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A B S T R A C T

The increasing capacity of distributed flexibility resources (DFRs) in power distribution systems provides an
unprecedented opportunity for distribution system operators (DSOs) to offer the available distributed flexibility
as services in electricity markets. This paper proposes a novel model to define and co-optimize the deliverable
energy flexibility and frequency regulation capacity of power distribution systems. The distributed flexibility is
provided in distribution buses by flexible loads, modeled by a novel queuing system, energy storage (ES) devices,
and distributed solar resources with controllable inverters. The proposed model co-optimizes the DFRs schedule
in three operating points that model the operation of flexible loads, distributed solar generation units, and ES
devices in distribution networks for providing energy flexibility, as well as regulation up and down capacity in
electricity markets. The proposed model takes into account the interdependence between DFRs schedule in the
three operating points, which enables the DSO to provide non-conflicting capacity offers to different services in
the market. In addition, the proposed model ensures the deliverability of energy flexibility and regulation ca-
pacity in the markets by satisfying the power flow constraints of distribution networks in all three operating
points. The numerical studies, conducted on the 33-bus test distribution system, demonstrate the effectiveness of
the proposed model for scheduling realistic energy flexibility and regulation capacity offers that are deliverable
in the markets.

1. Introduction

The proliferation of distributed flexibility resources (DFRs), in-
cluding flexible loads, energy storage (ES) devices, and renewable re-
sources with controllable inverters, together with current advance-
ments in telecommunication infrastructure and automated control
schemes create new opportunities to enhance power systems flexibility.
This flexibility, if properly managed, can offer a range of services (e.g.,
flexible energy, congestion management, frequency regulation) to the
independent system operators (ISOs), who operate bulk power systems,
and help them counterbalance the variability and uncertainty of re-
newable generation resources [1–3]. Further, the provision of flexibility
services could create a new source of revenue for distribution system
operators (DSOs) who would offer the distributed flexibility in the
wholesale electricity markets and compete with resources connected to
the transmission grid [4,5].

Despite the attractiveness of utilizing DFRs to provide flexibility
services to transmission systems, the main challenge for DSOs is to
capture the full operational flexibility of a diverse portfolio of DFRs
with different operation characteristics, and provide adequate

conditions for market access without violating the operational con-
straints of distribution systems. Therefore, in order to exploit the po-
tential flexibility of DFRs in power systems operation, DSOs must en-
sure the deliverability of services in electricity markets, and coordinate
the information flow between DSOs and ISOs. This coordination would
require advanced distribution network management schemes that op-
timize the power exchange at the DSO/ISO interface, and facilitate
DSOs’ participation in electricity markets [6].

The technical literature includes models that control DFRs operation
for offering services in the markets. A model proposed in [7] schedules
and aggregates distributed flexible loads, energy generation resources,
and ES devices to offer as demand response in the day-ahead energy
market, while a model in [8] optimizes the real and reactive power
output of controllable solar inverters, ES devices, and plug-in electric
vehicles (PEVs) to provide regulation services to bulk power systems. A
market participation model is proposed in [9] to maximize the profits of
a combined distributed wind-energy storage system in the day-ahead
energy and regulation markets. A model that optimally schedules small
wind farms for providing congestion management in distribution net-
works is developed in [10], while the aggregate flexibility from flexible
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loads is deemed as a transmission level congestion relief measure in
[11]. Models that aim to optimize the participation of PEVs in the en-
ergy and regulation markets via controlling their charge and discharge
schedules have been studied in [12–15]. A stochastic model that
schedules the regulation capacity of PEVs considering a performance-
based compensation scheme and the uncertainty of the ISO’s regulation
signal is proposed in [16]. In [17], a smart building operator aggregates
building flexible loads for providing regulation services to the ISO,
while in [18] thermostatically controlled loads (TLCs) from air-con-
ditioning systems are utilized to offer their aggregate flexibility to the
frequency regulation markets, considering residents’ thermal comfort.
A Volt/Var control scheme is proposed in [19] for optimizing the re-
active power dispatch of solar inverters in order to minimize distribu-
tion lines’ losses and maximize solar penetration. In [20], an optimal
solar inverter dispatch framework that enables both reactive and active
controllability and maintains the inverter power factor above a pre-
scribed value to secure its compliance with power quality standards is
proposed to facilitate high solar penetration in power distribution
networks.

In addition, multiple research works have investigated the opera-
tional flexibility of power distribution systems [21]. In [22], the con-
cept of flexible operation region (FOR) is presented to determine the
admissible region in the P-Q plane formed by active and reactive power
flows at the distribution system. More specifically, a set of random
control scenarios is generated and the boundaries of FOR are sketched
such that the state variables of the distribution system could change
within the operational constraints. A similar logic is used in [23], where
a parametric linear combination of active and reactive power flows is
optimized through an iterative process. The works in [22,23] neglect
the market-based features of flexibility reserve scheduling and provide
abstract not detailed models for DFRs. In [24], an optimization fra-
mework is introduced to counterbalance the inherent uncertainties of
distributed renewable energy resources by controlling the nodal flex-
ibility and lines’ loadability in power distribution systems. In [25], the
DSOs reserve procurement is formulated through a three-stage sto-
chastic model. The works in [24,25] schedule and deploy the flexibility
within distribution networks, however, without considering the flex-
ibility offered by distribution systems to the transmission network. The
deliverable energy flexibility of distribution systems is defined and
optimized in [26] as the aggregate distributed flexibility that is avail-
able for offering to the day-ahead energy market by DSOs without
jeopardizing the operational constraints of the distribution network.
Further, the energy flexibility provided to power distribution systems
by water treatment plants and battery electric bus charging infra-
structures is modeled and optimized in [27,28].

Although DFRs can potentially provide both energy flexibility and
regulation capacity, the technical literature lacks a comprehensive
model that effectively captures and co-optimizes the flexibility of DFRs
to deliver services in both energy and regulation markets, considering
the operational constraints of distribution networks. When co-opti-
mizing DFRs schedules in energy and regulation markets, it is critical to
ensure that the limited capacity of DFRs is appropriately allocated to
the services while maximizing DSO’s profit in the markets. In addition,
due to the power losses and operation constraints of distribution net-
works, energy flexibility and regulation capacity available at the DSO/
ISO interface are not simply the summation of the distributed flexibility
offered in distribution buses.

1.1. Contribution and paper structure

This paper proposes a comprehensive model to define, model and
co-optimize the deliverable energy flexibility and deliverable frequency
regulation capacity that a power distribution network with a given DFRs
portfolio can offer to the day-ahead electricity markets. In the proposed
model, distributed energy flexibility and regulation capacity are pro-
vided in distribution buses by flexible loads, distributed solar

generation (DSG) units, and ES devices. The flexible loads are modeled
by a novel queuing system that represents the aggregate behavior of a
large population of distributed flexible loads in distribution buses,
taking into account their type and service quality requirements.
Further, DSG units and ES devices provide energy flexibility and reg-
ulation services through controllable inverters.

The deliverable energy flexibility and regulation capacity are defined as
the aggregate flexibility at the DSO and ISO interface that is available
for offering to the day-ahead energy and regulation markets without
jeopardizing the operational constraints of distributed resources and
distribution network. In order to co-optimize the deliverable energy
flexibility and deliverable regulation capacity, a DSO flexibility sche-
duling model is proposed that co-optimizes the schedule of distributed
resources in three different operating points for maximizing DSO’s
profit in the markets. The three operating points model the operation of
flexible loads, DSG units, and ES devices in distribution systems for
providing energy flexibility, as well as regulation up and down capacity
in the markets. Each operating point represents a distinct energy
transaction trajectory between the DSO and ISO, under which the
schedule of distributed resources is co-optimized to provide energy
flexibility, and regulation up and down capacity in the markets. In this
regard, each operating point associated with a DFR represents a dif-
ferent power consumption or generation output profile based on DFRs
constraints. The proposed model takes into account the inter-
dependence between the DFR schedule in the three operating points,
which enables the DSO to appropriately allocate the available dis-
tributed flexibility to different services without violating their opera-
tional constraints. The proposed model ensures the deliverability of the
energy flexibility and regulation capacity in the markets by satisfying
power flow constraints of distribution networks in all three operating
points.

The remainder of this paper is organized as follows: the proposed
models of deliverable energy flexibility and frequency regulation ca-
pacity are presented in Section 2. The proposed DSO flexibility sche-
duling model as well as DFRs models and their operation constraints are
formulated in Section 3. The numerical results, conducted on the IEEE
33-bus distribution system, are presented in Section 4, and the con-
clusions are drawn in Section 5.

1.2. Notation

The notation used in the paper is defined as follows: we represent
the power distribution network by a directed graph � �=G ( , ), where
� = … B{1, , } and � �= ∈ ≡ij i j j j i{ , , ( )} respectively denote the set
of buses and lines, and j i( ) shows the buses connected to bus i. In the
power distribution network, which is considered to be radial, node =i 1
denotes the bus where the feeder is connected to the transmission
substation, while the distribution buses are represented by set
� = … B{2, , }b . For each line �∈ = = +ij y z g b( ) , 1/ iij ij ij ij represents
the complex admittance. In addition, the letters
P Q C D E A O F R, , , , , , , , respectively represent the active and reactive
power variables, the ES charge and discharge power variables, the ES
stored energy variable, the flexible load arrivals, flexible loads queue
backlog variable, the deliverable flexibility variable, and the regulation
variable. The superscripts o e u d, , , , refer to the operating points O, E,
U, D. Further the superscripts S K F, , respectively refer to the DSG
units, ES devices, and flexible load variables. Finally, the subscripts
t c i, , respectively denote the time intervals, flexible load clusters, and
power distribution buses.

2. Deliverable energy flexibility and regulation capacity of
distribution systems

In this section, we characterize the operating points where DSO
seeks to simultaneously maximize its profit of providing services in day-
ahead energy and regulation markets. The four operating points,
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utilized to define the deliverable energy flexibility and frequency reg-
ulation capacity of distribution networks, are shown in Fig. 1 and are
described as follows:

– Operating point O, where DSO does not control DFRs and draws the
energy trajectory Pt

G o, from the ISO.
– Operating point E, where DSO controls DFRs to maximize its profit
of selling energy reduction to the ISO. The energy transaction tra-
jectory between the DSO and ISO in this point is denoted by Pt

G e, .
– Operating point U, where DSO controls DFRs to provide regulation
up capacity such that its profit of providing the aggregate capacity
to ISO is maximized. The energy transaction trajectory between the
DSO and ISO in this point is denoted by Pt

G u, .
– Operating point D, where DSO controls DFRs to provide regulation
down capacity such that its profit of providing the aggregate capa-
city to ISO is maximized. The energy transaction trajectory between
the DSO and ISO in this point is denoted by Pt

G d, .

Deliverable energy flexibility at the DSO/ISO interface, denoted by Ft
e

and shown in Fig. 1. (b), is defined as the difference of the energy
transaction trajectory without and with controlling DFRs in the dis-
tribution network (i.e., operating points O and E), which is calculated as
below:

= − = − ∀
+ −

F P P t F F t( )Δ , ,t
e

t
G o

t
G e

t
e

t
e, , (1)

where
+

Ft
e and

−
Ft

e are positive variables that respectively represent the
positive and negative parts of the deliverable energy flexibility. A po-
sitive value for Ft

e implies a reduction in the energy received by the DSO
from ISO, and represents the available energy flexibility from the dis-
tribution network to be delivered to the day-ahead energy market. A
negative energy flexibility value, on the other hand, denotes an increase
in the energy received by the DSO from ISO.

Deliverable regulation up and down capacities at the DSO/ISO inter-
face, denoted by positive variables Ft

u and Ft
d, are defined as the dif-

ferences of the DSO and ISO energy transaction trajectory respectively
between operating points E and U, and operating points D and E (see
Fig. 1(b)), and are calculated as follows:

= − ∀F P P t, ,t
u

t
G e

t
G u, , (2)

= − ∀F P P t, .t
d

t
G d

t
G e, , (3)

In summary, each operating point E U D, , and associated transition
between two points (i.e., → → →O E E U E D, , ) represent a distinct
energy transaction trajectory (e.g., a reduction or increase of the energy
withdrawn from the transmission to the distribution system) between
the DSO and ISO and therefore a unique service (i.e., energy flexibility,
regulation up capacity, regulation down capacity) that results from this
transaction. The energy transactions at the DSO/ISO interface change
according to the different schedules of DFRs in the distribution buses. In
this regard, each operating point associated with a DFR represents a
different power consumption or generation output profile based on

DFRs constraints.
Next, we introduce the DSO flexibility scheduling model that co-

optimizes DFRs’ schedules for providing energy flexibility and regula-
tion up and down capacity in the markets.

3. DSO flexibility scheduling model

The structure of the proposed deliverable flexibility scheduling
model is shown in Fig. 2. In Fig. 2, the DSO controls the distributed
flexible loads (presented by load aggregators), solar units (interfaced by
controllable inverters), and energy storage devices to co-optimize the
deliverable energy and regulation up/down flexibility capacity defined
in (1)–(3). The load aggregators are advanced communication systems
that are owned by the DSO at distribution buses and exchange in-
formation between the DSO and flexible loads. The proposed model for
co-optimizing the deliverable energy and regulation capacity of dis-
tribution networks is presented next.

3.1. Objective function

Consider a scheduling horizon T[0, ] that is divided into N intervals
of the same length tΔ , and �∈ = … …t t t t{ , , , , }n N1 refers to the starting
points of intervals with =t 01 and = −t T tΔN . The objective function of
the proposed model is to maximize DSO’s profit from offering the en-
ergy flexibility and regulation up and down capacity to day-ahead en-
ergy and regulation markets over � :

� � � �

∑ ∑ ∑ ∑− + +
∈ ∈ ∈ ∈

+ −
F π F π F π F πmax ,

t
t
e

t
e

t
t
e

t
e

t
t
u

t
u

t
t
d

t
d

(4)

where π π,t
e

t
u, and πt

d are the energy, regulation up and regulation down
market prices at time t. The first term in (4) is the DSO’s revenue from
offering the positive deliverable energy flexibility (i.e., load reduction)
to the day-ahead energy market, which is compensated at day-ahead
wholesale energy price. The second term in (4) represents the cost of
supplying the shifted flexible energy (i.e., the negative part of deli-
verable energy flexibility), which is purchased from ISO at day-ahead
energy price. The third and fourth terms in (4) represent respectively
the DSO’s revenues from offering regulation up and down capacities in
day-ahead regulation market.

The objective function (4) is constrained to the deliverable energy
and regulation Eqs. (1)–(3), as well as the distribution network and
DFRs constraints in three operating points E, U, and D. Hereafter, in
order to simplify the formulation and avoid repetition, we refer to de-
cision variables of the three operating points with superscript

∈x e u d{ , , }.

3.2. Flexible load aggregation constraints

The queuing model in [30] is expanded here to model the aggregate
behavior of a large population of distributed flexible loads in distribu-
tion buses. In the proposed model, the load aggregators cluster flexible

Fig. 1. (a) flexibility operating points, (b) flexibility trajectories.
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loads in distribution buses based on their type (e.g., PEVs, dishwashers)
and service quality requirements, and form multiple queues of flexible
loads that represent their aggregate flexibility and service quality
constraints in the system.

Let Ac i t, , be the power consumption request of flexible loads re-
ceived by load aggregator in bus �∈i bunder cluster c in interval t.
Also, let Pc i t

F e
, ,
, be the controlled flexible load (queue departure) decision

variable, which is controlled by DSO to deliver energy flexibility in
operating point E. Denoting the queue backlog of flexible loads in op-
erating point E with Oc i t

e
, , , state equation of the queuing system that logs

the arrival and service of flexible loads is formulated as follows:

�= + − ∈ ∀ ∀−O O A P t i c t( )Δ , , , .c i t
e

c i t t
e

c i t c i t
F e b

, , , , Δ , , , ,
, (5)

While the deviation of flexible load consumption from Ac i t, , to Pc i t
F e
, ,
,

provides energy flexibility in operating point E, the controlled power
consumption Pc i t

F e
, ,
, may be reduced to Pc i t

F u
, ,
, in (6) or increased to Pc i t

F d
, ,
, in

(7), in order to respectively provide regulation up and down capacities
Rc i t

F u
, ,
, and Rc i t

F d
, ,
, in operating points U and D. The queue backlog deviation

due to provision of Rc i t
F u
, ,
, and Rc i t

F d
, ,
, is captured by deviation state Eq. (8),

where OΔ c i t, , denotes the deviation from the queue backlog Oc i t
e
, , in

operating point E.

�= − ∈ ∀ ∀P P R i c t, , , ,c i t
F u

c i t
F e

c i t
F u b

, ,
,

, ,
,

, ,
, (6)

�= + ∈ ∀ ∀P P R i c t, , , ,c i t
F d

c i t
F e

c i t
F d b

, ,
,

, ,
,

, ,
, (7)

�= + − ∈ ∀ ∀−O O R R t i c tΔ Δ ( )Δ , , , .c i t c i t t c i t
F u

c i t
F d b

, , , , Δ , ,
,

, ,
, (8)

The regulation up and down capacities provided by flexible loads are
constrained respectively to five-min ramp rate limits RRc

F d, and RRc
F u, in

(9) and (10). In addition, the controlled flexible load variables in op-
erating point D are limited in (11) to their maximum electricity con-
sumption values. Introducing binary variable Ic i t

F
, , in (9) and (10) pre-

vents simultaneous offering of regulation up and down capacities.

�⩽ ⩽ ∀ ∀ ∈R RR I c t i0 , , , ,c i t
F u

c
F d

c i t
F b

, ,
, ,

, , (9)

�⩽ ⩽ − ∀ ∀ ∈R RR I c t i0 (1 ), , , ,c i t
F d

c
F u

c i t
F b

, ,
, ,

, , (10)

�⩽ ⩽ ∀ ∀ ∈P P c t i0 , , , .c i t
F d

c
F b

, ,
, (11)

The proposed queuing model facilitates imposing delay-based and
deadline-based service quality constraints of flexible loads, while

scheduling the energy flexibility and regulation up and down capa-
cities. The delay-based constraint (12) imposes maximum delay time τc i,
on serving flexible loads, which requires that the cumulative energy
consumption associated with the flexible load consumption request
received until −t τc i, be less than or equal to the cumulative energy
served until t [30]:

�∑ ∑⩽ ∀ ∈
′=

−

′
′=

′A t P t c t iΔ Δ , , , .
t t

t τ

c i t
t t

t

c i t
F e b

, , , ,
,

c i

1

,

1 (12)

Adding and subtracting ∑ ′= − + ′A tΔt t τ t
t

c i tΔ , ,c i,
to left-hand-side of (12),

and substituting Oc i t
e
, , from (5), we have:

�⩽ ⩽ ∀ ∈O O c t i0 , , , ,c i t
e

c i t
e b

, , , , (13)

where, Oc i t
e
, , is upper limit of the queue backlog defined as:

�∑
=

⎧

⎨
⎪

⎩⎪

∈ −

=
′= − +

′
O

A t t t

t t

Δ { },

0 .
c i t
e

t t τ t

t

c i t N

N

, , Δ
, ,

c i,

(14)

Constraints (13) and (14) specify that in order for DSO to be able to
serve the consumption requests in delay time τc i, , the queue backlog in
interval t should not exceed the total consumption requests received
from τc i, interval ago. Further, the queue backlog should be empty at the
end of the scheduling horizon to make sure that all energy requested is
served.

In addition, the queue backlog variableOc i t
e
, , in operating point E plus

the queue deviation variable OΔ c i t, , should also respect the delay-based
service quality constraint:

�⩽ + ⩽ ∀ ∈O O O c t i0 Δ , , , .c i t
e

c i t c i t
e b

, , , , , , (15)

The deadline-based constraints (16) and (17) ensure that flexible loads
would be served before a given deadline time tc i

D
, , which requires the

queue backlog to be empty at the deadline.

�= = ∀ ∈O t t c i0, , , ,c i t
e

c i
D b

, , , (16)

�+ = = ∀ ∈O O t t c iΔ 0, , , .c i t
e

c i t c i
D b

, , , , , (17)

Fig. 2. The proposed DSO flexibility scheduling model.
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3.3. Energy Storage Constraints

Let C D,k t
x

k t
x

, , and Ek t
x
, be positive variables respectively representing

the active charging and discharging power, and the stored energy of ES
k at t in operation point ∈x e u d{ , , }, and Qk t

K x
,
, be a free variable re-

presenting the ES reactive power. The ES state equation is formulated in
(18), where ηk

C and ηk
D are the charging and discharging efficiencies.

The charging, discharging and apparent powers of ES are confined in
(19)–(21) to the rated values C D,k k , and Sk

K , where binary variable Ik t
K
,

in 19 and 20 eliminates the possibility of simultaneous charge and
discharge. The ES stored energy is constrained to the energy capacity
limits E̲k and Ek , and the initial ES energy is set to Ek

init in (23).

⎜ ⎟= + ⎛

⎝
− ⎞

⎠
∀ ∀ ∀−E E η C

η
D t x k t1 Δ , , , ,k t

x
k t t
x

k
C

k t
x

k
D k t

x
, , Δ , ,

(18)

⩽ ∀ ∀ ∀C C I x k t, , , ,k t
x

k k t
K

, , (19)

⩽ − ∀ ∀ ∀D D I x k t(1 ), , , ,k t
x

k k t
K

, , (20)

+ + ⩽ ∀ ∀ ∀C D Q S x k t( ) ( ) , , , ,k t
x

k t
x

k t
K x

k
K

, ,
2

,
, 2 2

(21)

⩽ ⩽ ∀ ∀ ∀E E E x k t̲ , , , ,k e t
x

k, (22)

= ∀ ∀E E x k, , .k
x

k
init

,0 (23)

The ES charging power Ck t
e
, in operating point E may be reduced to Ck t

u
,

in (24) or increased to Ck t
d
, in (25) in order to respectively provide

regulation up and down capacities Rk t
C u
,
, and Rk t

C d
,
, in operating points U

and D. In addition, ES discharging power Dk t
e
, in operating point E may

be increased to Dk t
u
, in (26) or reduced to Dk t

d
, in (27) in order to re-

spectively provide regulation up and down capacities Rk t
D u
,
, and Rk t

D d
,
, in

operating points U and D. The ES regulation up and down capacities in
charge and discharge states are constrained to the five-min ramp rate
limits in (28)–(31).

= − ∀ ∀C C R k t, , ,k t
u

k t
e

k t
C u

, , ,
, (24)

= + ∀ ∀C C R k t, , ,k t
d

k t
e

k t
C d

, , ,
, (25)

= + ∀ ∀D D R k t, , ,k t
u

k t
e

k t
D u

, , ,
, (26)

= − ∀ ∀D D R k t, , ,k t
d

k t
e

k t
D d

, , ,
, (27)

⩽ ⩽ ∀ ∀R RR k t0 , , ,k t
C u

k
C d

,
, , (28)

⩽ ⩽ ∀ ∀R RR k t0 , , ,k t
C d

k
C u

,
, , (29)

⩽ ⩽ ∀ ∀R RR k t0 , , ,k t
D u

k
D u

,
, , (30)

⩽ ⩽ ∀ ∀R RR k t0 , , .k t
D d

k
D d

,
, , (31)

3.4. Distributed solar generation with controllable inverter

Let Ps t
S x
,
, and Qs t

S x
,
, be respectively the active and reactive powers of

DSG unit s in operating point ∈x e u d{ , , } at t. The active and apparent
power of DSG units are respectively limited to the forecasted solar
generation Ps t

S
, in (32), and to the rated apparent power of the inverter

Ss
S in (33). In addition, the power factor of DSG units is maintained

above the minimum allowable power factor PF̲s in (34).

⩽ ⩽ ∀ ∀ ∀P P x s t0 , , , ,s t
S x

s t
S

,
,

, (32)

+ ⩽ ∀ ∀ ∀P Q S x s t, , , ,s t
S x

s t
S x

s
S

,
, 2

,
, 2 2

(33)

⩽
+

∀ ∀ ∀PF
P

Q P
x s t̲ , , , .s

s t
S x

s t
S x

s t
S x

,
,

,
, 2

,
, 2

(34)

The active power generation Ps t
S e
,
, in operating point E may be increased

to Ps t
S u
,
, in (35) or reduced to Ps t

S d
,
, in (36) in order to respectively provide

regulation up and down capacities Rs t
S u
,
, and Rs t

S d
,
, in operating points U

and D. In addition, the regulation up and down capacities of DSG units
are limited to the associated five-min ramp rate limits in (37) and (38).

= + ∀ ∀P P R s t, , ,s t
S u

s t
S e

s t
S u

,
,

,
,

,
, (35)

= − ∀ ∀P P R s t, , ,s t
S d

s t
S e

s t
S d

,
,

,
,

,
, (36)

⩽ ⩽ ∀ ∀R RR s t0 , , ,s t
S u

s
S u

,
, , (37)
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3.5. Distribution network constraints

Let +P Q( i )t
G x

t
G x, , be the complex power flowing from the upstream

transmission network to supply the distribution network and
+P Q( i )ij t

L x
ij t
L x

,
,

,
, be the complex power flow of distribution lines in oper-

ating point ∈x e u d{ , , } and interval t. Let also +P Q( i )i t
I

i t
I

, , be the
complex power of inflexible loads located in bus �∈i b in interval t.
The full AC power flow model is adopted to model distribution network
operation with flexible loads, ES systems and DSG units as follows:
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x

t
x
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The active and reactive power balance constraints in the substation bus
are formulated in (39) and (40). The active and reactive power balance
constraints in distribution buses that integrate flexible loads, ES and
DSG units are modeled in (41) and (42). Active and reactive line power
flows, which appear at the right-hand-sides of (39)–(42), are defined
respectively in (43) and (44). The apparent power flow of transmission
lines, and voltage magnitudes and phase angles of distribution buses are
constrained to their respective limits S V V θ, ̲ , , ̲ij

L
i i i, and θi in (45)–(47).

Also, voltage magnitude and phase angle of the substation bus are re-
spectively set to 1 and 0 in (48).

In summary, the proposed DSO’s deliverable flexibility scheduling
model is formulated as a mixed integer nonlinear programming pro-
blem as follows:

− −
max (4)

s. t. (1) (3), (5) (48). (49)
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4. Numercial study

The proposed DSO flexibility scheduling model is implemented on
the 33-bus distribution test system [31], shown in Fig. 3. The system is
served by the upstream transmission network, as well as by four DSG
units connected to buses 16, 22, 25 and 33 through controllable in-
verters.

The California Independent System Operator (CAISO) hourly load
data for March 29–30, 2017 are scaled down to the test system’s active
and reactive peak loads of 3,715 kW and 2,300 kVAr, shown in Fig. 4,
and used in the simulations. The CAISO’s active solar power profile of
the same period is scaled down to the inverters’ rated active power
output of 200 kW, representing the available forecasted solar power
profile. Further, the CAISO’s energy and frequency regulation prices of
the same days are utilized in the simulations. Two ES units with energy
and power ratings of 1500 kWh and 400 kW respectively, and charge
and discharge efficiency of 85% are connected to buses 19 and 25 via
controllable bi-directional inverters. The initial energy storage volume
of the ES devices is set to 300 kWh. In addition, the minimum power
factor for the solar inverters is set to 0.85 [32]. The upper and lower
limits of the voltage magnitude at each distribution bus are set to 0.9
p.u. and 1.05 p.u., respectively.

Four load aggregators in buses 10, 20, 24 and 32 aggregate three
types of PEV chargers (home, workplace and public) as flexible loads.
The PEV charging load data for home, workplace, and public chargers
for the city of Los Angeles are used in the simulations [33], where their
peaks are scaled to 20% of the minimum active load of each bus. It is
assumed that the home PEV load is served immediately from hour 8 to
16, and the PEV charge control is allowed by the customers after hour
16. For all PEV chargers, a single deadline is imposed at the hour 8 am
of the next day. We also impose a delay constraint of two hours on the
public PEV charging.

The numerical results are provided for four study cases. Case 0 si-
mulates the operating point O where the DSO’s operation goal is to
supply the load of the system at the minimum cost, where DFRs are not
optimized. The energy transaction at DSO/ISO interface in operating
point O P, t

G o, , is calculated from the solution of Case 0, which is then
used in (1) for Cases 1 to 3. In Case 1, DFRs are utilized to only offer
energy flexibility to day-ahead market. In Case 2, both energy flexibility
and regulation capacity are co-optimized to offer to day-ahead market.
Case 3 is similar to Case 2 without considering the distribution net-
work’s power flow constraints.

In order to cover the full decision space of the DSO flexibility
scheduling model that includes the horizon for which the intertemporal
service quality constraints of flexible loads are defined, the model is

Fig. 3. The 33-bus test distribution system.

Fig. 4. Load, solar power, and energy and regulation up and down prices.
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solved for a scheduling horizon that extends from and utilizes the
CAISO load and solar data of 8am, March 29, 2017 to 7am, March 30,
2017. The proposed MINLP model is solved using the BONMIN solver
for Cases 0–3 on a desktop computer with a 4.0-GHz i7 processor and
32 GB of RAM, and results are presented next. Although, due to pro-
blem non-convexity, in theory, generic NLP solvers provide an (at least
local) optimal solution on feasible problems, in practice, they most

often provide the global optimum [29].

4.1. Results

4.1.1. DSO profit
The daily revenue, cost, and profit of DSO from offering the deli-

verable energy and regulation up/down capacity in day-ahead markets

Table 1
DSO revenue, cost and profit components.

Cases Energy Flexibility Revenue ($) Energy Flexibility Cost ($) Frequency Regulation Up Profit ($) Frequency Regulation Down Profit ($) Total Profit ($)

Case 1 754.7 37.9 0 0 716.8

Case 2 633.9 20.4 240.9 306.6 1,161.0

Case 3 770.3 11.4 342.7 372.3 1,473.9

Fig. 5. DSO deliverable energy flexibility and active power transaction at the DSO/ISO interface: (a) Case 1, (b) Case 2, (c) Case 3.
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are provided in Table 1. In Case 1, where DFRs are scheduled to offer
their flexibility only in the day-ahead energy market, the DSO’s rev-
enues and costs are respectively $754.7 and $37.9, resulting in a total
daily profit of $716.8. In Case 2, where DFRs are scheduled to offer
their flexibility in both day-ahead energy and frequency regulation
markets, the DSO’s total profit is increased by 61.9% as compared to
Case 1. In this case, the total daily DSO profit amounts to $1,161.0, out
of which 52.8% and 47.2% result from offering energy flexibility and
regulation capacity, respectively. In Case 3, where the power flow

constraints are ignored, DSO’s profit is increased by 26.9% as compared
to Case 2. This result shows that ignoring power flow constraints leads
to considerable overestimation of the DSO’s energy flexibility and fre-
quency regulation capacity, and the resulting profit in Case 3.

4.1.2. Deliverable energy flexibility
The DSO’s deliverable energy flexibility schedule, as well as the

active power transaction trajectory at the DSO/ISO interface in oper-
ating point E are shown in Fig. 5 for Cases 1 to 3. The positive and

Fig. 6. DSO deliverable regulation capacity – Case 2.

Fig. 7. Regulation (a) up and (b) down capacity.
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negative values of the deliverable energy flexibility respectively re-
present the decrease and increase in the system’s active power con-
sumption as compared to Case 0. In Figs. 5, the DSO imports less active
power from the upstream transmission network as compared to Case 0,
since part of the network’s active load is locally supplied by the DSG
units. In addition, the flexible loads and ES devices are respectively
queued and discharged during high energy price hours 8–10 and 16–21
in Case 1, which reduces the active power delivery from the upstream
transmission network during these hours. In Fig. 5. (b), active power
transaction trajectory in Case 2 differs from that of Case 1, indicating
that a portion of DFRs capacity is reserved to be offered in the reg-
ulation up and down markets. As a result, the deliverable energy flex-
ibility values are reduced in Case 2 as compared to Case 1. In Case 3,
where the power flow constraints are ignored, the DSO offers more
energy flexibility to the market in Fig. 5(c), since the power losses are
zero and the operational constraints of the distribution network are
ignored.

4.1.3. Deliverable regulation capacity
The DSO/ISO active power transaction trajectory in operating

points U and D, and the resulting deliverable regulation capacity for
Case 2 are shown in Fig. 6. In Fig. 6, the deliverable regulation up and
down capacity follow the regulation up and down price profiles in
Fig. 4. During the high regulation down prices in hours 10–16, the DSO
utilizes DFRs to only schedule regulation down capacity. Similar trend
is observed for regulation up capacity that is maximized during high
regulation up price hours 17–21.

The contribution of individual DFRs in offering regulation capacity
in Case 2 is shown in Fig. 7. In both Fig. 7(a) and (b), the flexible loads
dominate in providing regulation up and down capacity. In both
Fig. 7(a) and (b), a portion of regulation up and down capacity is
provided through managing the active power losses of the network.
More specifically, rescheduling DFRs for offering regulation up/down
flexibility changes power flow in distribution lines, leading to a re-
duction/increase in the power losses of the system. This reduction or
increase in power losses results in additional regulation up or down
capacity in the DSO/ISO interface.

Fig. 8. Solar generation profile.

Fig. 9. (a) ES charge/discharge profile, (b) ES stored energy schedule.
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4.1.4. Distributed flexibility resource schedule
DFRs schedule in operating points E, U, and D are displayed in

Fig. 8–10. In Fig. 8, the DSG units provide regulation up capacity in
hours 8–10 and 16–19 and regulation down flexibility in hours 9–18 by

respectively increasing and decreasing the power output from the as-
sociated values in operating point E. In Fig. 9(a), ES is scheduled to
provide regulation up and down capacity by deviating from the
scheduled charge (negative) or discharge (positive) power values. The

Fig. 10. (a) Home PEV load profile, (b) Workplace PEV load profile, (c) Public PEV load profile.

Fig. 11. DSO voltage profile.
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proposed model ensures that the resulting deviation from the ES stored
energy schedule, shown in Fig. 9(b), is within the capacity limits of ES,
while ensuring the availability of stored energy to deliver the scheduled
regulation up and down capacities.

The total controlled PEV load profiles in operating points E, U and D
for the aggregated home, workplace and public clusters are shown in
Fig. 10(a), (b) and (c). In Fig. 10(a), (b) and (c), the PEV charging loads
are deviated from the ones in point E to provide regulation up and down
capacities, while respecting the imposed service quality constraints.

4.1.5. Distribution bus voltages
Scheduling DFRs for offering regulation up/down capacity would

increase and decrease the distribution bus voltages in operating points
U and D as compared to the voltages in operating point E. The voltage in
distribution buses in operating points E, U and D, averaged over the
scheduling hours, is shown in Fig. 11. In Fig. 11, the largest voltage
deviations are observed towards the end of the feeder in buses 11–18,
29–33 as these buses experience more voltage drop along the network,
and therefore are more sensitive to active power flow fluctuations in
distribution lines. Constraint (46) ensures that the voltage deviations
would not violate the voltage limits, enabling the DSO to schedule the
regulation capacity without violating the network constraints.

5. Conclusion

This paper proposes a comprehensive model to define and co-opti-
mize the deliverable energy flexibility and frequency regulation capa-
city of power distribution networks, that is offered as the aggregate
distributed flexibility to the day-ahead electricity market by DSOs. The
distributed flexibility is provided by DFRs with different operation
characteristics, including flexible loads, ES devices, and DSG units in-
terfaced by controllable inverters. The proposed model incorporates
three operating points for the distribution network and DFRs, which
enable DSOs to control the transition of DFRs between the operating
points in order to optimally allocate the available aggregate flexibility
between the day-ahead energy and regulation up and down markets,
while satisfying power distribution network constraints at all three
operating points.

Simulation results demonstrated that the proposed model strategi-
cally allocates the available distributed flexibility to the energy and
regulation up and down capacity offers so that the DSO’s profit of
participating in the markets is maximized. The proposed model ensures
that the offered energy flexibility and regulation capacity can be re-
liably delivered at the DSO/ISO interface without jeopardizing the
operating constraints of the distribution network and flexibility re-
sources. Future works include considering the uncertainty of distributed
flexible loads and solar power and developing a stochastic flexibility
scheduling model for DSOs. In addition, the proposed DSO flexibility
scheduling problem may be expanded to take into account the un-
balanced three-phase operating condition in distribution systems.
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Supplementary data associated with this article can be found, in the
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