Institution of

MECHANICAL
ENGINEERS

Journal of
AUTOMOBILE
ENGINEERING

Original Article

Proc IMechE Part D:
J Automobile Engineering
1-12

Third-order safe consensus of © IMechE 2017

Reprints and permissions:

heterogeneous vehicular platoons with sagepu.co.klournalsPermisionsrav

DOI: 10.1177/0954407017729309

MPF network topology: constant time b eontonsh
headway strategy

Hossein Chehardoli and Mohammad R. Homaeinezhad

Abstract

In this paper the problem of centralized control of a platoon of non-identical vehicles under constant time headway
strategy (CTHS) is investigated for multi predecessors following (MPF) topology. A centralized neighbor based linear
control law using relative position and velocity is considered for each vehicle. Due to communication and parasitic delays
and time-varying network topology, the closed-loop dynamics of platoon is in the form of a multiple delayed switched
linear system. New approaches are developed to perform the internal stability analysis of one-dimensional heteroge-
neous vehicular platoons. Afterwards, sufficient conditions assuring the string stability of a platoon under MPF topology
are obtained by presenting a new theorem. In continuance of the paper, some conditions on control parameters guaran-
teeing safety of the platoon in an emergency braking maneuver are presented through a new theorem. Several simulation
results are provided to show the effectiveness of the proposed methods.
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Introduction feedback control laws. Therefore, the spacing error cre-
ated by each vehicle, affects others which may propa-
gate upstream the platoon. This phenomenon is called
string instability.?'** The inter-vehicle spacing between
consecutive vehicles are adjusted by two different stra-
tegies: constant spacing strategy (CSS);*"**?* and con-
stant time headway strategy (CTHS)."” ! In CSS the
inter-vehicle spacing is constant, but in CTHS it varies
with velocity.

In recent decades, a great deal of research works has
been carried out on vehicular platooning. Linear con-
trollers without considering parameter uncertainties
have been applied.”'""'*!7 In other studies,""** adap-
tive controllers are designed to estimate the unknown
parameters such as rolling resistance, air drag force,

In recent decades, the problem of traffic congestion has
received great attention as a serious social, environmen-
tal, and economic problem.l*5 As a result, the intelli-
gent transportation system (ITS) idea, as a possible
solution for this problem, has been highly regarded.*>
The main objective of an ITS is maintaining small inter-
vehicle spacing in vehicular platoons.®” There are sev-
eral benefits in implementing an ITS, such as enhance-
ment of safety, increasing highways capacity and fuel
efficiency, and decreasing air pollution.>°

The coordinated motion of a group of vehicles mov-
ing with optimal spacing and common velocity is called
vehicular platooning.'® Vehicular platooning is a useful
tool to implement the idea of ITS."!""!* Vehicular pla-
tooning has received a lot of attention in recent
decades. As a result, several methods are provided for Department of Mechanical Engineering, K.N. Toosi University of
control design and stability analysis of one-dimensional  Technology, Tehran, Iran
(1-D) vehicular platoons.'*2°
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and vehicle mass. Stability analysis using a partial dif-
ferential equation approximation of a third-order dyna-
mical model has been employed.'>!” Homogenous
platoons have been investigated,'”>>** while heteroge-
neous platoons have also been studied.'>'” A model
predictive control is designed to guarantee the internal
and string stability of vehicular platoons.*® A leader-
predecessor following topology with CSS was stud-
ied.'>!? Bidirectional schemes for CSS and CTHS have
also been studied.'>!"?°> A centralized controller based
on a leader-predecessor following scheme with experi-
mental validations is presented.”> A comparison
between the performances of different information
flows on stability margin is presented.'* The communi-
cation delay is considered in stability analysis of
platoons, 1> 131517.27

The third-order consensus of heterogeneous vehicu-
lar platoons has not been studied in previous works.
Therefore, the effect of time-varying interaction topol-
ogy on internal and string stability of vehicular pla-
toons has not been investigated for platoons with a
third-order model of upper level dynamics. Moreover,
the collision avoidance and string stability problems of
vehicular platoons with MPF topology in presence of
communication and parasitic delays have not been
studied so far.

In this paper, a safe control methodology of 1-D het-
erogeneous vehicular platoons is investigated. A third-
order dynamical model is used to describe the longitu-
dinal motion of each vehicle. The network topology is
assumed to be variable by time. Both communication
and parasitic delays are involved in system modeling
and controller design. By applying Lyapunov—
Razumikhin and Lyapunov—Krasovskii theorems, new
approaches for constructing common Lyapunov func-
tions (CLFs) for the resultant switched linear multiple
delays system are introduced for CTHS.

In the existing literature, the string stability of vehi-
cular platoons with multi predecessors following
(MPF) topology in the presence of communication and
parasitic delays has not been studied. In the study by
Jia and Ngoduy,? only internal stability of a platoon
with MPF topology under communication delay was
investigated. The controller presented by Xiao and
Gao cannot satisfy the string stability of MPF topology
in the presence of a delay.!' Therefore, another impor-
tant objective of this paper is to solve the problem of
string stability of vehicular platoons with MPF topol-
ogy under communication and parasitic delays with
switched network topology. In brief, the main innova-
tions of this paper are as follows:

(1) Presenting a modified Razumikhin-based
approach for stability analysis of third-order
switched linear time delay systems. In previous
and similar studies,'”* the Razumikhin theorem
for stability analysis of switched networks is
incorrectly applied, which leads to incorrect
results and a fundamental contradiction.

(2) String stability analysis of third-order heteroge-
neous vehicular platoons with MPF topology by
considering communication and parasitic delays.

(3) Presenting a Krasovskii-based method to find a
CLF for stability analysis of vehicular platoons
under time-varying delays by using the concepts
of switching systems.?®

(4) Presenting a robust safe consensus protocol guar-
anteeing collision avoidance against communica-
tion and parasitic delays.

The rest of paper is organized as follows. In the fol-
lowing section, mathematical preliminaries are intro-
duced briefly. The third section discusses the third-order
longitudinal vehicle model briefly. Also, the controller
design and internal stability analysis are presented in
this section. String stability of heterogeneous vehicular
platoons in the presence of communication and parasi-
tic delays and switching topology is then discussed. The
collision avoidance problem of a platoon is studied ana-
Iytically. Simulation studies are provided to show the
effectiveness of the proposed approaches. Finally, this
paper is then concluded in the final section.

Graph theory and mathematical lemmas

Let G=(V,E,A) be a graph of order N in which
V=1{1,2,...,N} represents a node set, E C NXN is
the set of edges, and A is the adjacency matrix with
nonnegative elements. An edge (i,j) denotes that the
node j has access to the information of the node i. Set
of neighbors of mnode i is shown by
Ni={jeV:(i€ej#i}. In the leader-follower
scheme, for the follower agents 1 to N, there exists a
leader labeled by 0. Information is exchanged between
the leader and the follower agents which belong to the
neighbors of the leader. Then, the graph G = (V, E, A)
with node set V' = VU {0} and edge set E = VXV rep-
resents the communication topology between the leader
and the followers. A diagonal matrix B € R¥V is
defined as a leader adjacency matrix of G with diagonal
elements b; = a,y. If lead vehicle is a neighbor of vehicle
i, ajp>0 and a = 0 otherwise. Node 0 is globally
reachable in G if there is a path form every node i € V'

to it. For graph G the Laplacian matrix
L =[] € RV is defined with /; = Y7 | ,;a; and
lj = —ay, i#j. Also, for graph G the important

matrix H = L + B is defined.
Lemma 1. H > 0 if and only if the lead vehicle is
M,

globally reachable in G.
M
Mj, My

is positive definite if and only if: Mj; >0 and
My, — MLM; My, = 0.

Lemma 2.%° The symmetric matrix M = <

Lemma 3.*! For any vectors &, 8, and any positive
definite matrix v, the inequality
2878, <87Ws, + 87W'3, holds.
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Figure I. Fully connected network of a |-D heterogeneous platoon of vehicles.

Lemma 4.>° Suppose that A;,i = 1, ..., n are the eigen-
values of E € R and k;, i = 1,2, ..., m are the eigen-
values of Y € R"™*™. So that, the eigenvalues of E® Y
are )LlKl, - ,)Lle,)\zKl, . ,Asz, - ,/\nKI, - ,/\nKm,

where ® is the Kronecker product.

String stability:>' A platoon of vehicles is string stable if
the spacing errors between consecutive vehicles do not
amplify along the string. String stability of N vehicles
can be met with the following requirement:

(1)

leill>llezll.> ... = lenll..

where ¢; is the spacing error of ith vehicle.

Problem description

The longitudinal motion of vehicular platoons consist-
ing of a lead vehicle and N non-identical followers is
investigated. It is assumed that each vehicle is equipped
with GPS and a wireless as shown in Figure 1.
Therefore, each vehicle can measure its own absolute
position and velocity and has access to its neighbors’
absolute position.

The longitudinal dynamics of the ith vehicle is mod-
eled by the following nonlinear equation:'*

coefficient, rolling resistance force, and mass of ith
vehicle, respectively. By adopting the following control
law:

¢, = u;m; + O.SO‘AiCd,'V% + R; + Ty0A;cqvia;

(4)

where u; is the additional control input, the following
third-order linear differential equation is obtained:

T,-c'z,»+a,~:u,~

(5)

In general, the control architecture of a vehicle is com-
posed of two levels: the lower level control which com-
pensates the nonlinear vehicle dynamics and the upper
level control which designs the desired acceleration of
vehicle. In this paper, only upper level control is
designed and it is assumed that the lower control has
already been designed. The model of equation (5) has
been extensively used in upper level control design
and stability analysis of the longitudinal vehicle’s
motion.&13:19:24.27

As will be shown in stability analyses, the lead vehi-
cle should be globally reachable in the platoon.
Therefore, each vehicle has access to the lead vehicle’s
position and velocity (directly from lead vehicle or
through other neighbors). By considering communica-
tion delay, the following control law is considered for
the ith vehicle:

up = — D[vi(t) = b7 vo (1 — 1io(1)) — (1 = b )vo (1 — 710(1))] —
— K[xi(1) = xo(t — 700(£)) — T00bvo (1 — Ti0(1)) — Tio(1 — b Yvo (¢ — Tio(1)) — doi] —

N
— K df[xi(t) — x;(t = 7(0) — mywo (¢ — 7(0)) — dly]

j=1

)

where x;, v;, and a; are position, velocity, and accelera-
tion of the ith vehicle, respectively, and ¢; is the input of
engine. Also, fi(v;, a;) and g;(v;) are as follows:

a; = fi(vi, a;) + gi(vie;

1 ocAicsi 5 , R
ivipa)) = ——|a + ;t —
fivna) = =7 (@ + Tt + 21
3)
o-A,-cdivia[ 1
- > gi(vi):
m; Timi

where o. is density of air, Tj, 4;, cq, R;, and m; are
engine time constant, cross-sectional area, air drag

(6)

In vehicular platooning, it is assumed that the lead
vehicle has a constant velocity during motion. So that,
the above control law can be expressed as follows:

up = — D(vi — vo) — Klx(t) — xo(t — To(1)) — Tiovo — dloi]

N
— KZ af;- [Xf(l) — Xj([ — Tfj(l)) — Tijvo — d,j]

j=1
(7)
where 7;(7) is the time-varying communication delay

between vehicles i and j. K and D are parameters of
controller. o(?): [0,0) — k€ {1,2,...,n;} is the
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switching signal and »n; is the number of subsystems.
The desired position of the ith vehicle is defined as
x{=xg—dy. It is defined that dy= Y.,
[ (vo — V) + Li] + (i — ))Diin, Where hy and L are
constant time headway and length of the ith vehicle,
Dyin 18 the minimum allowable inter-vehicle spacing,
and v is a constant value. Since the velocity of lead
vehicle is constant, the tracking error and its time deri-
vative are as follows:

(8)

The control input of equation (7) can be written in
terms of tracking error as:

€,’:X,‘—X?ié,’:xi—\/oé’éi:aiééi:di

N
u; = — Dé; — Ke; — KZ aj; [ei(t) - E’j(l — ’T,:j(l))} (9)

Jj=1

Due to parasitic delay, the term of control law u(¢)
is replaced by wui(t —A;). By considering parasitic
delay and inserting equation (9) in equation (5), the
closed-loop dynamics of the ith vehicle is obtained as
follows:
Tie; +¢é = — Déi(t — A;) — Kei(t — A))
N
— K> dffeit — A) — et — 75(1))]
j=1

(10)

where 7;(¢) = (1) + A;. Equation (9) plays the role of
upper level control and equation (4) is the lower level
control of each vehicle. Figure 2 depicts the relation

dynamics of platoon is represented in the following
form

N m
é=Aset Y B (1—A)+ > Coelt—71),

i=1
m< NN —1) (11)

r=1

where 7,() = {7;(1) : i,j = 1, ..., N,i # j} and

010 0 0 0
A,=]0 0 I|,B;,= 0 0 0],
0 01 -KI+D;,) —-DI, 0
0 0 0
C.o= 0 0 0
—KC,, —DI 0

i= dzag{l/T],l/Tz, ...,I/TN},

D; , = diag{0, ...,0,d7/T;,0, ....,0},

I; = diag{0, ...,0,1/T;,0...,0},

[C ] _ a;c/T'a J# k. 7(1) = Tjr(0)
noljk 0, otherwise

Theorem 1. If the following conditions are satisfied, the
1-D heterogeneous platoon of vehicles is internal stable
under arbitrary switching.

1. The lead wvehicle is globally reachable in all
subsystems.
2. The following conditions hold:

D . D1 1
between the upper level and lower level controls. eI KAR>0, Ag {K Ag — p—} 7 >0 (12)
By defining the error vector as e= max max min
[e1, - .ren> €1, ..., EN, e, ...,éN]T, the closed-loop
X; v, X,
\ 4 \ 4 v
UpperLevel Control (9) |«
XV,
ith Vehicle Dynamics
1 + ¢ ‘r"x =V
g:) - i {‘ Vi= g
A L4 = f;(vi.a)+ g,(v))c;
Q; v
fova) |,
g:(v) D)

Figure 2. The block diagram of a vehicle consisting of the upper level (u;) and the lower level (c;) controls.
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where Az = max { max Re(A; k)}, Ag = min
i=1,.,N|i=1,..ng i=1,..,
{ min Re()\,»_k)}, AR =Agr = max { max Im()\i_k)},
i=1,..n i=1,.,N|i=1,..,ng ’
Aix is the ith eigenvalue of H; and

H, =1+ Zf\; (Die =" Cop. Tt can be easily
shown that for a  homogeneous platoon

H,=H,=L; + L

3. There exists a symmetric positive definite matrix
P € RV*V such that the following inequality holds:

N
PF, + F{P < -Q<0, Fi=Ac+ > By
i=1
(13)
+ ZC,’k,ke{l,Z,...,nS}

r=1

Proof. A switching system under arbitrary switching is
stable if all subsystems are stable and share a CLF. So
that, the necessary condition for stability of system of
equation (11) is that F; < 0. The characteristic equation
of Fj. can be written in the following form:

sy —Iy 0
det (s — Fy) = det 0 shy —Iy

KH, DIy sly+ Iy
= det(s’Iy + Iy + sDIy + KHy) =

= ﬁ L 2s+1{A-/,
T; T; o

i=1

N
= H k(8. Aik)
i<

(14)

Re(A; x) > 0 if the lead vehicle is globally reachable for
all k. The Bilharz matrix associated to {; x(s,A; ) is in
the following form:*>

_ 1 0
E]* det(o I/Ti),
1 0 —D/T[ —K Im()\,-,k)
_ 0 I/Tl 0 —K Re()\,»,/()
B =detf o 0 _p/T, |’
0 O 1/T; 0
E; = det(By)
(15)
By doing some algebraic calculations, we have:
1 D K
E = —, B, = ———=ReA; ),
=7 B 7T e(Ai k)

D]* K 5
E3 =K Re(/\,-,k) K Re()\,;k) — F — F(Im()\,’k))

1

All minor values of E;,i = 1,2, 3 are positive if all con-
ditions in equation (12) are satisfied. In continuance of
the proof, consider the following CLF and its time deri-
vative along equation (11):

V=elPe= 1V =2e"P

N m ~ (16)
Aspe + D Bigpe(t —A) + > Crpe(t — (1))
i=1 r=1

By using the Newton—Leibnitz formula:**-3

t

e(t—A) =e(t)— J e(s)ds, e(t—7,)

4 (17)
=e(t) — J; é(s)ds

Tr

V can be written in the following form:

N t
v =2e"P {Aa(t)e + Z Bi o) {e(z) - J R é(s)ds}

i=1 =

£ 3G {e(z)—f é(s)ds}}
=1 "

-7

1 0 —-D/T;,  —KIm(QA.y) 0 0
0 T, 0 —K Re(Aig) 0 0
By = 0 1 0 —D/T,‘ —-K Im(/\i,k) 0
M 0 0 1/T; 0 —K Re(A; 1) 0
0 0 1 0 7D/Ti - K Im(/\,«,k)
0 0 0 1/T; 0 —K Re(A;z)

The even-order minors of By, are:

Equation (18) can be simplified as:
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Vel

i=1 r=1

—

N 1 N
+ ZJ —2eTPB,-,U(,){A,,(S)e(s) + 3 Bjoels —
i= 1914 j=1
m !
+ J —ZeTPC,-, (1)
t—7;

i=1 j=1

Since Bi, o’()‘)Bj, o(s) — Bi,o’([)Cj,O'(s) = Ci,a’(l)Bj,a'(s) = Ci, o(1)
C; o) = 0, V can be written in the following form:

i=1 r=1

N m N
V=el P<Aa-(t) + ZB,‘,,,.([) + Z C,.’g(,)> + (Ag(,) + ZBLU’U) +

N

t m
—2e"PB; ;) Ag(se(s)ds +
>, A+ 3

J’_

t
er,

i=1
By exploiting lemma 3 in the following form:

— 2eT(OPB; o) Au(s)e(s) :

81T = - eT(t)PBi,O'(t)Ao'(s); 82 = e(s); v = P_l
— 2" (OPC; 5y As(s)e(s) :
3/ = —eT(OPC; ynAs(s); 82 = e(s); W =P!

(21)

equation (20) can be expressed as:

N i
Ase(s) T Y Bjgmels — A) + > Cjoels — 7(1)

_ _ T
N m N m
P (Arr(t) + ZBi,(r(r) + Z Cl’.(f(l)) + (Aa’(l) + ZBi,rr(r) + Z Cr,o(f)) Pre+

i=1 r=1
A) + > Croels — 7(0)

j=1

}ds+ (19)

}ds

j=1

m

T
ZC,,(,(,)) P e+
(20)

i=1 r=1

—2e"PC; 5 Ag(s)e(s)ds

in the time period [ — 7, 7] no switching actions occur.
Since 7 is an arbitrary positive value and ¢ is a free
index, this assumption implies that the switching action
will never happen in any time periods, which is a con-
tradiction. To simplify equation (23), it is assumed that
the percentage of the activity of jth subsystem is equal
to «; in [0,A;] and equal to B; in [0,7;], in which

N i N i T
VSGT P(Aa-([) + ZB,j’U-(,) + ZC,,’O-(,)> + <A0'(t) + ZBf»U(f) + ZCV"T(I)> P e+

i=1 r=1

-

+

i

J[T,'

By using the Lyapunov—Razumikhin theorem for
6 € [-max (7,),0],'>*? equation (22) can be expressed
asg>1:

S

+

i=1

m

N
v<e’ P<A(r(1) + ZBLO'(I) +

i=1 r=1

t
Jr—A,-
t
er,

In previous (and similar) studies on time-varying net-
works, the Razumikhin theorem is not applied cor-
rectly.'”?3 To clarify the matter, consider the arbitrary
switching matrix Z,(,. Since o is a function of time, the
expression L’_? Epse(s)ds = By ff_? e(s)ds implies that

N

e(r) + Z

i=1

N
+el(r) (Z qPA,)
i=1

m

e()+

i=1

m

+e'(1) (Z qP?;)

i=1

t
LA (eT(s)Pe(s) + eT(H)PB; (,([)AU(S)P’IAZ(S)BZU(,)Pe(t))ds +
t

N
Y ¢, u’(l)) + <AU'(I) + > Bigw t
e ()PB; oAy P 'A]

e’ (DPCi o) AsP ' AL C],

i=1 r=1

(eT(s)Pe(s) + eT(1)PC;, 0(,)A,,(S)P’1AZ(S)CZ,,([)Pe(t)) ds

(22)
|
m T
Z C,QU([)) Pje +
i=1 r=1
T Bl Pe(d)ds + (23)

yPe(r)ds

i,o(t

N
>

j=1
vated at time ¢ (o(¢) = k), the equation (23) is written
in the form of:

Ny
=land ) B; = 1. If the kth subsystem is acti-
j=1
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m N m T
Z Cr,o’(f)) + (Aa'(t) + ZBi,o'(t) + Z CI',O’(I)) P e+

N
VSCT P(Ag(t) + ZBi’U(’) +
=1 i=1 =1

i=1

N ny
+ AmaXeT{Z PBi,k{ZaU-AjP—lAjT}B[kP + NqP}e +

i=1 j=1

m Ny
+ Tmaxe” <Z Pci,k{z BU«AjPlAjT}CZkP + qu> e

i=1 j=1

[
where Apax = max{A;,i=1,...,N} and Ty, =
max{7,,r = 1, ...,m}. Subsequently, equation (24) can
be written as:

where Tpax = max{7;,i=1,...,N}. By taking the
time derivative of " along equation (11) and by follow-
ing the procedures similar to equations (16)—(25), V" will

. T T = T
V< —e' Qe + Apaxpre’ e + Tnaxpoe' e (25)
where
N 7R
p1 = max max Amax E PB; ;
k=1,.,n; | 0<aq;<1 —1 =1
an +ap + .. tap, =1 = J =
n
P2 = max
=1,..,n

Bt Bt .t By, =1
(26)

If the following conditions are met, J is negative
definite:

Apax < ()\min(Qk) - TZPZ)/PI
(27)

Tmax < /\min(Qk)/pZ’

Theorem 2. If the following conditions hold, the 1-D
heterogeneous platoon of vehicles is internal stable
under arbitrary switching.

(1) The lead vehicle is globally reachable in all
subsystems.
(2) The following inequalities are satisfied:

K < /\min(Zl)
)\max(ZZ))\max(Z3)
2D — DI DI —(D—DI—1

7, = - - - )

b ni-1 2(12—1)

I 5 (6 7\ a7
= _ _ = =+

Z, <1 1)’ Zy = W (B, + 1) B

Proof. According to lemma 1, H > 0 if the lead vehicle
is globally reachable in the platoon. Consider the fol-
lowing CLF

I

I
V=e"Pe, P= DI , D>2T—1
I

|
|

(28)

be in the following form

Zai,A/P‘lA,.T}BZkP - NqP}

. ; AP AT T _
0<Bﬁslmax /\max{i_ 1 PC,,k{j_Zl BiAP A, }Cl’kp + qu}

V< — eTle + Amaxplere + ?muXPZeTea
Q; = — (F{P + PF)

K(Re+H]) KR KIH]
Q= KH, XD-1DI DI —(D—DI-1
JGA * 2(12 - 1)

(29)

Exploiting lemmas 2 and 4, it is inferred that Q; > 0 if:
DIF —(D—DI—1
2(P 1)

I 1 s (5 ~ 7\ =T
~K( ®Hk(Hk+Hk) i -0

2D — DI

S _
DI —(D—DI-1 (30)

1 c /\min(Z ) 1 3
which leads to K < Tz - Now, if the following

conditions are met:

Tmax < /\min(Qk)/sz Amax < ()\min(Qk) - 72]72)/[71

(1)
then V is negative definite.

Remark. As it is discussed in,'” the Razumikhin-based
theorems present small bounds for communication
delay. Therefore, in the following, a Krasovskii-based
theorem is presented which is less conservatism and
present larger bound of delay.

Theorem 3. Under the following conditions, the
switched linear system (11) is globally asymptotically
stable under arbitrary switching.
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(1) The lead vehicle is globally reachable in all

subsystems )
(2) z - K)\R > 0 AR |:K)\R T"“”‘:| mm/\2 > 0
(3) There exist symmetric matrices P, Q;, S;, X7 =

X7 ). &4
B DR ) w0, X9, € RNV and arbitrary
*  Xim "

matrices N7,N7,, i=1,2,...,N* such that,
the following expressions hold
P>~0, Q>0 S;>0 (32)
XPn X N
P! = * X7n N7, | =0,
* * S,‘
o7, @7, TN+
* (I"zr,z (2T,N2+1
d, = <0
* o S U GO
(33)
where
AT
@7 = AP+ PA,
N2 N
* Zi: Qi t Zi= I iA,SiAs
N? T N
+ Zizl (Ngl + Ngl) + Zijlaixz”’
(i#1) ~
D7, = —(1 —a)Q,,
N2 (o 0'[
+Zj=l i— la'SAl 1U'_N1'712_Ni71,2
+ @ile?—l,zz’
<
@, ="PA1 Tt Z:—l Ajo =N,
N}r12+aj IX 1,125
(l<j i#1) _ =T -
(I)U i=1 akAlfl,a'SfA/—]»U"
- Bi,,i=1,....N
Al Aig=1 07" 0 0<ai(n<ay,
0, Ao {C,-N,(,,I—N+ 1. N Oseldsa

. ~ Ti(l),izl,...,N
. < (1) =
O<al(t)<al\1’ andal(t) {Al‘N,l':N‘Fl,...,Nz.
Proof. The proof of conditions (1) and (2) is similar to
theorem 1. In the continuance of the proof, consider
the following common Lyapunov—Krasovskii function

=e¢'Pe + Z J eT(5)Qe(s)ds
t—a;(t)

+Z~JJ

The closed-loop dynamics of equation (11) can be writ-
ten in the following form

Agje + Z

Taking time derivative of V" along equation (35) leads
to the following expression

[ o€t Z i (,e,} '
+e'P {Age + Z,Ni 1 A,-,,,e,]
3 Qe -3 (- ael Qe +
Sy 4 {A Py A} '
S; {Age + ZNi . A,-,Uel}

-y J Tt + 0)Sié(t + 0)do

(34)
éT(5)S;e(s)dsdo

t+6

(1)) (35)

l()'e

where e¢; = e(t — a;(1)). By adding the following obvious
terms to the right hand side of equation (36),

0

2Ny, + N7 {e —e— J ot + e)de] -

) ;
@6/ X78; — J 87X78,:d0 = 0
(37)

where 8; = [¢7,e!]", and doing some simplifications,
equation (36) can be written as follows:

o P

ey -3 [ vivas (38)

[eT,elT,... eT]T T oT oT

where y, = .eyo] and y; = [e’ e, ¢ 1af
the conditions of equations (32) and (33) are satisfied,
V' is negative-definite. As a result, all subsystems of
equation (11) are globally asymptotically stable.
Moreover, V' is a CLF; thus stability in switching
instants is assured.

Table 1 presents a comparison between theorems 1,
2, and 3 from different points of view.

Table I. Comparison between presented theorems.

Aspect Upper bound of Content of Robustness Simplicity of Complexity
communication delay calculations against lag Lyapunov function of approach

Theorem 3>1>2 3>1>2 3>1>2 2>1>3 I >2>3
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Table 2. Parameters used in simulation studies.

Parameters Description Value

K Gain of controller 2.7

D Gain of controller 4.1

7ii(s) Communication delay 0.18]sint|
between vehicles

hi(s) Constant time headway 0.8

Dumin(m) Minimum displacement 5

String stability

As mentioned previously, the string stability of a vehi-
cular platoon (either homogeneous or heterogeneous)
with MPF topology under time-varying delay has not
been solved in previous studies. For MPF topology, the
closed-loop dynamics of ith vehicle will be in the follow-
ing form:

T,e, +é = — Dél'(l — AZ) — Ke,-(t — Al) —K
i—1
_ (39)
lei(t — A) — ei(1 — 7))
j=i-m—1
Equation (39) can be rewritten as follows:
Tie; + &= — Dé(t — Ap) — K(m + Dei(t — A)
i1
+ K Z €j(l — ?ij) (40)

j=i-m—1

Theorem 4. Under the following condition, the string
stability of system of equation (11) is assured under m-
predecessors following topology.

D>\/2K(m + 1)

Proof. Taking the Laplace transform of both sides of
equation (40) will result in

(41)

(T,~s3 + sz)Ei(s) = — Dse **Ey(s)

i1
— K(m + e ™ E(s) + K Z e T E(s) (42)

j=i—m—1

By simplifying equation (42), the following equality is
obtained:

K
E,' =
) Tis3 + 52 + [Ds + K(m + 1)]eds
i1 (43)
> e TEW

j=i-m—1

By considering that |Ei(jw)‘<Emax, from equation
(43), we can conclude that

Ni(s)

|Ei(/w)| < ‘Gi(jw)|Emaxs D,'(S)

Gi(s) =

— mK Zjl_zl i—m—1 e
Tis3 + 52+ [Ds + K(m + 1)]e s

So that if [D(jw)|* — | Ni(jw)|* =0, the string stability is
assured. By performing some algebraic calculation, the
following inequality is obtained
T?a)6 + o* + D*w? — 2DTiw* cosAjw
+ 2KTy(m + 1w’ sin Ajw

- > (45)
—2Dw’ sin Ajw — 2K(m + 1)w” cosA;w
+ (m+ 1K —m*K*>0
According to
V6=>0:8nd6<8d — —sind>= — 9§, siné=> — 6,
coséd<1 — —cosé= — 1, (46)

equation (45) will be simplified as follows

T?0® + [l = 2DA; — 2DT; — 2KT;A(m + 1)]w*
+ [D? —2K(m + )] + (m + 1)’K* — m*K* >0
(47)
Since the spacing errors have most of their energy in
the area with low frequencies, this area is determinative

in string stability analysis.*> So that, if the following
condition hold, the string stability is assured, i.e.

D?> —2K(m + 1)>0= D>+/2K(m + 1)

Safety (collision avoidance) during
emergency braking

In a string stable platoon, the spacing error of the first
vehicle is larger than other vehicles. If we have
e1(t)< L*, where L* is a safe distance, then the platoon
is safe during emergency braking. Therefore, we can
express that

er(t) < L*

El(S) < L* Elﬁw) < L*
Ao(s) = ap, maxS Ao (jw) b ao, max®
(48)

aO(l) h ap, max

where ao(?) and ap, max are deceleration and max decel-
eration of lead vehicle during sudden braking.

Theorem 5. Under the following conditions, the colli-
sion avoidance is assured during emergency braking.

1+ 2KT\Ay = 2D(Ty + Ay) — @ o T3 /L0,
D2 - a(%, max/l‘*2 =0

(49)

Proof. In emergency braking, ay # 0. Therefore, for i
= 1, equation (10) can be written in the following form

Tye; +¢é; = — Dé(t — Ay) — Key(t — Ay)

. (50)
+ Tiaog + ay

Taking the Laplace transform of both sides of equation
(50) will result in



Proc IMechE Part D: | Automobile Engineering 00(0)

Q—0+—0+-—0-—0

(a)

¥ T~ N
Q«— 0+—0-—0-—0
(b)

Q«—0+—0-—0-—0

(c)

(%) % ) )
......... e - oo
i i-1 1 0

Figure 3. Switching topology of a heterogeneous platoon.

‘El(jw) _ |]wT1 + 1| (51)

Ao(jw)| |—j0’T; — ? + (jwD + K)e/*M |

Combining equations (48) and (51) and employing
equation (46), it can be easily shown that under the
conditions of equation (49), the heterogeneous platoon
of vehicles is safe during emergency braking.

Simulation study

A platoon of six vehicles consisting of three different
kinds of vehicles is considered, as shown in Figure 3. It
is assumed that the communication topology of each
vehicle varies between leader predecessor following
(LPF) and leader two-predecessors following (LTPF)
schemes. Three different topologies are considered as
shown in Figure 3.

In order to show the effect of velocity of platoon on
inter-vehicle spacing, in all scenarios, the spacing error
is defined as &, =x,_1 —x;—L;_;. The relation
between tracking error and spacing error is as follows
6; = e; + hjvg + Duin. Under the control input of equa-
tion (7), e; converges to zero and subsequently, §; con-
verges to h;vg + Dnin.

Scenario 1. In this scenario, the performance of
string stability of platoon is studied. The control para-
meters are presented in Table 2. The engine time con-
stant, parasitic delay and length of vehicles are
considered as follows:

T, =0.1s,T, = 0.11s, T3 = 0.07s, T4 = 0.12s, T5 = 0.08s
Al = 0.085, Az = 0.1S, A3 = 0.1]5, A4 = 0.]4S, A5 = 0.09s
L1 = 4m, L2 = 41]’}’1, L3 = 38m, L4 = 421’1’1, L5 =39m

Figure 4 shows the velocity tracking and Figure 5
depicts the performance of string stability of platoon.

According to Figure 5, in the acceleration and decel-
eration time period of lead vehicle’s motion, the ampli-
tude of spacing error decreases along the platoon
indicating the string stability.

Velocity (m/s)

251

ST

.
20 40 60 80 100 120
Time (Sec)

Figure 4. Velocity of vehicles in the first scenario.

S
T

Spacing Error (m)

¢ i
9 3 Ly
F 40 41 42 43
3 ! ! 1 1

L
0 20 40 60 80 100 120
Time (Sec)

Figure 5. Spacing error for the first scenario.

Spacing Error (m)
N
T

Time (Sec)

Figure 6. Spacing error for the second scenario.

Scenario 2. In this scenario, the performance of spac-
ing error is studied in presence of noise on transmitted
signals. A noise signal with the amplitude =0.6 and
sampling time 7" = 0.05 Sec is applied to all transmitted
signals between vehicles. Figure 6 shows the spacing
error in this scenario. According to this figure, the con-
trol algorithm of equation (7) is robust against noise
and guarantees both string and internal stability.
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Figure 7. Spacing error in presence of disturbance.
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Figure 8. Velocity of vehicles in emergency braking.

Scenario 3. This scenario studies the influence
of external disturbance on string stability of platoon.
For this purpose, the disturbance signal d(r) =
{ 1.23sin (0.'960’ 12301 < 90. is applied to lead vehi-

0, otherwise
cle’s motion. According to Figure 7, the platoon is
string stable against disturbance signal.

Scenario 4. In this scenario, the safety of the platoon
in an emergency braking maneuver is studied. Figure 8
shows the velocity of vehicles. As this figure indicates,
at t = 50s the emergency barking occurs. In this sce-
nario, in addition to parameters described in Table 2, it
is assumed that @y max = — 10m/s*> and L* = 1.3m.
Figure 8 depicts the velocity of vehicles in this scenario
and Figure 9 shows the spacing error during emergency
braking. According to these figures, the collision avoid-
ance is guaranteed during emergency braking.

Conclusion

The third-order safe consensus of longitudinal hetero-
geneous vehicular platoons is considered in this paper.
The network topology of platoon is considered time-
varying. Both communication and parasitic delays are
considered in control design and stability analyses. A
centralized neighbor based linear control law based on

Figure 9. Spacing error in emergency braking.

MPF topology is considered for each vehicle. Some
new approaches are presented to perform internal sta-
bility analysis of the vehicular platoons in presence of
delay and time-varying network topology. Afterwards,
a new theorem is presented which introduces a neces-
sary condition on control parameters to guarantee the
string stability for MPF topology. Moreover, necessary
conditions on control parameters assuring safety dur-
ing emergency braking are derived. Several simulation
studies are rendered to illustrate the effectiveness of the
proposed approaches.
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Appendix
List of symbols and abbreviations

A: Adjacency matrix of followers,
B: Adjacency matrix of leader,
By Bilharz matrix,

CSS: Constant spacing strategy,
CTHS: Constant time headway strategy,
¢ Lower level control,

D: Gain of controller,

Duin - Minimum displacement,

h; Constant time headway,

ITS: Intelligent transportation system,
K: Gain of controller,

NG Arbitrary matrices,

ny Number of subsystems,

N: Number of vehicles,
P,P,Q.S.,X?: Positive definite matrices,

X;: Position of vehicle i,

Xi, Vi s Velocity of vehicle i,

X, a; Acceleration of vehicle i,

x? Desired position,

T: Engine time constant,

o(1): Switching signal,

Aik: ith eigenvalue of Hy,

Cik: ith characteristic equation,

7(2) Communication delay,

Ti(t) : Total time delay,

T Maximum total time delay,

A: Parasitic delay,

o;: Spacing error.





