEV

dch,max,j.Z
dch
j,t (25)  

0 ≤ PEV
dch,j,t ≤ PEV

dch,max,j.Z
dch
j,t (26)  

Zch
j,t + Zdch

j,t = 1, ∀j, t ∈
[
tarr,j , tdep,j

]
(27)  

Zch
j,t + Zdch

j,t = 0 ,∀ j , t ∕∈
[
tarr,j , tdep,j

]
(28)  

0 ≤
∑

J
PEV

ch,j,t ≤ PEV
ch,max (29)  

0 ≤
∑

J
PEV

ch,j,t ≤ PEV
ch,max (30) 

The batteries’ energy equilibrium limitation is known in Eq. (23). To 
protect the EVs’ batteries, the stored energy system must be restricted to 
a confident range, as reflected in Eq. (24). The maximum charge and 
discharge power of the EVs is constrained in electronic equations. The 
maximum value of charge and discharge power of the EVs is constrained 
in Eqs. (25) and (26). When the EVs are connected to the energy hub, 
they cannot be simultaneously charged and discharged, which is con-
strained by Eq. (27). When the EVs are not connected to the energy hub, 
they are neither charged nor discharged, which is constrained by Eq. 

(28). In this study, when the EVs are charged, the maximum transfer 
power among EVs and the energy hub is constrained by Eq. (29). 
Similarly, in discharged mode, the maximum transfer power is con-
strained by Eq. (30). 

3.3.4. Constraints of the heat storage system 

HS
t = HS

t− 1 + PS
ch,t.Δt.ηS

Ch −
PS

dch,t.Δt
ηS

dch
(31)  

HS
min ≤ HS

t ≤ HS
max (32)  

0 ≤ PS
ch,t ≤ PS

ch,max.K
ch
t (33)  

0 ≤ PS
dch,t ≤ PS

dch,max.K
dch
t (34)  

kCh
t + kdch

t ≤ 1 (35) 

The heat storage unit’s thermal energy balance constraint is given in 
Eq. (31). Like EV batteries, the thermal energy stored in the heat storage 
system must be restricted in a confident range expressed by Eq. (32). The 
maximum charge and discharge power of the heat storage unit is con-
strained in Eqs. (33) and (34), respectively. Eq. (35) ensures that the 
heat storage unit cannot be simultaneously charged and discharged. 

3.3.5. Energy balance of the energy hub system 

Pbuy
t + PPV

t + PWT
t + PECHP

t +
∑

t
PEV

dch,j,t + PE,down
t

= pEL
t +

∑

t
PEV

ch,j,t + Psell
t + PE,up

t (36)  

PHCHP
t + PHB

t + PS
t + PH,down

t = PHL
t + PS

ch,t + PH,up
t (37)  

pHB
t = GB

t .LHV.ηe
CHP

/
ΔT (38)  

PHCHP
t = GCHP

t .LHV.ηH
CHP

/
Δt (39) 

The energy hub model should maintain the equilibrium among 
electrical energy generating unit and demand, which is limited by Eq. 
(36). In the meantime, the thermal energy generating unit must meet the 
demand for heating, which is limited by Eq. (37). Eq. (38) denotes the 
thermal generation of the boiler unit based on the amount of input 
natural gas. Based on the amount of input natural gas and CHP yield, 
electricity and heat generation of the CHP is calculated by Eq. (39), 
respectively. 

3.3.6. Natural gas input constraint 
The CHP and boiler should have the minimum and maximum con-

straints of the natural gas input. Constraints are expressed below: 

0 ≤ GCHP
t ≤ GCHP

max (40)  

0 ≤ GB
t ≤ GB

max (41) 

The heat pipe should have minimum and maximum constraints of 
the thermal power transfer, which can be as follows: 

3.3.7. Thermal power transfer constraints 

0 ≤ PHCHP
T + PHB

t + PS
dch,t − PS

ch,t ≤ PH
max (42)  

3.3.8. Transfer power constraints 
The transfer of energy among the grid and the energy hub to ensure 

the safety of operation of the power system cannot exceed the transfer 
limit. 

0 ≤ Pbuy
t ≤ Lmax

buy (43) 
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0 ≤ Psell
t ≤ Pmax

sell (44) 

When purchasing electricity energy from the electricity grid, the 
maximum transfer power is constrained by Eq. (43); when selling the 
electricity power to the electricity grid, it is limited with Eq. (44). 

3.3.9. Wind power model 
Energy produced by the wind system is in accordance with the 

relevant wind speed. Therefore, its model is as follows: 

Pt
wt =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

Pwt,r , vr < vt < vcout

Pwt,r
vt − vcin

vr − vcin
, vcin < vt < vcout

0, otherwise

(45)  

while, Pt
wt defines the wind turbine production power at hour t, Pwt,r is 

the nominal wind turbine power in KW. vt, vr, vcin, vcout are the wind 
speed at t hour nominal speed, low cut-off speed and high cut-off speed 
in m/s, respectively. 

Fig. 6. The proposed algorithm’s flowchart for solving the problem.  
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3.4. Uncertainty modeling 

To deal with electricity price uncertainty, the set of uncertainties is 
as follows: 

πbuy
t ∈

[
πbuy

t , πbuy
t + dt

]
(46)  

where πbuy
t is the real-time price of electricity in period t, which varies at 

a limited price, and means that X is different. [πbuy
t , πbuy

t +dt ].πbuy
t in-

dicates the lower limit of the electricity price predicted in period t. dt 
indicates the maximum price uncertainty (financial risks) in period t, 
and a higher value dt means higher price uncertainty. When dt= 0, this 
indicates that the price of period t is already known. So, it can be 
modeled the degree of price uncertainty by introducing the parameter 
and variable βt, which is as follows: 

πbuy
t ∈

[
πbuy

t , πbuy
t + βtdt

]
(47)  

0 ≤ βt ≤ 1 (48)  

∑

t
βt ≤ r (49) 

Where the variable βt indicates the degree of price uncertainty in 
period t. βt = 0 indicates a situation where there is no price uncertainty 
in period t, while βt = 1 indicates a situation where there is maximum 
price uncertainty in period t. The parameter limits the maximum value 
to the sum of r. Therefore, the resistance level of the solution can be 
controlled by the βt parameter due to the uncertainty of the electricity 
price. The maximum value of r is the value of the total periods in the 
timeline horizon, and the higher the value of r, the higher the resistance 
level of the answers. The objective can then be transformed as follows: 

in

⎧
⎪⎨

⎪⎩

∑

t

(
πbuy

t .pbuy
t .πsell

t .Psell
t

)
.Δt + COM + CBAT + CEM + CHDR+

max

{
∑

t
Pbuy

t .Δt.βt.dt

}

⎫
⎪⎬

⎪⎭
(50) 

The proposed optimization problem and constraints equations are an 
optimization problem that is solved with the proposed algorithm in the 
next section. 

4. Developed grasshopper optimization algorithm 

GOA is an evolutionary computation method that is inspired by the 
behavior of grasshoppers when looking for food. Since the goal of this 
article is to present a developed model, the standard model of this al-
gorithm is generally presented. Refer to [29] for more information. 
Mathematical equations for GOA are created by using a specified food 
source for searching the grasshoppers’ tendencies. Then, the attack 
behavior of grasshoppers is affected by their social interaction, the 
gravity force, and wind transfer. By using the following equation, the 
grasshopper’s position in the space can be obtained: 

Xi = Si + Gi + Wi (51) 

Here, Xi is the position of grasshopper ith in the space; Si is the 
advantage of social interaction obtained by grasshopper ith; Si, Gi, and 
Wi are the mutual social, gravitational, and air transfer effects of the 
grasshopper, respectively. 

Si =
∑NGH

j=1,j∕=i

s
( ⃒
⃒Xj − Xi

⃒
⃒
)
(
Xj − Xi

)

Dij
(52)  

S(u) = fe− u/lg − e− u (53) 

The description of the performance of the social force among grass-
hoppers is calculated by Eq. (53). U is the distance between grasshop-
pers, f is the intensity of gravity, and lg is the distance of the gravity. 

Here, for optimization, the values of 0.5 for f and 1.5 for lg are assumed. 
Since the effect of gravitational force on grasshopper swarm behavior is 
insignificant, it is neglected and the effect of wind is modeled as the best 
global solution. Finally, using the following, the grasshopper’s position 
can be updated. 

Xk
i = C

⎡

⎣
∑NGH

j=1,j∕=i

C
(
Xk

max − Xk
min

)

2
S
(⃒
⃒
⃒Xk

j − Xk
i

⃒
⃒
⃒

)
(

Xk
j − Xk

i

)

Dk
ij

⎤

⎦+ Xk
gbest (54)  

C = Cmax − iter
Cmax − Cmin

itermax
(55) 

A novel idea in solving complex problems with non-linear functions 
is to use the chaotic search method in smart methods in order to enhance 
the capabilities of the smart algorithm. The chaotic technique formu-
lated by non-linear and non-convex functions that receive more atten-
tion now. The proposed chaotic method for solving the problem can be 
expressed as: 

dx
dt

= σ(y − x)

dy
dt

= x(ρ − z) − y

dz
dt

= xy − βz

(56)  

where x, y, z, belong to the state of the system in time. Moreover, σ, ρand 
β show the system parameters. This model inspired of ordinary differ-
ential programs that was first considered by Edward Lorenz. It is 
considerable for having irregular solutions for special parameter values 
and initial conditions. Specifically, the Lorenz attractor is a set of 
irregular solutions of the Lorenz system [30]. This emphasizes that 
physical systems can be totally deterministic; still, they are not inher-
ently predictable even in the absence of quantum effects. The form of the 
Lorenz attractor itself, when graphically plotted, may look like a but-
terfly. Accordingly, the chaotic theory can be defined by the following 
steps: 

Step 1: The chaos and algorithm control values are set. 
Step 2: The initial population generated among the variable lower 
and upper bounds. 
Step 3: The decision variables map. 
Step 4: Chaotic variables convert with decision variables. 
Step 5: Evaluate the new solution by decision variables. 

Fig. 6 shows how the proposed optimization algorithm relates to the 
problem. 

5. Case study 

5.1. Information of test system and settings 

This subsection sets the scheduling horizon at one day and, after that, 
divides the total time horizon into 24 periods by setting 1 h as the 
calculation period. It is assumed that 300 EVs exist in this energy hub. 
For effective modeling and scheduling the EVs, the EV batteries’ 

Table 1 
Parameters of the EVs used [25].  

Numerical value Type 

1000 Maximum capacity (kWh) 
600 Initial storage (kWh) 
100/1000 Lower/upper limit of stored heat energy (kWh) 
150 Maximum charging power (kW) 
150 Maximum discharging power (kW) 
0.9 Charging efficiency  
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characteristics are taken into account. The EV charge energy equals the 
daily energy consumption. The essential variables of the EVs are listed in 
Table 1 [25]. According to the Monte Carlo technique, the uncoordi-
nated charge demand of all EVs can be obtained. Fig. 7 displays the 
uncoordinated charge load with various numbers of EVs. Electricity 
prices in real time differ from the price limits. The lower bound of the 

forecast electricity prices is given in Fig. 8. Maximum price uncertainties 
(dt) are assumed to be 20% of the lower bound of the forecast price. 
Maximum price uncertainties (dt) can be obtained based on the existing 
forecast methods. In realistic model, the numeric value of 20% can be 
changed based on the forecast real results. It is assumed that the extra 
electricity sales price to the gird is 10% lower than the lower limit of the 

Fig. 7. EV uncoordinated charge.  

Fig. 8. Lower bound of the forecast electricity price.  
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electricity prices. The initial demand (without EV charge loads) and the 
thermal load demand are given in Fig. 9. The PV and WT output power 
characteristics are presented in Fig. 10. The employed parameters of the 
heat storage system are listed in Table 2. The other useful data are 
tabulated in Table 3 [31]. 

5.2. Discussion and analysis of the results 

In this section, three planning scenarios are taken into account to 
evaluate the effect of EV’s coordinated charge/discharge mode and DR 
methods on the planning results. The uncertainties of price will be taken 
into account in all these scenarios. Three types of planning scenarios can 

Fig. 9. Electric and thermal load demand.  

Fig. 10. PV and WT output power profiles.  
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be described as follows: 

Scenario 1: To establish the usefulness of the EVs’ coordinated 
charge/discharge mode in decreasing the total costs, a basic case 
planning scenario is taken into account, e.g. EVs approve the unco-
ordinated charge mode. 
Scenario 2: Compared to Scenario 1, the EVs in this scenario choose 
the coordinate charge/discharge mode. 
Scenario 3: Here, to confirm the effectiveness of EV programs, DRs 
choose the coordinate charge/discharge mode. DR methods are also 
considered. 

5.2.1. Economic dispatch analysis 
The results of dispatching electric and thermal energy under Sce-

nario 1 are given in Fig. 11. It is evident from Fig. 11a that the EV’s 

charge loads are concentrated under the uncoordinated charge mode 
during the night. This is because EV owners usually start charging when 
they arrive home in the evening. CHP in the high electricity price pe-
riods generates electricity (h 9–20), which reduces the system’s elec-
tricity utilization cost. As the CHP produces electricity and thermal 
power simultaneously, it is clear from Fig. 11b that it also produces 
thermal energy in peak-price times and the boiler produces thermal 
energy in low-price times (h 5–10 and h 20–24), thereby reducing the 
system’s thermal energy consumption cost. Based on Fig. 11b, the heat 
storage unit participates in the load scheduling under Scenario 1; the 
extra thermal energy produced by CHP is used to charge the heat storage 
system in 15–18 h As denoted by the negative values in Fig. 11b, the heat 
storage unit is discharged in 2–4 h 

The results of dispatching electric and thermal energy under Sce-
nario 2 are given in Fig. 12. We can see that with the coordinated 
charge/discharge, EV charge loads are transferred from the high to low 
electricity price periods. This is because a change in the EVs’ charge load 
reduces the system’s electricity consumption cost. As shown in Fig. 12a, 
the EVs are not discharged in each period. This is because of the cost of 
depreciating electrical units is high, and electricity discharged by elec-
tric vehicles must be redeemed, which is done by electric vehicle owners 
to meet driving needs. In addition, the behavior of selling electricity to 
the grid or supplying electricity to meet load demand increases the cost 
of battery depreciation for owners of electric vehicles. 

The obtained results of dispatching electric and thermal energy in 
Scenario 3 are given in Fig. 13. Compared to scenarios 1 and 2, after 
running the DR electric and thermal plans, the electric and thermal load 
demand is varied. Fig. 13 illustrates the level of loading without and 
with implementing electric and thermal DR programs. 

It is observed from the DR electric and thermal programs that the 
electricity demand of the energy hub in high electricity price times 
(9–21 h) is transferred to a low electricity price time to reduce the costs 
of purchasing electricity from the grid. In high electricity price periods, 
the energy hub increases the CHP output, such that it can reduce the 
electricity purchase cost. Since the CHP produces electric and thermal 
energy simultaneously, it increases the output of thermal energy to in-
crease the output of the electric energy in high electricity price periods. 
In this way, after using the DR program, to consume the increased 
output of thermal energy, the total thermal demand is increased in the 
high electricity price period (13–19 h). The comparison of the costs of 
different scenarios is presented in Table 4. Compared to Scenario 1, the 
total costs of Scenario 2 are reduced by 12%. Consequently, it can be 
obvious that the EVs’ matched charge/discharge can successfully 
decrease the energy costs for the consumers. Compared to Scenario 2, 
the total costs of Scenario 3 are decreased by 5.76%. This indicates that 

Table 2 
Parameters of the heat storage unit.  

Type Numerical values 

Maximum capacity (kWh) 1000 
Initial storage (kWh) 600 
Lower/upper limit of stored heat energy (kWh) 100/1000 
Maximum charging power (kW) 150 
Maximum discharging power (kW) 150 
Charging efficiency 0.9 
Discharging efficiency 0.9  

Table 3 
Other parameters used in the simulation.  

Parameter Unit Amount Parameter Unit Amounts 

OMPV cent/kWh 0 MRup
E – 0.50 

OMWT cent/kWh 0 MRdown
E – 0.20 

OMCHP cent/kWh 2.0 MRH
up  – 0.50 

OMB cent/kWh 2.7 MRdown
H – 0.20 

OMHS cent/kWh 0.5 λG
t  cent/m3 22 

ugrid kg/kWh 0.187 Ctre cent/kg 3.36 
uCHP kg/kWh 0.177 LHV kWh/m3 9.7 
uB kg/kWh 0.177 ηe

CHP  – 0.35 

πE,up
DR  

cent/kWh 0.10 ηh
CHP  – 0.45 

πE,down
DR  

cent/kWh 0.10 ηB  – 0.8 

πH,up
DR  

cent/kWh 0.10 GCHP
max  m3/h 100 

πH,down
DR  

cent/kWh 0.10 GB
max  m3/h 100  

Fig. 11. Optimal dispatch results in the Scenario 1.  
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DR programs can more decrease consumers’ total costs by means of 
displacing the loads. 

5.2.2. Effect of EV depreciation cost 
Based on the high costs of EV depreciation, EV owners do not wish to 

allow EV discharge to prolong EV battery life. Therefore, EV deprecia-
tion cost has a significant effect on planning results. This sub-section 
deals with the effects of EV depreciation costs. The general costs in all 
scenarios with and without taking into account EV reduction costs are 
presented in Fig. 14. It is observed that the total costs under the scenario 
without considering EV depression are markedly reduced compared to 
the scenario considering EV depreciation; this denotes that the EV 
reduction cost cannot be ignored by the users. 

Based on the planning results of all scenarios, Scenarios 2 and 3 (i.e., 
EVs using coordinated charge/discharge mode) are used as an example. 
The optimal dispatch results in Scenario 2 without taking into account 

EV reduction costs are presented in Fig. 15. It is clear from Fig. 15a that 
the EVs are charged in low electricity price times, which is similar to the 
results of Scenario 2 taking into account EV reduction cost. However, it 
is evident that the EVs are discharged in the high electricity price period 
(13–20 h), so that the amount of purchased electricity is reduced when 
the price is high, as denoted by negative values in Fig. 15. The optimal 
dispatch results in Scenario 3 without allowing for EV reduction costs 
are presented in Fig. 16. In similar way with Scenario 2, the EVs are 
charged in low electricity price times (1–10 h and 22–24 h) and dis-
charged in high electricity price times (12–20 h), which is able to 
decrease the electricity price when the price is high. We can also observe 
that the energy hub sells the extra electrical energy to the electricity grid 
to gain profit in a high electricity price period (18 h). It can be seen that 
when the reduction cost is not considered, EVs are repeatedly charged 
and discharged more to decrease the total costs of the energy system. 

5.3. Impact of strong parameter on uncertainty 

Electricity price uncertainty can be modeled with a powerful 
parameter. Therefore, the planning results are influenced by the choice 
of a powerful parameter. It is necessary to discuss the effect of a 
powerful parameter on the results. The total costs in different robust 
parameter values under the three programming scenarios are shown 
in Fig. 17. It can be seen that with increasing power r under all three 

Fig. 12. Optimal dispatch results in the Scenario 2.  

Fig. 13. Optimal dispatch results in the Scenario 3.  

Table 4 
Comparing the costs of different scenarios.   

Scenario 1 Scenario 2 Scenario 3 

Total cost ($/day) 632.251 590.323 556.341 
CPU time (min) < 1 min < 1 min < 1 min  
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dimensions, the overall costs increase. The reason for this is that larger 
values indicate greater uncertainty in electricity prices, which will 
pose a greater financial risk to the system. When r= 0, the powerful 
optimization model becomes the deterministic model, so the energy 
center system has the lowest price. Thus, it provides a powerful trading 
parameter between optimization and solution strength. In the load 
management process, the operator needs to select a suitable powerful 
parameter according to the level of real uncertainty of electricity prices. 

5.4. Proposed algorithm’s performance analysis 

In this section, the performance of the proposed algorithm is 
compared with other genetic optimization and particle clustering algo-
rithms for the problem proposed in this paper. To make a fair compar-
ison for all three algorithms, the number of iterations to be 100 and the 
number of initial populations to be 50 are considered. Other control 

parameters are used based on the best performance of these algorithms 
in other research and various test functions to consider each with 
maximum search capability. The convergence results of the three algo-
rithms are shown in Fig. 18. 

As can be seen from the figure, the proposed algorithm performed 
much better than the other two algorithms and also had less standard 
deviation. The proposed algorithm was able to achieve its optimal 
answer from approximately 30 iterations. 

6. Conclusion 

Optimal load dispatch is a major engineering optimization problem 
for supporting the capable operation of hub energy models. In this study, 
a new model for energy managing with the developed GOA for an energy 
hub is proposed. This energy hub included a CHP unit, gas boiler, heat 
storage system, PV arrays, WT, and EV. EV uncertainty was modeled via 

Fig. 14. Total costs in all scenarios with and without taking into account EV reduction cost.  

Fig. 15. Scheduling results in Scenario 2 lacking EV reduction cost.  
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Monte Carlo simulation and the developed algorithm based on grass-
hopper search was adopted for dealing with the future uncertainties in 
electricity price. To evaluate the performance of the studied system, 
three scheduling scenarios were discussed, including EV uncoordinated 
charge, and EV coordinated charge/discharge with and without DR 
methods. The numerical results shown that the EV coordinated charge/ 
discharge mode can reduce the total costs by 12% compared to the 
uncoordinated charge mode. The results also showed that by imple-
menting the DR methods, the total cost can be reduced by about 5%. The 
findings indicated that the proposed method showed the trade-off 
among optimality and robustness of the solutions based on the real 
uncertainty level of electricity price. Discussions were also made about 
the effect of EV depreciation. It was shown that when the depreciation 
cost was ignored, the EV would play a major role in the load manage-
ment of the energy hub. This paper provided new insight into the load 

transfer of the energy hub with the extensive deployment of EVs. Also, if 
the prices of electricity are uncertain in the relevant uncertainty sets, 
according to the proposed robust optimization approach, the cost of the 
whole energy system is always less than the obtained cost. In addition, 
compared to the other algorithms i.e., GA and PSO methods, the sug-
gested algorithm can converge with appropriate accuracy and find the 
global optimal. This ability can be achieved in less than 40 iterations, 
which is very convenient compared to other algorithms. 
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