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a b s t r a c t 

The marketing-mix of price–quality and advertising–quality relationship is well studied. Less understood 

is the price–advertising–quality relationship. This article fills the gap, investigating the interplay be- 

tween price, advertising, and quality in an optimal control model. Our results generalize the condition 

of Dorfman–Steiner in a dynamic context. Also, they point to the impact of greater product quality on 

the dynamic policies of pricing and advertising. Furthermore, a phase diagram analysis shows that qual- 

ity develops monotonically in time and converges to a unique steady state. We also show that quality 

investment could either decrease or increase over time but this depends on its effectiveness. Our results 

spot the profitable opportunities of a firm managing a more complex marketing-mix. 

© 2020 Elsevier B.V. All rights reserved. 
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1. Introduction 

The marketing-mix of the price–quality and advertising–quality

relationships have been extensively studied. Surveys in dynamic

pricing ( Chen & Chen, 2015; Den Boer, 2015; Elmaghraby &

Keskinocak, 2003 ) and in dynamic advertising ( Erickson, 1995;

Feichtinger, Hartl, & Sethi, 1994; Huang, Leng, & Liang, 2012;

Jørgensen & Zaccour, 2014; Sethi, 1977 ) reveal the separate analysis

of both relationships in prior research. In practice though, recent

media claims recall that firms need to manage altogether (oppos-

ing two-by-two) price, advertising, and quality. For instance, this

marketing-mix concern arises for the American telecom industry

with AT&T ( Flint, 2019 , The Wall Street Journal ) and also in the

vanilla industry of Madagascar ( Board, 2019 , The Economist ). Even

for the hypothetical market of driverless car, which interests classi-

cal automotive groups such as PSA – program Autonomous Vehicle

for All – and new entrants like Google – program Waymo, there

is a discussion about the simultaneous setting of price, advertis-

ing, and quality ( Nuttall, 2019 , Financial Times ). Despite its practical

relevance, the price–advertising–quality relationship has received

little attention by scholars so far, as attested by the influential
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extbooks of Dockner, Jorgenssen, Long, and Gerhard (20 0 0) and

ørgensen and Zaccour (2012) . This article bridges the gap, of-

ering a theoretical foundation of the price–advertising–quality

elationship and of the impact of quality on dynamic pricing and

dvertising policies. 

In this article, we investigate the joint dynamic pricing, adver-

ising, and quality investment policies, focusing on the conditions

nder which greater quality drives higher or lower price and ad-

ertisement. We propose an optimal control model coping with the

ollowing elements: a firm sets pricing, advertising, and quality in-

estment policies over time. Consumers are sensitive to price, ad-

ertisement and product quality; quality is costly to produce for

he firm. The preferences of consumers and the organization of

he firm are tied to the dynamics of demand and supply, which,

n turn, are linked to the dynamic pricing, advertising, and qual-

ty investment policies. Literature on marketing-mix with dynamic

ricing, advertising, and quality thus informs this research. 

The closest articles to our research are Chenavaz (2017a) and

henavaz and Jasimuddin (2017) , which consider the impact of

uality on price and on advertising, respectively. Considering

ointly the price–quality and advertising–quality relationships, we

how how advertisement affects the price–quality relationship and

ow price changes the advertising–quality relationship. In their

ein, we offer structural (opposing parametric) results, enabling to

olve the monopolist’s dynamic behavior problem under the most
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1 The notations ˙ z and z x state for the time derivative of z and the first order 

derivative of z with respect to x ; the notations z xx and z xy denote the second order 

derivative of z with respect to x and the cross derivative of z with respect to x 

and y . 
eneral demand formulation, which accounts for nonlinearities and

ynamics in response to quality changes. 

Our main results are as follows. First, we generalize the condi-

ion of Dorfman and Steiner (1954) in a dynamic context, stress-

ng the profit-maximizing conditions for the price–advertising,

rice–quality, and advertising–quality relationships. Second, we de-

elop the pricing–advertising–quality relationship, examining the

onditions under which better quality triggers higher or lower

rice and advertisement. Third, a phase diagram analysis learns

hat quality develops monotonically in time and converges to a

nique steady state. We also show that quality investment could

ither decrease or increase over time but this depends on its ef-

ectiveness. Such results foster the understanding of more com-

lex marketing-mix opportunities, enhancing the profitability of

he firm. 

The paper is organized as follows. Section 2 presents the

elated contributions. Section 3 develops the model, whereas

ection 4 generalized the rules of Dorfman–Steiner to a dynamic

ontext. Section 5 studies the impact of quality on dynamic pricing

nd advertising. Section 6 computes the optimal trajectories using

 phase plane analysis, and Section 7 concludes. 

. Related contributions 

Dynamic marketing-mix research provide numerous related

ontributions. Such contributions focusing on dynamic pricing, ad-

ertising, and product quality, are regularly surveyed. Some of

hese surveys focus on pricing ( Dockner et al., 20 0 0; Jørgensen

 Zaccour, 2012; Den Boer, 2015 ) and others on advertising

 Feichtinger et al., 1994; Bagwell, 2007; Huang et al., 2012;

ørgensen & Zaccour, 2014 ). More specific literature pointers have

een provided recently for the price–quality relationship ( Chenavaz

017a; Vörös, 2019; Ni & Li, 2019 ) and for the advertising–quality

elationship ( Chenavaz & Jasimuddin, 2017 ). 

We now briefly review research using optimal control, which

rovide elements about the relationships between price, quality,

nd advertising. Table 1 presents in chronological order some of

he main optimal control models discussed below. The table helps

o understand the distinguishing mathematical formulation and

anagerial interests in the literature, and thus the positioning of

ur research. 

Price and advertising are examined together by Piga

20 0 0) with a model of sticky prices with advertising, Helmes,

chlosser, and Weber (2013) with oligopolistic strategies, and

chlosser (2017) the stochastic element at the demand side. An

ntertainment event is investigated by Jørgensen, Kort, and Zaccour

2009) , a marketing channel by Amrouche, Martín-Herrán, and

accour (2008) , and product diffusion by Helmes and Schlosser

2015) . 

Price and quality are jointly studied as follows: Vörös (2006) ,

henavaz (2011, 2012) , and Vörös (2013) consider improvement in

roductivity. Teng and Thompson (1996) and Mukhopadhyay and

ouvelis (1997) look at the joint dynamic pricing and quality poli-

ies, where quality is chosen by the firm. Reference effects are

onsidered by Gavious and Lowengart (2012) , Xue, Zhang, Tang,

nd Dai (2017) , Chenavaz and Paraschiv (2018) , and product re-

urns by De Giovanni and Zaccour (2020) . The conditions deter-

ining when a product better quality is more or less expensive

re studied in Chenavaz (2017a) , and generalized through the in-

roduction of goodwill by Ni and Li (2019) and through the salvage

alue by Vörös (2019) . The joint effects of price and quality invest-

ent are also considered when there is a potential competitor ( Ha,

ong, & Nasiry, 2015 ), when there exists risk-averse attitude ( Xie,

ue, Wang, & Lai, 2011 ), and with the addition of a new channel in

 supply chain ( Chen, Liang, Yao, & Sun, 2017 ). Eventually, Karaer
nd Erhun (2015) and Cui (2019) analyze the role of product qual-

ty and pricing in preventing market entrant. 

Advertising and quality are jointly analyzed in the following

ontributions. Colombo and Lambertini (2003) look at product

ifferentiation. El Ouardighi, Feichtinger, Grass, Hartl, and Kort

2016a,b) focus the role of word of mouth. More recently, Chenavaz

nd Jasimuddin (2017) investigate when a product of better quality

ncreases or decreases advertising. In this last research, and close

o our contribution, price is assumed to be given by an inverse

emand function (see Table 1 ), that is price is not directly con-

rolled by the firm. In practice though, the firm, which differen-

iates its product by leveraging the quality and advertising levels,

as also some freedom in price setting. There it has to take into ac-

ount that setting the price in turn affects the advertising–quality

elationship ( Chenavaz & Jasimuddin, 2017 ), which generalize to

 price–advertising–quality relationship (this article). Also, from a

onceptual point of view, Chenavaz and Jasimuddin (2017) proves

ellis and Fornell ’s (1988) conjecture about the advertising–quality

elationship, whereas this article generalizes Dorfman and Steiner ’s

1954) condition to a dynamic situation. 

Only few contributions combine pricing, advertising, and qual-

ty, opposing tow by two. In this respect Fruchter (2009) looks

t decisions of price and advertising with perceived quality, in-

roducing a psychological element. Caulkins et al. (2015) analyze

istory dependence with experience quality. Recently, Ni and Li

2019) consider the carry-over effect role of goodwill in the price–

uality relationship, without investigating the price–advertising–

uality relationship. Also, as it appears in Table 1 , most approaches

emain parametric, offering stronger, but less general results. 

To the best of our knowledge, no research examine both the

rice–advertising–quality relationship explicitly, that is with price,

dvertising, and quality being all control or state variables and

ith general (structural) formulations for both the demand func-

ion and state dynamics, imposing only little restriction on the re-

ationships among the variables. In this article, we bridge the gap

roviding an optimal control model, which simultaneously address

hese two points. Our results offer a deeper understanding of the

rice–advertising–quality relationship in a general framework. 

. Model formulation 

.1. Model development 

The intertemporal behavior of a monopolist is modeled in an

ptimal control setting. The planning horizon is infinite and the

ime t ∈ [0 , ∞ ) is continuous. 

.1.1. Quality 

At each time t , the firm chooses the level of quality investment

 (t) ∈ R + that improves product quality q (t) ∈ R + . Thus, invest-

ent in quality u ( t ) is a decision (or control) variable and qual-

ty q ( t ) is a state variable. In other words, quality is modeled as a

ystem state. 

The quality dynamics evolve according to 

˙ 
 (t) = K(u (t ) , q (t )) with q (0) = q 0 , (1)

here K : R 

2 + → R + is twice continuously differentiable. 1 The in-

egration of (1) yields the cumulative level of quality q (t) = q 0 +
 t 
0 K(u (s ) , q (s )) ds . To simplify presentation, we shall omit the ar-

uments from the functions whenever there is no confusion, espe-

ially the temporal argument t . 
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Table 1 

Selected optimal control models of price, advertising, and quality. 

References System dynamics Main contributions 

Teng and Thompson (1996) ˙ s = S(p, q, s ) Show the different possible relationships between price p 

and quality q 

Piga (2000) ˙ p = s [ α + β
∑ 

a j −
∑ 

Q j − p] Integration of advertising in a sticky price duopoly 

Fruchter (2009) ˙ q = αp + βa − δq Focus on the impact of perceived quality and the pricing 

and advertising policies 

Caulkins et al. (2011) ˙ G = α(βp − G ) Investigate the pricing policy for conspicuous goods when 

goodwill exerts influence 

Gavious and Lowengart (2012) ˙ r q = β(q − r q ) Role of reference quality in the pricing and quality policies 

Chenavaz (2012) ˙ q = Q(u q , q ) Show the impact of production cost and product quality on 

˙ c = C(u c , c) the pricing policy 

Caulkins et al. (2015) ˙ M = a/M 

θ Role of market potential in the marketing-mix policy of 

−δ(M − αp)(q max − q ) − βM price, advertising, and quality 

Feng, Zhang, and Tang (2015) ˙ g = a − δg Role of goodwill and inventory dynamics in the 
˙ i = −(α − βp + γ g) − δi marketing-mix policy of price and advertising 

El Ouardighi et al. (2016a) ˙ p = c Role of costly price adjustment on sales and advertising 

˙ s = α[ β + a ] s [(γ − θs ) − p] − δs policies 

El Ouardighi, Feichtinger, Grass, Hartl, and Kort (2016b) ˙ q = u (1 − q ) Role of quality improvement and advertising policies 

˙ s = { [(α + βa ) q − β(1 − q )](1 − s/M) investment on product diffusion 

−[1 − (1 − δq )] } s 
Pan and Li (2016) ˙ q = u q − δq q Role of process-product innovation on the pricing policy 

˙ c = u c − δc c

Chenavaz (2017a) ˙ q = Q(u, q ) Show why a product of better quality may be less expensive 

Chenavaz and Jasimuddin (2017) ˙ q = Q(u, q ) Show when advertising increases or decreases with better 

product quality 

Chenavaz and Paraschiv (2018) ˙ r = β(p − r) Show when the selling price increases or decreases with the 
˙ i = −D (p, r) reference price for a general demand function 

Vörös (2019) ˙ q = αu Differentiate between strategic and non-strategic quality in 

the price–quality relationship 

Ni and Li (2019) ˙ q = Q(u, q ) Role of advertising policy and goodwill in the price–quality 

˙ g = G (a, q, g) relationship 

Notes. We use the following unified notations for the variables: a , advertising; c , production cost; D , demand; g , goodwill; i , inventory; M , market potential; q , product 

quality; Q , output; r , reference price; s , sales; u , investment. Also, j is a firm index and α, β , γ , δ are positive parameters. 
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Table 2 

Notations. 

t = time, 

r = interest rate, 

p ( t ) = unit price at time t (control variable), 

a ( t ) = advertising expense at time t (control variable), 

u ( t ) = quality investment at time t (control variable), 

q ( t ) = product quality at time t (state variable), 

˙ q (t) = d q (t) /d t = K(u, q ) = quality dynamics at time t , 

λ( t ) = current-value adjoint variable at time t , 

C ( q ) = unit production cost, 

D ( p , a , q ) = demand, 

π ( p , a , u , q ) = [ p − C(q )] D (p, a, q ) − a − u = current profit, 

H ( p , a , u , q , λ) = current-value Hamiltonian 

(

D  

 

w  

m  

v  

s  

t  

i

3

π  

 

f  

t  
Investment in quality u increases quality q with diminishing re-

turns and quality decreases autonomously, capturing the aging of

technology. 

K u > 0 , K uu � 0 , K q < 0 . (2)

These assumptions encompass the parametric instances ˙ q = u −
δq and ˙ q = 

√ 

u − δq, with the constant rate of decay δ > 0, as in

Jørgensen and Zaccour (2012) and Xue et al. (2017) . 

3.1.2. Cost 

The unitary production cost function C : R + → R + is twice con-

tinuously differentiable and increases with quality q . Therefore the

cost is C = C(q ) with 

 q � 0 . (3)

A similar cost formulation is used in Xue et al. (2017) and

De Giovanni and Zaccour (2020) . The independence of cost to qual-

ity C q = 0 and the increase of cost with quality C q > 0 describe, for

example, the software and hardware industries ( Chenavaz, 2017a ). 

3.1.3. Demand 

The firm decides at each time t the price level p(t) ∈ R + and

the advertising expense a (t) ∈ R + . Quality is defined here as a

search (or design ) attribute, which is easily knowable by search and

for which consumers prefer more than less. The demand function

D : R 

3 + → R + is twice continuously differentiable. The demand D

depends jointly on price p , advertising a , and quality q , that is

D = D (p, a, q ) . 

Demand reduces with price. Demand rises with advertising

with diminishing returns. Demand increases with product quality.

It is more difficult to increase demand with more advertising and

better quality when price is high. There is a synergy phenomenon

between advertising and quality, that is, the impact of advertising
quality) on demand is greater with greater quality (advertising). 

 p < 0 , D a > 0 , D aa � 0 , D q > 0 , D pa � 0 , D pq � 0 , D aq � 0 . (4)

This general demand function places little restriction on the

ay price, advertising, and quality affects demand. Indeed, this de-

and function is compatible with the persuasive and informative

iews ( Bagwell, 2007; Chenavaz & Jasimuddin, 2017 ). The persua-

ive view posits that advertising changes consumer preferences;

he informative view supposes that advertising provides product

nformation. In each case, greater advertising boosts demand. 

.2. Model analysis 

Table 2 defines the notations used in the model analysis. 

The current profit π with values in R writes 

(p, a, u, q ) = [ p − C(q )] D ( p, a, q ) − a − u. (5)

It appears now clearly that quality and advertising share similar

eatures, both stimulating demand and implying a cost. The essen-

ial differences are that (1) advertising directly implies a fixed cost
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2 If all inequalities hold strictly, the Hessian matrix is strictly negative definite, H 

is strictly concave, and the solution is unique. 
 whereas quality indirectly creates a fixed cost via quality invest-

ent u and (2) quality also generates a variable cost C ( q ). 

The firm maximizes the intertemporal profit (or total present

alue of profit) by simultaneously finding the optimal trajecto-

ies of pricing, advertising, and quality investment over the plan-

ing horizon. The firm accounts for the quality dynamics and the

iscount rate r ∈ R + . Formally, the objective function of the firm

eads 

ax 
p,a,u 

∫ ∞ 

0 

e −rt π(p, a, u, q ) dt, (6) 

ubject to 

˙ q = K(u, q ) , with q (0) = q 0 . (7) 

The intertemporal profit maximization problem is solved with

he necessary and sufficient optimality conditions of Pontryagin’s

aximum principle. On this basis, the shadow price (or current-

alue adjoint variable) λ( t ) represents the marginal value of quality

n the intertemporal profit at t , and the current-value Hamiltonian

 writes 

(p, a, u, q, λ) = [ p − C(q )] D (p, a, q ) − a − u + λK(u, q ) . 

The current-value Hamiltonian H sums the current profit (p −
) D − a − u and the future profit λK . As such, H measures the in-

ertemporal profit. 

The maximum principle implies the dynamic of the shadow

rice λ: 

˙ = rλ − H q = rλ − [ −C q D + (p − C) D q + λK q ] , (8)

ith the transversality condition for a free terminal state and infi-

ite terminal time lim 

t→∞ 

e −rt λ(t) = 0 . 

The intertemporal value at time t of a marginal increase in

uality q is given by the integration of (8) with the transversality

ondition, computing 

(t) = 

∫ ∞ 

t 

e −( r−
∫ 

K q dμ) (τ−t) [ (p − C) D q − C q D ] dτ, (9) 

here we abuse the notation by denoting ∫ K q d μ for
 ∞ 

τ−t K q (u (μ) , q (μ)) dμ. 

Assuming the existence of an interior solution for advertising

nd investment in quality, the monopolist maximizes the intertem-

oral profit H if and only if p , a , and u satisfy the necessary first-

rder conditions: 

 p = 0 ⇒ D + (p − C) D p = 0 , (10a) 

 a = 0 ⇒ (p − C) D a − 1 = 0 , (10b) 

 u = 0 ⇒ K u − 1 

λ
= 0 . (10c) 

Asterisk denoting optimality, let p ∗( a , u ) be the price that ver-

fies (10a) . This price maximizes the intertemporal profit of any

evels of advertising and quality investment. Similarly, a ∗( p , u ) and

 

∗( p , a ) denote the advertising rate satisfying (10b) and (10c) ; they

aximize the intertemporal profit for any level of price and qual-

ty investment and for any level of price and advertising. The maxi-

um of the intertemporal profit is achieved when the firm chooses

ogether a price, advertising, and quality investment triple such

hat (p ∗, a ∗, u ∗) = (p ∗(a ∗, u ∗) , a ∗(p ∗, u ∗) , u ∗(p ∗, a ∗)) . We omit now

he asterisk notation, all equations referring to the optimal solu-

ion if not otherwise stated. 

For the necessary first order conditions on H (10a) –(10c) to

ield a maximizing solution, assuming its existence, a sufficient
econd order condition is the concavity of H . H is concave if and

nly if the Hessian matrix is semi-negative definite, that is 2 

 pp � 0 , (11a) 

H pp H pa 

H ap H aa 

∣∣∣∣ � 0 , (11b) 

H pp H pa H pu 

H ap H aa H au 

H up H ua H uu 

∣∣∣∣∣∣ � 0 , (11c) 

ith 

 pp = 2 D p − (p − C) D pp , (12a) 

 aa = (p − C) D aa , (12b) 

 uu = λK uu , (12c) 

 pa = H ap = D a + (p − C) D pa , (12d) 

 pu = H up = 0 , (12e) 

 au = H ua = 0 . (12f) 

Recall that H builds on functions all assumed to be twice con-

inuously differentiable. Therefore, all partial derivatives of H are

hemselves differentiable, and Schwarz’s theorem applies ( H i j = H ji 

or all i, j = p, a, u, q ). 

Eq. (12e) states that in the intertemporal profit H there are no

nteraction effects between price and investment in quality. Sim-

larly, Eq. (12f) implies that with respect to H there are also no

nteraction effects between advertising and quality investment. 

Substituting (10a) into (12a) and recalling (11a) implies 

 − D 

D pp 

D 

2 
p 

� 0 , (13)

hich dictates that D cannot be too convex in p in the sense that

he second order derivative of D with respect to p cannot be too

arge. Such an assumption has been widely used in the literature

see for example Kalish, 1983 ; Dockner et al., 20 0 0 ; Vörös, 20 06;

019 ; Chenavaz, 2012; 2017b ; Jørgensen and Zaccour, 2012 ; and Ni

 Li, 2019 ). 

Substituting (10b) into (12b) and recalling (11a) and (11b)

mplies 

D aa 

D 

2 
a 

� 0 , (14) 

hich is verified because of (4) . 

Conditions (11a) –(11c) together imply that λK uu ≤ 0, which, to-

ether with (2) , leads to 

(t) � 0 , ∀ t ∈ [0 , ∞ ) , (15)

eaning that greater quality always increases the intertemporal

rofit. 

. Generalizing the rules of Dorfman–Steiner 

In this section, we generalize the static rules of Dorfman and

teiner (1954) in a dynamic context, looking at the dynamic price–

dvertising–quality relationship. The rules of Dorfman and Steiner

1954) have to be verified for levels of price and advertising to be

andidate as optimal values. As such, these rules provide a useful

enchmark against which potential price and advertising levels can

e evaluated. 
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We first posit elasticity notations. Let ηp ≡ −D p 
p 
D be the price

elasticity of demand, ηa ≡ D a 
a 
D the advertising elasticity of de-

mand, and ηq ≡ D q 
q 
D the quality elasticity of demand. 

Conditions (10a) and (10b) imply p − C = − D 
D p 

and p − C = 

1 
D a 

.

From these equalities and (9) , we obtain that 

DD a + D p = 0 , (16a)

λ(t) = 

∫ ∞ 

t 

e −(r−K q )(τ−t) D 

(
ηq 

ηp 

p 

q 
− dC 

dq 

)
dτ, (16b)

λ(t) = 

∫ ∞ 

t 

e −(r−K q )(τ−t) 

(
ηq 

ηa 

a 

q 
− dC 

dq 
D 

)
dτ. (16c)

Eq. (16a) assembles the first-order conditions on price and ad-

vertising. Eqs. (16b) and (16c) measure the future profit at t of an

additional unit of quality in terms of (1) price and quality effects

and (2) advertising and quality effects. 

4.1. Dorfman–Steiner’s rules if future quality matters 

Proposition 1. For a general demand function D = D (p, a, q ) , the

price–advertising, price–quality, and advertising–quality relationships

are characterized by 

a 

pD 

= 

ηa 

ηp 
, (17a)

ηq 

ηp 

p 

q 
� 

dC 

dq 
, (17b)

ηq 

ηa 

a 

q 
� 

dC 

dq 
D, (17c)

in which (17a) is a necessary and sufficient condition and (17b) –(17c)

are not necessary but sufficient conditions. 

Proof. See Appendix B.1 . �

Equality (17a) represents what is well-known as the condition

of Dorfman and Steiner (1954) . This condition stipulates that price

and advertising are such that the ratio of advertising to revenue

equals the ratio of elasticities of demand with respect to advertis-

ing and price. Inequalities (17b) and (17c) represent sufficient con-

ditions. Inequality (17b) states that price and quality are such that

the increase in the price that consumers are willing to pay after

a quality increase exceeds the unit increase in the cost of qual-

ity. Inequality (17c) exposes that advertising and quality are such

that the adjustment in advertising following a quality increase out-

weighs the total increase in the cost of quality. For exhaustiveness,

we derive the three conditions of Dorfman and Steiner (1954) and

compare them with our results in Appendix A . 

The classical condition of Dorfman–Steiner (17a) is robust in our

dynamic setting where the firm considers future quality. We revisit

now this condition by explicitly showing the dependence of the

dynamics of price, quality, and advertising. 

4.2. Dorfman–Steiner’s condition in dynamics 

The condition of Dorfman–Steiner in (17a) provides the static

pricing–advertising condition. Proposition 1 shows that this con-

dition holds in a dynamic setting in which the future impact of

quality is considered by the firm. Note that this static condition

does not directly accounts for product quality. Though this condi-

tion must hold during the whole planning period, on which the

firm has an optimal behavior. At the optimum, if quality changes,
hen marginal revenue variations balance marginal cost variations.

uch variations in quality also generate variations in pricing and

dvertising. The link between the dynamics of pricing and adver-

ising on the one side and quality on the other side becomes ex-

licit with the following proposition: 

roposition 2. For a general demand function D = D (p, a, q ) , the dy-

amics of the condition of Dorfman–Steiner (17a) is characterized by 

˙ p 

⎛ 

⎝ −D p D a ︸ ︷︷ ︸ 
+ 

−DD ap ︸ ︷︷ ︸ 
+ 

−D pp ︸ ︷︷ ︸ 
±

⎞ 

⎠ + 

˙ a 

⎛ 

⎝ −D 

2 
a ︸︷︷︸ 

−

−DD aa ︸ ︷︷ ︸ 
+ 

−D pa ︸ ︷︷ ︸ 
+ 

⎞ 

⎠ 

= 

˙ q 

⎛ 

⎝ D a D q ︸ ︷︷ ︸ 
+ 

+ DD aq ︸ ︷︷ ︸ 
+ 

+ D pq ︸ ︷︷ ︸ 
−

⎞ 

⎠ . (18)

roof. See Appendix B.2 . �

Proposition 2 quantifies the link between the dynamics of

rice and advertising and the dynamics of quality when the

ondition of Dorfman–Steiner (17a) is verified. In other words,

roposition 2 stresses the role of quality within the condition

f Dorfman–Steiner, which focuses on the pricing–advertising

elationship. 

Eq. (18) is undetermined as the system state, quality, is known,

nd the controls, price and advertising, are unknown. Still, this

roposition provides some insights on the consequences of qual-

ty variation on the level of price and advertisement. It shows that

uality impacts both pricing and advertising in an additive separa-

le manner and it measures the linkage between the impacts on

rice and advertising. 

The signs of the three parentheses in Proposition 2 are un-

nown. Therefore, when quality increases, price and advertising

ay both increase or decrease together, or the one may increase

hile the other decreases. If advertising is constant, price may in-

rease or decrease after a quality increase. Similarly, if price is con-

tant, advertising may raise or fall following better quality. 

. Quality impact on dynamic pricing and advertising 

In this section we examine the impact of better quality on price

nd advertising policies, when the rules of Dorfman and Steiner

1954) studied in the previous section apply. The optimal pricing

nd advertising policies have to hold at any time of the planning

eriod. Thus, we consider the time derivative of (10a) and (10b) .

earranging terms offers 

˙ p [ 2 D p + (p − C) D pp ] + 

˙ a [ D a + (p − C) D pa ] 

= 

˙ q [ −D q − (p − C) D pq + C q D p ] , (19a)

˙ p [ D a + (p − C) D ap ] + 

˙ a [ (p − C) D aa ] 

= 

˙ q [ −(p − C) D aq + C q D a ] . (19b)

Recall H pp , H aa , and H pa from (12a), (12b) , and (12d) and

bserve H pq = −C q D p + (p − C) D pq + D q and H aq = −C q D a + (p −
) D aq . By identification, the precedent equations synthesize to 

˙ p H pp + 

˙ a H pa = − ˙ q H pq , (20a)

˙ p H ap + 

˙ a H aa = − ˙ q H aq . (20b)

Eqs. (19a) and (19b) express the impact of quality on price and

dvertising at the highest structural level. The dynamics of the

ontrol variables p and a appear on the left hand-side and the dy-

amics of the state variable q show on the right hand-side. Fur-

her, investment in quality u plays no direct role in the dynamics
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Table 3 

Synthesized marketing-mix implications of Proposition 3. 

Case Condition Implication 

1 −H kq H ll + H lq H kl > 0 sign ˙ k = sign ˙ q 

2 −H kq H ll + H lq H kl < 0 sign ˙ k = − sign ˙ q 

3 −H kq H ll + H lq H kl = 0 sign ˙ k = unknown 

Notes. Indexes k, l = p, a and k � = l . 
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P
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P
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f price and advertising; investment plays only an indirect role via

uality determination, as imposed by (10c) . 

Recall H ap = H pa and define H 2 = H pp H aa − (H pa ) 2 . Note H 2 ≥ 0

ecause of (11b) . If H 2 = 0 , then the dynamics of p and a are un-

nown. If H 2 > 0, then the dynamics of p and a are characterized

s follows. 

roposition 3. For a general demand function D = D (p, a, q ) , the

mpact of increased quality on the dynamics of price and advertising

s given by 

˙ p = 

−H pq H aa + H aq H pa 

H 2 

˙ q , ˙ a = 

−H aq H pp + H pq H ap 

H 2 

˙ q , 

here H 2 > 0 . 

roof. See Appendix B.3 . �

The dynamic pricing and advertising policies given by

roposition 3 are symmetrical since H ap = H pa . Therefore, a syn-

hetic rule writes 

˙ 
 = 

−H kq H ll + H lq H kl 

H 2 

˙ q with k, l = p, a and k � = l, 

or which the marketing-mix implications are synthesized in

able 3 . 

Results in Proposition 3 synthesized in Table 3 have the fol-

owing interpretations. On the one hand, the firm is better off

hen price and advertising expense increase with quality, provided

H kq H ll + H lq H kl > 0 with k, l = p, a and k � = l (Case 1). In Case 1,

rice and advertising are complementary to quality. On the other

and, if −H kq H ll + H lq H kl < 0 (Case 2), then the firm makes higher

rofit by decreasing price and advertising effort after a quality in-

rease. In Case 2, price and advertising are substitute to quality. Fi-

ally, if −H kq H ll + H lq H kl = 0 (Case 3), the firm adopts pricing and

dvertising schemes for which the evolution is not tied to quality

ynamics. In Case 3, price and advertising are independent from

uality. 

Further, Proposition 3 implicitly posits that the dynamics of

rice and the dynamics of advertising may not be inferred from

ach other. In other words, knowledge of price or advertising dy-

amics constitutes no signal for advertising or price dynamics

espectively. 

. Computation of the optimal trajectories 

We start out with analyzing our deterministic model. After-

ards, we provide an extension where the horizon date, T , is finite

nd stochastic. 

.1. Analysis of the deterministic model 

We analyze the model (6) and (7) presented in Section 2 with

rofit function (5) , namely 

ax 
p,a,u 

∫ ∞ 

0 

e −rt [ ( p − C(q ) ) D (p, a, q ) − a − u ] dt, (21) 

ubject to 

˙ q = K(u, q ) , with q (0) = q 0 , (22) 
s
mploying a two-step approach since the “static” controls a and p ,

o not enter the state dynamics. 

In Step 1 we maximize the integrand 

( p, a, u, q ) = ( p − C ( q ) ) D (p, a, q ) − a − u 

ith respect to the “static” controls a and p , yielding an optimal

rofit function 

∗( u, q ) = max 
a,p 

π( p, a, u, q ) , 

nd optimal control functions p ( q ) and a ( q ). Then, in Step 2, we

olve an optimal control problem with state variable q and one

ontrol variable u . This optimal control problem can be expressed

s 

ax 
u 

∫ ∞ 

0 

e −rt [ ( p ( q ) − C(q ) ) D (p ( q ) , a ( q ) , q ) − a ( q ) − u ] dt, 

subject to 

˙ q = K(u, q ) , with q (0) = q 0 , 

In order to solve this problem, we use the following specifica-

ions. First, we employ the linear demand function 

 (p, a, q ) = γ q + θ
√ 

a − βp. (23)

We also assume that C ( q ) is linear, i.e., 

 ( q ) = cq. (24) 

Furthermore, we impose that 

 ( u, q ) = q −α
√ 

u − δq, α > 0 . (25)

he motivation for expression (25) is as follows: first, note that

> 0 reflects the fact that it is more difficult to increase quality

f quality is already high. Second, we introduce the term 

√ 

u , be-

ause now the control variable u enters the problem in a nonlinear

nd concave way. 

The next proposition summarizes the results of Step 1. 

roposition 4. Under the condition 

≥ θ2 

4 

, (26) 

rice and advertising depend on quality in the following way: 

p ( q ) = 

(
2 β − θ2 

)
c + 2 γ

4 β − θ2 
q, (27) 

 ( q ) = 

(
θ ( γ − βc ) 

4 β − θ2 

)2 

q 2 . (28) 

rice increases in quality, if 

> 

θ2 

2 

− γ

c 
, (29) 

hereas advertising always increases with quality. 

emand is proportional to quality: 

 = 

2 β

4 β − θ2 
( γ − βc ) q, 

hich is positive, if 

− βc > 0 . (30) 

roof. See Appendix C.1 . �

Having determined the functions forms of p ( q ) and a ( q ), we are

eady to analyze the optimal control problem of Step 2. After some

traightforward calculations, the Step 2 problem becomes 

ax 
u 

∫ ∞ 

0 

e −rt [ �( q ) − u ] dt, (31) 

ubject to 

˙ q = q −α
√ 

u − δq, (32) 
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Fig. 1. Downward sloping saddle point path for α > 1. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2. Upward sloping saddle point path for α < 1. 

Fig. 3. Horizontal for α = 1 . 

Fig. 4. The effectiveness of quality investment q −α, for α < 1 (dashed), α = 1 (solid), 

and α > 1 (dotted). 

q  

p  

F  

f  

i

6

 

a  
with 

�( q ) = 

( γ − βc ) 
2 

4 β − θ2 
q 2 . 

In Appendix C.2 , we use the necessary optimality conditions for

this optimal control problem to obtain the canonical system in the

state-control plane: 

˙ q = q −α
√ 

u − δq, 

˙ u = 2 u ( r + δ + αδ) − q 1 −α 2 ( γ − βc ) 
2 

4 β − θ2 

√ 

u . 

It follows that there are two steady states, namely q = u = 0 ,

and a unique positive one: 

ˆ q = 

( 

( γ − βc ) 
2 

δ( r + δ + αδ) 
(
4 β − θ2 

)
) 

1 
2 α

, (33)

ˆ u = δ2 

( 

( γ − βc ) 
2 

δ( r + δ + αδ) 
(
4 β − θ2 

)
) 

1+ α
α

. (34)

In Appendix C.3 , we investigate the stability properties of the

interior steady state (33) and (34) , where we conclude that it is a

saddle point. 

The two isoclines (relevant for the interior equilibrium) are 

˙ q = 0 : u = ( δq ) 
2 
, (35)

˙ u = 0 : u = 

( 

( γ − βc ) 
2 

( r + δ + αδ) 
(
4 β − θ2 

)
) 2 

q 2 ( 1 −α) . (36)

For 0 < α < 1 the ˙ u = 0 isocline is upward sloping in the ( q , u )

plane, while it is downward sloping for α > 1. In the hairline case

α = 1 it is horizontal. 

In Fig. 1 we depict the case of a large α > 1, where the sad-

dle point path is downward sloping just as the ˙ u = 0 isocline. For

low quality, high quality investments are undertaken in order to

improve it quickly. 

In Fig. 2 we show the case of a small α < 1, where the saddle

point path is upward sloping and so is the ˙ u = 0 isocline. For low

quality, also low quality investments are undertaken and quality

increases anyway. 

Fig. 3 represents the hairline case of α = 1 , where the saddle

point path is horizontal just like the ˙ u = 0 isocline. Quality in-

vestments are constant and do not depend on the current level of

quality. 

To explain the qualitative differences between the three solu-

tions, consider Fig. 4 . From this figure we conclude that for α > 1,
uality investment is most effective when quality is small. This ex-

lains that quality investments decrease when quality goes up in

ig. 1 . For α < 1, however, quality investment is relatively more ef-

ective when quality is large. This explains that quality investments

ncrease when quality goes up in Fig. 2 . 

.2. Stochastic extension 

Up to now, we had an infinite horizon. However, we are well

ware of the fact that the life cycle of a product is usually finite.
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oreover, it is hard to say beforehand when the economic life of a

roduct stops. For instance, it could be that there is some drastic

roduct innovation by some competitor making the current prod-

ct obsolete. To model this we impose that the life time of the

roduct, which we denote by T , is stochastic. Taking this into ac-

ount, we reformulate the objective of the problem as follows: 

ax 
p,a,u 

E T 

∫ T 

0 

e −rt [ ( p − C(q ) ) D (p, a, q ) − a − u ] dt, 

ith E T denoting the expectation operator with respect to T . As-

uming an exponential distribution with parameter ρ > 0 for T ,

ike in, e.g., Caulkins et al. (2011) , the objective can ultimately be

ewritten into 

ax 
p,a,u 

∫ ∞ 

0 

e −( r+ ρ) t [ ( p − C(q ) ) D (p, a, q ) − a − u ] dt. 

e conclude that now the complete problem looks as follows: 

ax 
p,a,u 

∫ ∞ 

0 

e −( r+ ρ) t [ ( p − C(q ) ) D (p, a, q ) − a − u ] dt. (37) 

ubject to 

˙ q = K(u, q ) , with q (0) = q 0 . (38) 

Comparing the problem (37) and (38) with the problem

21) and (22) shows that they are equivalent except that in the

roblem (37) and (38) the discount rate has increased by the rate

, which makes the firm more myopic. From (35) and (36) we see

hat the ˙ q = 0 isocline is not affected by a change in the discount

ate, while the ˙ u = 0 isocline moves downward if the discount rate

ecomes larger. This results in less quality investments and a lower

ong run quality level. We summarize these results as follows: 

roposition 5. (a) If the end of the life cycle of a product is finite and

xponentially distributed with parameter ρ , the problem is equivalent

o the original infinite horizon problem with the discount rate, r , being

ncreased by ρ . 

(b) A larger value of r and/or ρ results in less quality investments

nd a lower long run quality level. 

.3. Comparative statics 

After having established how the long run equilibrium is af-

ected by the discount rate r , namely 

∂ ̂  q 

∂r 
< 0 , 

∂ ̂  u 

∂r 
< 0 , 

e now investigate the effect of some other parameters. The re-

ults are summarized in the following proposition. 

roposition 6. (a) First we investigate the effect of γ , which mea-

ures the effect of quality on the market potential: 

∂ ̂  q 

∂γ
> 0 , 

∂ ̂  u 

∂γ
> 0 . 

(b) Next we consider the effect of θ , which measures the effect of

dvertising on the market potential: 

∂ ̂  q 

∂θ
> 0 , 

∂ ̂  u 

∂θ
> 0 . 

(c) The next parameter we analyze is β , which is the slope of the

emand function: 

gn 

(
∂ ̂  q 

∂β

)
= sgn 

(
∂ ̂  u 

∂β

)
= sgn 

(
θ2 

2 

− γ

c 
− β

)
. 

(d) The next parameter to be investigated is c , being the unit cost

hat positively depends on quality: 

∂ ̂  q 
< 0 , 

∂ ̂  u 

< 0 . 

∂c ∂c 
(e) If the depreciation rate of quality, δ, increases, the long run

ptimal level of quality and quality investment react as follows: 

∂ ̂  q 

∂δ
< 0 , 

∂ ̂  u 

∂δ
= −

( 

( γ − βc ) 
2 

δ( r + δ + αδ) 
(
4 β − θ2 

)
) 

1 
α

( γ − βc ) 
2 

× r + 2 δ + ( 2 δ − r ) α

α( r + δ + αδ) 
2 
(
4 β − θ2 

) . 

roof. See Appendix C.4 . �

The first result (a) is that the firm invests more in quality, if the

ffect of quality on the market potential is bigger. Concerning re-

ult (b), the intuition is that advertising becomes more effective, so

hat the firm advertises more when θ is larger. From our analysis

f Step 1, see (46) , we have obtained that advertising and qual-

ty are complements. Hence the firm also invests more in quality.

ccording to result (c), the effect of the slope of the demand func-

ion, β , depends on the sign of θ2 

2 − γ
c − β. This is understand-

ble, since from (29) we get that the same expression determines

hether price is increasing with quality or not. In particular we

btain that if 

θ2 

2 

− γ

c 
− β > 0 , 

rice is decreasing in quality. So, under this relationship we have

hat an increase in β logically implies that the price is lower and

hat the firm increases quality, which explains why an increase

n β results in a higher long run quality level and investment in

uality. 

If c increases, according to result (d) the unit cost increases

ore with quality and therefore the firm is reluctant to invest in

uality too much. According to result (e), we first see that if the

epreciation rate is bigger, the long run optimal quality level will

e lower. It is less clear what happens with the investment level.

wo effects can be distinguished. First, if quality depreciated more,

uality investments are less profitable, and therefore the firm in-

ests less. Second, if quality depreciates more, the firm has to carry

ut more replacement investment to keep quality at a reasonable

evel. Hence, ∂ ̂ u 
∂δ

can have either sign. If α < 1, or 2 δ > r , then the

rst effect dominates, i.e., ∂ ̂ u 
∂δ

< 0 . 

. Conclusion 

In this research, we proposed a comprehensive, dynamic mod-

ling of price, advertising, and quality. The model is comprehen-

ive, yet with no sacrifice of generality, as it permits general (struc-

ural) functional forms for the cost and the relationships between

he marketing-mix variables at the demand level. On the basis of

n optimal control model, we offer analytic results. First, we gen-

ralize the classical condition of Dorfman and Steiner (1954) to a

ynamic context. Second, we provide the conditions along which

ricing and advertising strategies are aligned with or opposed

o quality improvement. These results help better understand the

rofitable opportunities of the firm. Third, we obtain that quality

onotonically converges to a unique and positive steady state. On

his time path quality investment can either be increasing or de-

reasing, depending on how its effectiveness depends on the qual-

ty level itself. 

Our research on the price–advertising–quality relationship may

e expanded into several ways. We could investigate a carry-over

ole for advertising, which may have a lasting effect through good-

ill formation. Further, to better characterize the dynamic behav-

or of quality cost, quality could be modeled as a control variable,

nd quality cost as a state variable. This modeling strategy would

eepen our understanding of cost dynamics, and its link to pric-

ng and advertising. Also, we may integrate temporal effects, such
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as fashion effects, in the demand function, which would also de-

pend directly on time. Eventually, profitable markets attract new

entrants, raising strategic issues. Consequently, it would be inter-

esting to model competition in our model. Such extensions will

allow to discuss the relationship between price, advertising, and

quality in a more complete way; they are left for future research. 

This article provides significant insights into the choice of

the managerial variables over time. The general rule of pricing–

advertising–quality relationship, which we present, expands prior

results and formulates in a novel way the demand- and supply-

sides of the marketing-mix. Such a formulation, in turn, yields a

more comprehensive understanding of interplay between price, ad-

vertising, and quality. Our theoretical foundation calls for further

research to obtain empirical validation. 

Appendix A. The rules of Dorfman and Steiner (1954) 

We present here the rules of Dorfman and Steiner (1954) as

derived from profit maximization. For brevity, second-order con-

ditions are supposed to hold. Recall ηp the (absolute) price elastic-

ity of demand, ηa the advertising elasticity of demand, and ηq the

quality elasticity of demand. 

A.1. The price–advertising relationship 

The demand writes D = D (p, a ) and the profit π = [ p −
(q )] D (p, a ) − a . The first-order conditions πp = πa = 0 jointly im-

pose the rule of price–advertising 

a 

pD 

= 

ηa 

ηp 
. (39)

The price–advertising rule is the most well-known rule in

Dorfman and Steiner (1954 , Section 1). For instance, this rule is

recalled in the survey of Bagwell (2007 , Section 4.1.1). 

A.2. The price–quality relationship 

The demand is D = D (p, q ) and the profit π = [ p − C(q )] D (p, q ) .

The first-order conditions πp = πq = 0 in conjunction implicate the

rule of advertising–quality 

dC 

dq 
= 

ηq 

ηp 

p 

q 
. (40)

The price–quality rule originates in Dorfman and Steiner (1954 ,

Section 2). It appears later in Teng and Thompson (1996) and Lin

(2008) . 

A.3. The advertising–quality relationship 

The demand is D = D (a, q ) and the profit π = [ p −
(q )] D (a, q ) − a, with p > C a constant. The first-order condi-

tions πa = πq = 0 together dictate the rule of advertising–quality

dC 

dq 
D = 

ηq 

ηa 

a 

q 
. (41)

The advertising–quality rule is not explicitly written in Dorfman

and Steiner (1954 , Section 3). Also and to the best of our knowl-

edge, this rule has not been explicitly proposed in the litera-

ture. But the rule can be directly derived from the framework of

Dorfman and Steiner (1954) as above. 

A.4. Comparison between Proposition 1 and the rules in Dorfman 

and Steiner (1954) 

For the sake of completeness, we compare Proposition 1 against

Dorfman and Steiner (1954) . The famous condition of Dorfman and
teiner (1954) in (39) characterizes the optimal policies of price

nd advertising. More precisely, this condition describes the struc-

ural properties of these policies, linking the relative advertising

pending to the price and advertising elasticities of demand. This

ondition has to hold for any couple of optimal price and adver-

ising policies, constituting a simple benchmark if the elasticities

old constant. Also, numerous empirical studies have confirmed

he condition Dorfman and Steiner (1954) in different contexts.

agwell (2007) notes that this condition, though constraining, still

llows for freedom in the casual relationships between price and

dvertising. 

Dorfman and Steiner ’s (1954) ) rules (39) –(41) originate from

 static setting, whereas our rules (17a) –(17c) come from a dy-

amic setting. Simple comparison shows that their rules (with

trict equalities for any t over [0, ∞ )) are a special case of our rules

with weak inequalities over [ t , ∞ )). More precisely, the equality

f the price–advertising rule (39) is robust in our dynamic setting,

ut the equalities of the price–quality and advertising–quality rules

40) and (41) do not hold strictly in our setting. 

Two reasons explain the difference between the two sets of

ules. First, in our setting, quality is a result of quality investment

nd there is no restrictive optimality condition with respect to

uality. In contrast, in Dorfman and Steiner (1954) , quality is di-

ectly chosen by the firm and there is an optimality condition with

espect to quality. Our modeling thus benefits from more freedom.

econd, our modeling refers to a dynamic framework where the

rm invests to increase future quality that will drive future profit;

uality has a future value for the firm. In contrast, their modeling

s static and the firm has only interest in current profit; quality

as no future value for the firm. Though, our modeling still en-

bles the equalities (40) and (41) to apply. In fact, these inequali-

ies hold (together) according to (16b) and (16c) if λ = 0 , that is if

he future level of quality is of no interest for the firm maximiz-

ng the current intertemporal profit. In other words, if the firm be-

aves in a static way in the sense of considering only current profit

nd disregarding future profit tied to future quality, then (17b) and

17c) reduce to (40) and (41) . In a nutshell, rules (17a) –(17c) differ

rom (39) to (41) because (1) quality results from investment and

2) future quality matters. 

ppendix B. Mathematical details of Sections 4 and 5 

1. Proof of Proposition 1 

Substituting the elasticity notation in (16a) and rearranging

ields the necessary and sufficient condition (17a) . Recalling from

15) that future quality increases future profit, that is λ( t ) ≥ 0, to-

ether with the value of λ( t ) measured in (16b) and (16c) impli-

ates the sufficient conditions (17b) and (17c) . 

2. Proof of Proposition 2 

Differentiate with respect to time the condition of Dorfman–

teiner as expressed in (16a) . 

3. Proof of Proposition 3 

Solve Eqs. (20a) and (20b) with Cramer’s rule. 

ppendix C. Mathematical details of Section 6 

.1. Proof of Proposition 4 

Solving the Step 1 problem gives the first order conditions 

p = γ q + θ
√ 

a − 2 βp + βcq = 0 , (42)
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a = θ
p − cq 

2 

√ 

a 
− 1 = 0 . (43) 

It is straightforward to check that the second order conditions

re satisfied (so that we indeed have developed conditions for a

aximum) if 

pp πaa − π2 
ap ≥ 0 , 

hich holds if and only if (26) holds. Otherwise, concavity is vio-

ated and unbounded solutions might emerge. 

We can solve (43) and (42) to obtain 

p ( q ) = 

(
2 β − θ2 

)
c + 2 γ

4 β − θ2 
q, (44) 

 ( q ) = 

(
θ ( γ − βc ) 

4 β − θ2 

)2 

q 2 . (45) 

From these expressions we get the dependence of price and ad-

ertising on quality, 

p ′ (q ) = 

(
2 β − θ2 

)
c + 2 γ

4 β − θ2 
, 

a ′ (q ) = 

2 θ2 (
4 β − θ2 

)2 
( γ − βc ) 

2 
q > 0 . (46) 

We conclude that price increases in quality, if (29) holds,

hereas it always holds that the firm advertises more if the prod-

ct quality is higher. 

Substitution of (44) and (45) into (23) learns that demand is

roportional to quality, i.e. 

 = 

2 β

4 β − θ2 
( γ − βc ) q, 

nd we conclude that positive demand only arises if 

− βc > 0 , (47) 

hich completes the proof. 

.2. Derivation of the canonical system of the Step 2 problem 

To solve the Step 2 optimal control problem (31) and (32) , we

et up the Hamiltonian 

 = 

( γ − βc ) 
2 

4 β − θ2 
q 2 − u + λ

(
q −α

√ 

u − δq 
)
. 

aximizing H with respect to u gives 

= 2 q α
√ 

u , (48) 

hereas the co-state equation satisfies 

˙ = rλ − 2 

( γ − βc ) 
2 

4 β − θ2 
q − λK q . (49)

We now establish the optimal trajectories in a state-control

hase diagram ( q , u ). To do so, we first differentiate (48) with re-

pect to time, which leads to 

˙ = 2 αq −1 u − 2 δαq α
√ 

u + q α
1 √ 

u 

˙ u . 

This can be combined with (49) and (48) to obtain the ˙ u equa-

ion: 

˙ 
 = 2 u ( r + δ + αδ) − 2 

( γ − βc ) 
2 

q 1 −α
√ 

u . (50)

4 β − θ2 
.3. Stability analysis of the interior steady state 

We investigate the stability properties of the interior steady

tate. The Jacobian of the canonical system 

˙ q = q −α
√ 

u − δq, 

˙ 
 = 2 u ( r + δ + αδ) − q 1 −α 2 ( γ − βc ) 

2 

4 β − θ2 

√ 

u , 

s 

 = 

⎡ 

⎢ ⎢ ⎣ 

−αq −1 −α
√ 

u − δ
1 

2 
√ 

u 
q −α

−( 1 −α) q −α 2 ( γ −βc ) 
2 

4 β−θ2 

√ 

u 2 ( r + δ + αδ) − q 1 −α ( γ − βc ) 
2 (

4 β − θ2 
)√ 

u 

⎤ 

⎥ ⎥ ⎦ 

, 

(51) 

ith the determinant 

et J = − 2 α( r + δ + αδ) q −1 −α
√ 

u − 2 δ( r + δ + αδ) 

+ q 1 −α δ( γ − βc ) 
2 (

4 β − θ2 
)√ 

u 

+ 

( γ − βc ) 
2 

4 β − θ2 
q −2 α. 

or the positive steady state (33) and (34) , we have 

et J = −2 δα( r + δ + αδ) < 0 . 

ence, the interior steady state is a saddle point. 

.4. Proof of Proposition 6 

(a) First we investigate the effect of γ : 

∂ ̂  q 

∂γ
= 

γ − βc 

α
(
δ( r + δ + αδ) 

(
4 β − θ2 

))
×
( 

( γ − βc ) 
2 

δ( r + δ + αδ) 
(
4 β − θ2 

)
) 

1 
2 α −1 

> 0 , 

∂ ̂  u 

∂γ
= 

2 ( 1 + α) ( γ − βc ) δ2 

α
(
δ( r + δ + αδ) 

(
4 β − θ2 

))
×
( 

( γ − βc ) 
2 

δ( r + δ + αδ) 
(
4 β − θ2 

)
) 

1 
α

> 0 , 

here the sign follows from (47) . 

(b) Next we consider the effect of θ : 

∂ ̂  q 

∂θ
= 

( γ − βc ) 
2 θ

αδ( r + δ + αδ) 
(
4 β − θ2 

)2 

×
( 

( γ − βc ) 
2 

δ( r + δ + αδ) 
(
4 β − θ2 

)
) 

1 
2 α −1 

> 0 , 

∂ ̂  u 

∂θ
= 

2 ( 1 + α) δ2 ( γ − βc ) 
2 θ

αδ( r + δ + αδ) 
(
4 β − θ2 

)2 

×
( 

( γ − βc ) 
2 

δ( r + δ + αδ) 
(
4 β − θ2 

)
) 

1 
α

> 0 . 

(c) The next parameter we analyze is β: 

∂ ̂  q 

∂β
= 

2 c 

α

( γ − βc ) 

δ( r + δ + αδ) 

θ2 

2 
− γ

c 
− β(

4 β − θ2 
)2 

×
( 

( γ − βc ) 
2 

δ( r + δ + αδ) 
(
4 β − θ2 

)
) 

1 
2 α −1 

, 



10 0 0 R.Y. Chenavaz, G. Feichtinger and R.F. Hartl et al. / European Journal of Operational Research 284 (2020) 990–1001 

 

 

 

 

 

 

C  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

C  

 

C  

C  

D  

D  

 

D  

D  

E  

 

E  

 

 

 

E  

F  

F  

 

F  

 

F  

G  

 

H  

H  

H  

 

H  

J  

 

J  

J  

K  

K  

L  

M  

 

 

N  

 

P  

 

 

S  

 

 

T  

 

∂ ̂  u 

∂β
= 4 cδ2 1 + α

α

( γ − βc ) 

δ( r + δ + αδ) 

θ2 

2 
− γ

c 
− β(

4 β − θ2 
)2 

×
( 

( γ − βc ) 
2 

δ( r + δ + αδ) 
(
4 β − θ2 

)
) 

1 
α

, 

from which we obtain that it depends on the sign of θ2 

2 − γ
c − β

whether an increase of β will lead to higher quality investments

or not. 

(d) The next parameter to be investigated is c : 

∂ ̂  q 

∂c 
= − β( γ − βc ) 

αδ( r + δ + αδ) 
(
4 β − θ2 

)
×
( 

( γ − βc ) 
2 

δ( r + δ + αδ) 
(
4 β − θ2 

)
) 

1 
2 α −1 

< 0 , 

∂ ̂  u 

∂c 
= − 2 ( 1 + α) β( γ − βc ) δ

α( r + δ + αδ) 
(
4 β − θ2 

)
×
( 

( γ − βc ) 
2 

δ( r + δ + αδ) 
(
4 β − θ2 

)
) 

1 
α

< 0 . 

(e) Finally, we consider δ: 

∂ ̂  q 

∂δ
= − ( γ − βc ) 

2 
( r + 2 δ + 2 αδ) 

2 α( δ( r + δ + αδ) ) 
2 
(
4 β − θ2 

)
×
( 

( γ − βc ) 
2 

δ( r + δ + αδ) 
(
4 β − θ2 

)
) 

1 
2 α −1 

< 0 , 

∂ ̂  u 

∂δ
= −

( 

( γ − βc ) 
2 

δ( r + δ + αδ) 
(
4 β − θ2 

)
) 

1 
α

( γ − βc ) 
2 

× r + 2 δ + ( 2 δ − r ) α

α( r + δ + αδ) 
2 
(
4 β − θ2 

) . 

This completes the proof. 
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