European Journal of Operational Research 284 (2020) 990-1001

journal homepage: www.elsevier.com/locate/ejor

Contents lists available at ScienceDirect

European Journal of Operational Research

=

IROPEAN . OURNAL OF

U
PERATIONAL | ESEARCH

Decision Support

Modeling the impact of product quality on dynamic pricing and N

advertising policies™

Check for
| updates

Régis Y. Chenavaz®*, Gustav Feichtinger®, Richard F. HartlP, Peter M. Kort®

2 Kedge Business School, Economics and Finance, Rue Antoine Bourdelle, Domaine de Luminy, BP921, Marseille Cedex 9 13288, France

b University of Wiena, Oskar-Morgenstern-Platz 1, A-1090 Vienna, Austria
¢ Tilburg University, Warandelaan 2, 5037 AB Tilburg, The Netherlands

ARTICLE INFO ABSTRACT

Article history:

Received 28 February 2019
Accepted 15 January 2020
Available online 28 January 2020

Keywords:

Price-advertising-quality relationship
Dynamic pricing

Dynamic advertising

Marketing mix

Condition of Dorfman-Steiner

The marketing-mix of price-quality and advertising-quality relationship is well studied. Less understood
is the price-advertising-quality relationship. This article fills the gap, investigating the interplay be-
tween price, advertising, and quality in an optimal control model. Our results generalize the condition
of Dorfman-Steiner in a dynamic context. Also, they point to the impact of greater product quality on
the dynamic policies of pricing and advertising. Furthermore, a phase diagram analysis shows that qual-
ity develops monotonically in time and converges to a unique steady state. We also show that quality
investment could either decrease or increase over time but this depends on its effectiveness. Our results
spot the profitable opportunities of a firm managing a more complex marketing-mix.

© 2020 Elsevier B.V. All rights reserved.

1. Introduction

The marketing-mix of the price-quality and advertising—quality
relationships have been extensively studied. Surveys in dynamic
pricing (Chen & Chen, 2015; Den Boer, 2015; Elmaghraby &
Keskinocak, 2003) and in dynamic advertising (Erickson, 1995;
Feichtinger, Hartl, & Sethi, 1994; Huang, Leng, & Liang, 2012;
Jorgensen & Zaccour, 2014; Sethi, 1977) reveal the separate analysis
of both relationships in prior research. In practice though, recent
media claims recall that firms need to manage altogether (oppos-
ing two-by-two) price, advertising, and quality. For instance, this
marketing-mix concern arises for the American telecom industry
with AT&T (Flint, 2019, The Wall Street Journal) and also in the
vanilla industry of Madagascar (Board, 2019, The Economist). Even
for the hypothetical market of driverless car, which interests classi-
cal automotive groups such as PSA - program Autonomous Vehicle
for All - and new entrants like Google - program Waymo, there
is a discussion about the simultaneous setting of price, advertis-
ing, and quality (Nuttall, 2019, Financial Times). Despite its practical
relevance, the price-advertising-quality relationship has received
little attention by scholars so far, as attested by the influential
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textbooks of Dockner, Jorgenssen, Long, and Gerhard (2000) and
Jorgensen and Zaccour (2012). This article bridges the gap, of-
fering a theoretical foundation of the price-advertising-quality
relationship and of the impact of quality on dynamic pricing and
advertising policies.

In this article, we investigate the joint dynamic pricing, adver-
tising, and quality investment policies, focusing on the conditions
under which greater quality drives higher or lower price and ad-
vertisement. We propose an optimal control model coping with the
following elements: a firm sets pricing, advertising, and quality in-
vestment policies over time. Consumers are sensitive to price, ad-
vertisement and product quality; quality is costly to produce for
the firm. The preferences of consumers and the organization of
the firm are tied to the dynamics of demand and supply, which,
in turn, are linked to the dynamic pricing, advertising, and qual-
ity investment policies. Literature on marketing-mix with dynamic
pricing, advertising, and quality thus informs this research.

The closest articles to our research are Chenavaz (2017a) and
Chenavaz and Jasimuddin (2017), which consider the impact of
quality on price and on advertising, respectively. Considering
jointly the price-quality and advertising-quality relationships, we
show how advertisement affects the price-quality relationship and
how price changes the advertising-quality relationship. In their
vein, we offer structural (opposing parametric) results, enabling to
solve the monopolist’s dynamic behavior problem under the most
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general demand formulation, which accounts for nonlinearities and
dynamics in response to quality changes.

Our main results are as follows. First, we generalize the condi-
tion of Dorfman and Steiner (1954) in a dynamic context, stress-
ing the profit-maximizing conditions for the price-advertising,
price-quality, and advertising-quality relationships. Second, we de-
velop the pricing-advertising—-quality relationship, examining the
conditions under which better quality triggers higher or lower
price and advertisement. Third, a phase diagram analysis learns
that quality develops monotonically in time and converges to a
unique steady state. We also show that quality investment could
either decrease or increase over time but this depends on its ef-
fectiveness. Such results foster the understanding of more com-
plex marketing-mix opportunities, enhancing the profitability of
the firm.

The paper is organized as follows. Section 2 presents the
related contributions. Section 3 develops the model, whereas
Section 4 generalized the rules of Dorfman-Steiner to a dynamic
context. Section 5 studies the impact of quality on dynamic pricing
and advertising. Section 6 computes the optimal trajectories using
a phase plane analysis, and Section 7 concludes.

2. Related contributions

Dynamic marketing-mix research provide numerous related
contributions. Such contributions focusing on dynamic pricing, ad-
vertising, and product quality, are regularly surveyed. Some of
these surveys focus on pricing (Dockner et al., 2000; Jargensen
& Zaccour, 2012; Den Boer, 2015) and others on advertising
(Feichtinger et al., 1994; Bagwell, 2007; Huang et al., 2012;
Jorgensen & Zaccour, 2014). More specific literature pointers have
been provided recently for the price-quality relationship (Chenavaz
2017a; Voros, 2019; Ni & Li, 2019) and for the advertising—quality
relationship (Chenavaz & Jasimuddin, 2017).

We now briefly review research using optimal control, which
provide elements about the relationships between price, quality,
and advertising. Table 1 presents in chronological order some of
the main optimal control models discussed below. The table helps
to understand the distinguishing mathematical formulation and
managerial interests in the literature, and thus the positioning of
our research.

Price and advertising are examined together by Piga
(2000) with a model of sticky prices with advertising, Helmes,
Schlosser, and Weber (2013) with oligopolistic strategies, and
Schlosser (2017) the stochastic element at the demand side. An
entertainment event is investigated by Jargensen, Kort, and Zaccour
(2009), a marketing channel by Amrouche, Martin-Herran, and
Zaccour (2008), and product diffusion by Helmes and Schlosser
(2015).

Price and quality are jointly studied as follows: Voros (2006),
Chenavaz (2011, 2012), and Vo6ros (2013) consider improvement in
productivity. Teng and Thompson (1996) and Mukhopadhyay and
Kouvelis (1997) look at the joint dynamic pricing and quality poli-
cies, where quality is chosen by the firm. Reference effects are
considered by Gavious and Lowengart (2012), Xue, Zhang, Tang,
and Dai (2017), Chenavaz and Paraschiv (2018), and product re-
turns by De Giovanni and Zaccour (2020). The conditions deter-
mining when a product better quality is more or less expensive
are studied in Chenavaz (2017a), and generalized through the in-
troduction of goodwill by Ni and Li (2019) and through the salvage
value by Vords (2019). The joint effects of price and quality invest-
ment are also considered when there is a potential competitor (Ha,
Long, & Nasiry, 2015), when there exists risk-averse attitude (Xie,
Yue, Wang, & Lai, 2011), and with the addition of a new channel in
a supply chain (Chen, Liang, Yao, & Sun, 2017). Eventually, Karaer

and Erhun (2015) and Cui (2019) analyze the role of product qual-
ity and pricing in preventing market entrant.

Advertising and quality are jointly analyzed in the following
contributions. Colombo and Lambertini (2003) look at product
differentiation. El Ouardighi, Feichtinger, Grass, Hartl, and Kort
(2016a,b) focus the role of word of mouth. More recently, Chenavaz
and Jasimuddin (2017) investigate when a product of better quality
increases or decreases advertising. In this last research, and close
to our contribution, price is assumed to be given by an inverse
demand function (see Table 1), that is price is not directly con-
trolled by the firm. In practice though, the firm, which differen-
tiates its product by leveraging the quality and advertising levels,
has also some freedom in price setting. There it has to take into ac-
count that setting the price in turn affects the advertising-quality
relationship (Chenavaz & Jasimuddin, 2017), which generalize to
a price-advertising-quality relationship (this article). Also, from a
conceptual point of view, Chenavaz and Jasimuddin (2017) proves
Tellis and Fornell’s (1988) conjecture about the advertising-quality
relationship, whereas this article generalizes Dorfman and Steiner’s
(1954) condition to a dynamic situation.

Only few contributions combine pricing, advertising, and qual-
ity, opposing tow by two. In this respect Fruchter (2009) looks
at decisions of price and advertising with perceived quality, in-
troducing a psychological element. Caulkins et al. (2015) analyze
history dependence with experience quality. Recently, Ni and Li
(2019) consider the carry-over effect role of goodwill in the price-
quality relationship, without investigating the price-advertising—
quality relationship. Also, as it appears in Table 1, most approaches
remain parametric, offering stronger, but less general results.

To the best of our knowledge, no research examine both the
price-advertising-quality relationship explicitly, that is with price,
advertising, and quality being all control or state variables and
with general (structural) formulations for both the demand func-
tion and state dynamics, imposing only little restriction on the re-
lationships among the variables. In this article, we bridge the gap
providing an optimal control model, which simultaneously address
these two points. Our results offer a deeper understanding of the
price-advertising-quality relationship in a general framework.

3. Model formulation
3.1. Model development

The intertemporal behavior of a monopolist is modeled in an
optimal control setting. The planning horizon is infinite and the
time ¢t € [0, oco) is continuous.

3.1.1. Quality

At each time t, the firm chooses the level of quality investment
u(t) e R4 that improves product quality q(t) € R;. Thus, invest-
ment in quality u(t) is a decision (or control) variable and qual-
ity q(t) is a state variable. In other words, quality is modeled as a
system state.

The quality dynamics evolve according to

q(t) = K(u(t). q(t)) with q(0) = qo. (1)

where K : R2 — R, is twice continuously differentiable.! The in-
tegration of (1) yields the cumulative level of quality q(t) = qo +
fot K(u(s), q(s))ds. To simplify presentation, we shall omit the ar-
guments from the functions whenever there is no confusion, espe-
cially the temporal argument t.

T The notations z and z state for the time derivative of z and the first order
derivative of z with respect to x; the notations zy and z,, denote the second order
derivative of z with respect to x and the cross derivative of z with respect to x
and y.
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Table 1

Selected optimal control models of price, advertising, and quality.

References

System dynamics

Main contributions

Teng and Thompson (1996)

Piga (2000)
Fruchter (2009)

Caulkins et al. (2011)

Gavious and Lowengart (2012)
Chenavaz (2012)

Caulkins et al. (2015)
Feng, Zhang, and Tang (2015)
El Ouardighi et al. (2016a)

El Ouardighi, Feichtinger, Grass, Hartl, and Kort (2016b)

$=5(p.q.8)

p=sla+p3¥a;-3Q;—pl
G=ap+pa-3iq

G=a(Bp-G)

fq=B(q—r1q)

q=0Q(uq, q)

¢ =C(uc,c)

M = a/M?

—8(M — ap)(qmax — q) — BM

g=a-0g

i=—(a-pBp+yg-3di

p=c

S=a[f +als[(y —0s) —p] - 6s
G=u(1-q)

s={l(e+Ba)yg- B -] -s/M)

Show the different possible relationships between price p
and quality q

Integration of advertising in a sticky price duopoly

Focus on the impact of perceived quality and the pricing
and advertising policies

Investigate the pricing policy for conspicuous goods when
goodwill exerts influence

Role of reference quality in the pricing and quality policies
Show the impact of production cost and product quality on
the pricing policy

Role of market potential in the marketing-mix policy of
price, advertising, and quality

Role of goodwill and inventory dynamics in the
marketing-mix policy of price and advertising

Role of costly price adjustment on sales and advertising
policies

Role of quality improvement and advertising policies
investment on product diffusion

-[1-Q-38lis
Pan and Li (2016) G =1uq—dqq
¢=1uc—06cC
Chenavaz (2017a) G=0Q(u.q)
Chenavaz and Jasimuddin (2017) G=Q(u.q)
Chenavaz and Paraschiv (2018) F=B(p-r)
i=-D(p,r)
Vérds (2019) g=au
Ni and Li (2019) 4=Q(uq)
£=0G.q.9)

Role of process-product innovation on the pricing policy

Show why a product of better quality may be less expensive
Show when advertising increases or decreases with better
product quality

Show when the selling price increases or decreases with the
reference price for a general demand function

Differentiate between strategic and non-strategic quality in
the price-quality relationship

Role of advertising policy and goodwill in the price-quality
relationship

Notes. We use the following unified notations for the variables: a, advertising; ¢, production cost; D, demand; g, goodwill; i, inventory; M, market potential; g, product
quality; Q, output; r, reference price; s, sales; u, investment. Also, j is a firm index and «, B, y, § are positive parameters.

Investment in quality u increases quality g with diminishing re-
turns and quality decreases autonomously, capturing the aging of
technology.

Ky >0, Ky <0, K, < 0. 2)

These assumptions encompass the parametric instances q = u —
8q and ¢ = /u — 8q, with the constant rate of decay § >0, as in
Jorgensen and Zaccour (2012) and Xue et al. (2017).

3.1.2. Cost

The unitary production cost function C : R, — R is twice con-
tinuously differentiable and increases with quality q. Therefore the
cost is C = C(q) with

C, > 0. (3)

A similar cost formulation is used in Xue et al. (2017) and
De Giovanni and Zaccour (2020). The independence of cost to qual-
ity C; = 0 and the increase of cost with quality C; >0 describe, for
example, the software and hardware industries (Chenavaz, 2017a).

3.1.3. Demand

The firm decides at each time ¢ the price level p(t) € R, and
the advertising expense a(t) € Ry. Quality is defined here as a
search (or design) attribute, which is easily knowable by search and
for which consumers prefer more than less. The demand function
D:R3 — R, is twice continuously differentiable. The demand D
depends jointly on price p, advertising a, and quality g, that is
D=D(p,a,q).

Demand reduces with price. Demand rises with advertising
with diminishing returns. Demand increases with product quality.
It is more difficult to increase demand with more advertising and
better quality when price is high. There is a synergy phenomenon
between advertising and quality, that is, the impact of advertising

Table 2
Notations.
t = time,
r = interest rate,
p(t) = unit price at time t (control variable),
a(t) = advertising expense at time t (control variable),
u(t) = quality investment at time ¢ (control variable),
q(t) = product quality at time t (state variable),
q(t) =dq(t)/dt = K(u,q) = quality dynamics at time ¢,
A(t) = current-value adjoint variable at time ¢,
C(q) = unit production cost,
D(p, a, q) = demand,
w(p, a, u, q) =[p—-C(q)ID(p,a,q) —a—u = current profit,
H(p, a, u, q, A) = current-value Hamiltonian

(quality) on demand is greater with greater quality (advertising).
D, <0, Dg >0, Dgg <0, Dg >0, Dpg <0, Dpg <0, Dgg > 0. (4)

This general demand function places little restriction on the
way price, advertising, and quality affects demand. Indeed, this de-
mand function is compatible with the persuasive and informative
views (Bagwell, 2007; Chenavaz & Jasimuddin, 2017). The persua-
sive view posits that advertising changes consumer preferences;
the informative view supposes that advertising provides product
information. In each case, greater advertising boosts demand.

3.2. Model analysis

Table 2 defines the notations used in the model analysis.
The current profit 7 with values in R writes

w(p.a,u,q) =[p-C(@ID(p.a.q) —a—u. (5)

It appears now clearly that quality and advertising share similar
features, both stimulating demand and implying a cost. The essen-
tial differences are that (1) advertising directly implies a fixed cost
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a whereas quality indirectly creates a fixed cost via quality invest-
ment u and (2) quality also generates a variable cost C(q).

The firm maximizes the intertemporal profit (or total present
value of profit) by simultaneously finding the optimal trajecto-
ries of pricing, advertising, and quality investment over the plan-
ning horizon. The firm accounts for the quality dynamics and the
discount rate r € R;. Formally, the objective function of the firm
reads

R
r;}l]e}z(/() e " (p, a u, q)dt, (6)
subject to g = K(u, q), with q(0) = qo. (7)

The intertemporal profit maximization problem is solved with
the necessary and sufficient optimality conditions of Pontryagin’s
maximum principle. On this basis, the shadow price (or current-
value adjoint variable) A(t) represents the marginal value of quality
on the intertemporal profit at ¢, and the current-value Hamiltonian
H writes

H(p.a,u,q.A) =[p—-C(@ID(p.a.q) —a—u+ AK(u, q).

The current-value Hamiltonian H sums the current profit (p —
C)D —a —u and the future profit AK. As such, H measures the in-
tertemporal profit.

The maximum principle implies the dynamic of the shadow
price A:

A=rh—Hy=rk—[-CD+ (p—C)Dy + 1K,]. (8)

with the transversality condition for a free terminal state and infi-
nite terminal time tlim e "A(t) = 0.
—00
The intertemporal value at time t of a marginal increase in
quality q is given by the integration of (8) with the transversality
condition, computing

At) = /too e (=/Kdi)@=01(p _ C)D, — C,D]d, 9)

where we abuse the
S22 Kq(u(p), q(w))du.

Assuming the existence of an interior solution for advertising
and investment in quality, the monopolist maximizes the intertem-
poral profit H if and only if p, a, and u satisfy the necessary first-
order conditions:

notation by denoting [Kqdu for

Hp:O:>D+(p*C)Dp:0, (10a)

Hy=0= (p—C)Dg—1=0, (10b)
1

Ho=0=K,— 5 =0. (10¢)

Asterisk denoting optimality, let p*(a, u) be the price that ver-
ifies (10a). This price maximizes the intertemporal profit of any
levels of advertising and quality investment. Similarly, a*(p, u) and
u*(p, a) denote the advertising rate satisfying (10b) and (10c); they
maximize the intertemporal profit for any level of price and qual-
ity investment and for any level of price and advertising. The maxi-
mum of the intertemporal profit is achieved when the firm chooses
together a price, advertising, and quality investment triple such
that (p*, a*,u*) = (p*(a*, u*), a*(p*, u*), u*(p*, a*)). We omit now
the asterisk notation, all equations referring to the optimal solu-
tion if not otherwise stated.

For the necessary first order conditions on H (10a)-(10c) to
yield a maximizing solution, assuming its existence, a sufficient

second order condition is the concavity of H. H is concave if and
only if the Hessian matrix is semi-negative definite, that is?

Hpp <0, (11a)
H, H,

w0, (11b)
Hap Haa
HIJP Hpa HPU
Hap Haq Hay| <0, (11C)
Hup Hya  Hu
with
Hpp = 2Dy — (p — C)Dyp, (12a)
Haa = (p - C)Dua, (12b)
Huu = MKuu, (12¢)
Hpg = Hap = Dg + (p — C)Dpq, (12d)
Hpu = Hyp =0, (12e)
Hau = Hua =0. (]Zf)

Recall that H builds on functions all assumed to be twice con-
tinuously differentiable. Therefore, all partial derivatives of H are
themselves differentiable, and Schwarz’s theorem applies (H;; = Hj;
for all i, j=p,a,u,q).

Eq. (12e) states that in the intertemporal profit H there are no
interaction effects between price and investment in quality. Sim-
ilarly, Eq. (12f) implies that with respect to H there are also no
interaction effects between advertising and quality investment.

Substituting (10a) into (12a) and recalling (11a) implies

2-pP» -0, (13)
Dy
which dictates that D cannot be too convex in p in the sense that
the second order derivative of D with respect to p cannot be too
large. Such an assumption has been widely used in the literature
(see for example Kalish, 1983; Dockner et al., 2000; Vords, 2006;
2019;Chenavaz, 2012; 2017b; Jergensen and Zaccour, 2012; and Ni
& Li, 2019).

Substituting (10b) into (12b) and recalling (11a) and (11b)
implies

—-—— >0, (14)

which is verified because of (4).
Conditions (11a)-(11c) together imply that AK,, <0, which, to-
gether with (2), leads to

A() >0, Vtel0,00), (15)

meaning that greater quality always increases the intertemporal
profit.

4. Generalizing the rules of Dorfman-Steiner

In this section, we generalize the static rules of Dorfman and
Steiner (1954) in a dynamic context, looking at the dynamic price-
advertising—quality relationship. The rules of Dorfman and Steiner
(1954) have to be verified for levels of price and advertising to be
candidate as optimal values. As such, these rules provide a useful
benchmark against which potential price and advertising levels can
be evaluated.

2 1If all inequalities hold strictly, the Hessian matrix is strictly negative definite, H
is strictly concave, and the solution is unique.
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We first posit elasticity notations. Let np = —Dp% be the price
elasticity of demand, 1, =Dq§ the advertising elasticity of de-
mand, and nq = Dq% the quality elasticity of demand.

Conditions (10a) and (10b) imply p—C = —D—Dp and p—C= ..
From these equalities and (9), we obtain that

DD, + D, =0, (16a)
_ [T p-tkp@-vp( Nap _dC

A(t)_/[ e D(npq ) (16b)
_ [T etk (Ng@ _dC

X(t)_/[ e (naq 2D )dr. (16¢)

Eq. (16a) assembles the first-order conditions on price and ad-
vertising. Egs. (16b) and (16c) measure the future profit at t of an
additional unit of quality in terms of (1) price and quality effects
and (2) advertising and quality effects.

4.1. Dorfman-Steiner’s rules if future quality matters

Proposition 1. For a general demand function D = D(p,a, q), the
price-advertising, price—quality, and advertising-quality relationships
are characterized by

a:na

=7, (17a)
p
Tl j% (17D)
p
%g > Z—ZD, (17¢)
a

in which (17a) is a necessary and sufficient condition and (17b)-(17c)
are not necessary but sufficient conditions.

Proof. See Appendix B.1. O

Equality (17a) represents what is well-known as the condition
of Dorfman and Steiner (1954). This condition stipulates that price
and advertising are such that the ratio of advertising to revenue
equals the ratio of elasticities of demand with respect to advertis-
ing and price. Inequalities (17b) and (17c) represent sufficient con-
ditions. Inequality (17b) states that price and quality are such that
the increase in the price that consumers are willing to pay after
a quality increase exceeds the unit increase in the cost of qual-
ity. Inequality (17c) exposes that advertising and quality are such
that the adjustment in advertising following a quality increase out-
weighs the total increase in the cost of quality. For exhaustiveness,
we derive the three conditions of Dorfman and Steiner (1954) and
compare them with our results in Appendix A.

The classical condition of Dorfman-Steiner (17a) is robust in our
dynamic setting where the firm considers future quality. We revisit
now this condition by explicitly showing the dependence of the
dynamics of price, quality, and advertising.

4.2. Dorfman-Steiner’s condition in dynamics

The condition of Dorfman-Steiner in (17a) provides the static
pricing-advertising condition. Proposition 1 shows that this con-
dition holds in a dynamic setting in which the future impact of
quality is considered by the firm. Note that this static condition
does not directly accounts for product quality. Though this condi-
tion must hold during the whole planning period, on which the
firm has an optimal behavior. At the optimum, if quality changes,

then marginal revenue variations balance marginal cost variations.
Such variations in quality also generate variations in pricing and
advertising. The link between the dynamics of pricing and adver-
tising on the one side and quality on the other side becomes ex-
plicit with the following proposition:

Proposition 2. For a general demand function D = D(p, a, q), the dy-
namics of the condition of Dorfman-Steiner (17a) is characterized by

p| =DyDq —DDgp —Dpy | +d| —D2 —DDgg —Dpa
N e N e N e’ N — o —

N——
+ + + - + +

= (| DaDg +DDgg +Dpq |- (18)
N N e e’
+ + -

Proof. See Appendix B.2. O

Proposition 2 quantifies the link between the dynamics of
price and advertising and the dynamics of quality when the
condition of Dorfman-Steiner (17a) is verified. In other words,
Proposition 2 stresses the role of quality within the condition
of Dorfman-Steiner, which focuses on the pricing-advertising
relationship.

Eqg. (18) is undetermined as the system state, quality, is known,
and the controls, price and advertising, are unknown. Still, this
proposition provides some insights on the consequences of qual-
ity variation on the level of price and advertisement. It shows that
quality impacts both pricing and advertising in an additive separa-
ble manner and it measures the linkage between the impacts on
price and advertising.

The signs of the three parentheses in Proposition 2 are un-
known. Therefore, when quality increases, price and advertising
may both increase or decrease together, or the one may increase
while the other decreases. If advertising is constant, price may in-
crease or decrease after a quality increase. Similarly, if price is con-
stant, advertising may raise or fall following better quality.

5. Quality impact on dynamic pricing and advertising

In this section we examine the impact of better quality on price
and advertising policies, when the rules of Dorfman and Steiner
(1954) studied in the previous section apply. The optimal pricing
and advertising policies have to hold at any time of the planning
period. Thus, we consider the time derivative of (10a) and (10b).
Rearranging terms offers

pI2Dp + (p — C)Dypp] + A[Dq + (p — C)Dpa]

= {[-Dq — (p — C)Dpq + C4Dp]. (19a)
p[Da + (P - C)Dap] + a[(p - C)Daa]
= ([~ (p — C)Dqq + GgDa]- (19b)

Recall Hpp, Haq, and Hpg from (12a), (12b), and (12d) and
observe Hpq=—CqDp+ (p—C)Dpg+Dg and Hgqg = —CqDg + (p —
C)Dqq. By identification, the precedent equations synthesize to

PHpp + @Hpa = —GHpq. (20a)

(20b)

Eqgs. (19a) and (19b) express the impact of quality on price and
advertising at the highest structural level. The dynamics of the
control variables p and a appear on the left hand-side and the dy-
namics of the state variable ¢ show on the right hand-side. Fur-
ther, investment in quality u plays no direct role in the dynamics

pHup + C.lHaa = _qHaq-
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Table 3
Synthesized marketing-mix implications of Proposition 3.
Case Condition Implication
1 —HyqHy + HigHyy > 0 sign k = sign ¢
2 —HyqHy +HgHy < 0 sign k = — sign ¢
3 —HyqHy + HigHyy = 0 sign k = unknown

Notes. Indexes k,l = p,a and k#1.

of price and advertising; investment plays only an indirect role via
quality determination, as imposed by (10c).

Recall Hgp = Hpq and define Hy = HppHaq — (Hpa)?. Note Hy >0
because of (11b). If H, = 0, then the dynamics of p and a are un-
known. If H, >0, then the dynamics of p and a are characterized
as follows.

Proposition 3. For a general demand function D =D(p,a,q), the
impact of increased quality on the dynamics of price and advertising
is given by

p= —HpqHaa + HagHpa G d= —HagHpp + HpgHap q.
H, H,
where H, > 0.

Proof. See Appendix B.3. O

The dynamic pricing and advertising policies given by
Proposition 3 are symmetrical since Hgp = Hpq. Therefore, a syn-
thetic rule writes

_ —HyHy + HgHy
e

for which the marketing-mix implications are synthesized in
Table 3.

Results in Proposition 3 synthesized in Table 3 have the fol-
lowing interpretations. On the one hand, the firm is better off
when price and advertising expense increase with quality, provided
—HyqHy + HigHyy > 0 with k,I=p,a and k#I (Case 1). In Case 1,
price and advertising are complementary to quality. On the other
hand, if —Hy,Hy + HjqHjy < 0 (Case 2), then the firm makes higher
profit by decreasing price and advertising effort after a quality in-
crease. In Case 2, price and advertising are substitute to quality. Fi-
nally, if —HyqHy + HjqHjy = 0 (Case 3), the firm adopts pricing and
advertising schemes for which the evolution is not tied to quality
dynamics. In Case 3, price and advertising are independent from
quality.

Further, Proposition 3 implicitly posits that the dynamics of
price and the dynamics of advertising may not be inferred from
each other. In other words, knowledge of price or advertising dy-
namics constitutes no signal for advertising or price dynamics
respectively.

k g with k,I = p,a and k # 1,

6. Computation of the optimal trajectories

We start out with analyzing our deterministic model. After-
wards, we provide an extension where the horizon date, T, is finite
and stochastic.

6.1. Analysis of the deterministic model

We analyze the model (6) and (7) presented in Section 2 with
profit function (5), namely

max [ " e 1(p - C@D(p.a.q) - a-uld, (21)
subject to ¢ =K(u,q), with q(0) = qo, (22)

employing a two-step approach since the “static” controls a and p,
do not enter the state dynamics.
In Step 1 we maximize the integrand

m(p,a,u,q) = (p-C(q)D(p.a,q) —a—u

with respect to the “static” controls a and p, yielding an optimal
profit function

U, q) = nﬁ)xrr(p, a,u,q),
and optimal control functions p(q) and a(q). Then, in Step 2, we
solve an optimal control problem with state variable g and one

control variable u. This optimal control problem can be expressed
as

max [~ e [(p(@) - C@)D(p(@). a(@).0) - a(@) — uld,
subject to ¢ = K(u, q), with q(0) = qq,

In order to solve this problem, we use the following specifica-
tions. First, we employ the linear demand function

D(p.a,q) = yq+0va—Bp. (23)
We also assume that C(q) is linear, i.e.,
C(q) =cq. (24)

Furthermore, we impose that
Ku,q)=q*J/u-38q, «a=>0. (25)

The motivation for expression (25) is as follows: first, note that
o > 0 reflects the fact that it is more difficult to increase quality
if quality is already high. Second, we introduce the term /u, be-
cause now the control variable u enters the problem in a nonlinear
and concave way.

The next proposition summarizes the results of Step 1.
Proposition 4. Under the condition

02

> 26

> 2 (26)
price and advertising depend on quality in the following way:

(28-60%)c+2y

p(@) = gz (27)
(0w -89\
a(q) = (4,392> q-. (28)
Price increases in quality, if
2
-1, (29)

whereas advertising always increases with quality.
Demand is proportional to quality:

2
D= 4’37_'892(3/ - Bo)g,

which is positive, if
y —Bc > 0. (30)
Proof. See Appendix C1. O

Having determined the functions forms of p(q) and a(q), we are
ready to analyze the optimal control problem of Step 2. After some
straightforward calculations, the Step 2 problem becomes

max/ao e "[T1(q) — u]dt, (31)
v Jo

subject to ¢ =q%Vu —4q, (32)
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In Appendix C.2, we use the necessary optimality conditions for
this optimal control problem to obtain the canonical system in the
state-control plane:

d=q*Ju-4q,
o 2(y — Bo)’

It follows that there are two steady states, namely q =u =0,
and a unique positive one:

u=2u(r+8+ad)—q

. (y - Bo)’
= \srro+a0)(ap—07)) 33)
5 L

S(r+d +ot8)(4,3 —02)

In Appendix C.3, we investigate the stability properties of the
interior steady state (33) and (34), where we conclude that it is a
saddle point.

The two isoclines (relevant for the interior equilibrium) are

G=0: u=(8q)% (35)

(y - o)’
(r+8+ad)(4p - 0?)

For 0 <o <1 the u =0 isocline is upward sloping in the (q, u)
plane, while it is downward sloping for « > 1. In the hairline case
o =1 it is horizontal.

In Fig. 1 we depict the case of a large o > 1, where the sad-
dle point path is downward sloping just as the i = 0 isocline. For
low quality, high quality investments are undertaken in order to
improve it quickly.

In Fig. 2 we show the case of a small o <1, where the saddle
point path is upward sloping and so is the it = 0 isocline. For low
quality, also low quality investments are undertaken and quality
increases anyway.

Fig. 3 represents the hairline case of o =1, where the saddle
point path is horizontal just like the 1 =0 isocline. Quality in-
vestments are constant and do not depend on the current level of
quality.

To explain the qualitative differences between the three solu-
tions, consider Fig. 4. From this figure we conclude that for « > 1,

1=0: 1o, (36)

Fig. 3. Horizontal for o = 1.

A

. .
T
0 1 2 3 4 5

Fig. 4. The effectiveness of quality investment q~%, for & <1 (dashed), @ = 1 (solid),
and o > 1 (dotted).

quality investment is most effective when quality is small. This ex-
plains that quality investments decrease when quality goes up in
Fig. 1. For o <1, however, quality investment is relatively more ef-
fective when quality is large. This explains that quality investments
increase when quality goes up in Fig. 2.

6.2. Stochastic extension

Up to now, we had an infinite horizon. However, we are well
aware of the fact that the life cycle of a product is usually finite.
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Moreover, it is hard to say beforehand when the economic life of a
product stops. For instance, it could be that there is some drastic
product innovation by some competitor making the current prod-
uct obsolete. To model this we impose that the life time of the
product, which we denote byT, is stochastic. Taking this into ac-
count, we reformulate the objective of the problem as follows:

T
maxE; / e[(p - C(q))D(p. a.q) —a — uld,
p.au 0

with Er denoting the expectation operator with respect to T. As-
suming an exponential distribution with parameter p >0 for T,
like in, e.g., Caulkins et al. (2011), the objective can ultimately be
rewritten into

max/o e~ P (p - C(q))D(p.a,q) — a — u]dt.

p.au

We conclude that now the complete problem looks as follows:

max [ e[ (p~ C(@)D(p.0.q) —a— ulde. (37)
au Jo
subject to ¢ = K(u, q), with q(0) = qo. (38)

Comparing the problem (37) and (38) with the problem
(21) and (22) shows that they are equivalent except that in the
problem (37) and (38) the discount rate has increased by the rate
p, which makes the firm more myopic. From (35) and (36) we see
that the g = 0 isocline is not affected by a change in the discount
rate, while the it = 0 isocline moves downward if the discount rate
becomes larger. This results in less quality investments and a lower
long run quality level. We summarize these results as follows:

Proposition 5. (a) If the end of the life cycle of a product is finite and
exponentially distributed with parameter p, the problem is equivalent
to the original infinite horizon problem with the discount rate, r, being
increased by p.

(b) A larger value of r and/or p results in less quality investments
and a lower long run quality level.

6.3. Comparative statics

After having established how the long run equilibrium is af-
fected by the discount rate r, namely
a4 ol
F <0, a3 <0,

we now investigate the effect of some other parameters. The re-
sults are summarized in the following proposition.

Proposition 6. (a) First we investigate the effect of y, which mea-

sures the effect of quality on the market potential:

04 ot

_ > _ >

dy Iy
(b) Next we consider the effect of 6, which measures the effect of

advertising on the market potential:

a4 ot

(c) The next parameter we analyze is B, which is the slope of the
demand function:

o (55) = (as) (7 1)

(d) The next parameter to be investigated is c, being the unit cost
that positively depends on quality:
a4 ol
1 s
ac T dc

0.

<0.

(e) If the depreciation rate of quality, 8, increases, the long run
optimal level of quality and quality investment react as follows:

9 _, o0 _ (v = Bo)’

T8 8(r+5+ad)(4p - 62
N r+28+ (28 -na
a(r+8+ad)* (4 - 62)

Proof. See Appendix C4. O

(v — Bo)?
)

The first result (a) is that the firm invests more in quality, if the
effect of quality on the market potential is bigger. Concerning re-
sult (b), the intuition is that advertising becomes more effective, so
that the firm advertises more when 6 is larger. From our analysis
of Step 1, see (46), we have obtained that advertising and qual-
ity are complements. Hence the firm also invests more in quality.
According to result (c), the effect of the slope of the demand func-
tion, B, depends on the sign of % — ¥ — B. This is understand-
able, since from (29) we get that the same expression determines
whether price is increasing with quality or not. In particular we
obtain that if
0% y
5T B >0,
price is decreasing in quality. So, under this relationship we have
that an increase in 8 logically implies that the price is lower and
that the firm increases quality, which explains why an increase
in B results in a higher long run quality level and investment in
quality.

If ¢ increases, according to result (d) the unit cost increases
more with quality and therefore the firm is reluctant to invest in
quality too much. According to result (e), we first see that if the
depreciation rate is bigger, the long run optimal quality level will
be lower. It is less clear what happens with the investment level.
Two effects can be distinguished. First, if quality depreciated more,
quality investments are less profitable, and therefore the firm in-
vests less. Second, if quality depreciates more, the firm has to carry
out more replacement investment to keep quality at a reasonable
level. Hence, g—g can have either sign. If & <1, or 2§ >r, then the
first effect dominates, i.e., 5% < 0.

7. Conclusion

In this research, we proposed a comprehensive, dynamic mod-
eling of price, advertising, and quality. The model is comprehen-
sive, yet with no sacrifice of generality, as it permits general (struc-
tural) functional forms for the cost and the relationships between
the marketing-mix variables at the demand level. On the basis of
an optimal control model, we offer analytic results. First, we gen-
eralize the classical condition of Dorfman and Steiner (1954) to a
dynamic context. Second, we provide the conditions along which
pricing and advertising strategies are aligned with or opposed
to quality improvement. These results help better understand the
profitable opportunities of the firm. Third, we obtain that quality
monotonically converges to a unique and positive steady state. On
this time path quality investment can either be increasing or de-
creasing, depending on how its effectiveness depends on the qual-
ity level itself.

Our research on the price-advertising-quality relationship may
be expanded into several ways. We could investigate a carry-over
role for advertising, which may have a lasting effect through good-
will formation. Further, to better characterize the dynamic behav-
ior of quality cost, quality could be modeled as a control variable,
and quality cost as a state variable. This modeling strategy would
deepen our understanding of cost dynamics, and its link to pric-
ing and advertising. Also, we may integrate temporal effects, such
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as fashion effects, in the demand function, which would also de-
pend directly on time. Eventually, profitable markets attract new
entrants, raising strategic issues. Consequently, it would be inter-
esting to model competition in our model. Such extensions will
allow to discuss the relationship between price, advertising, and
quality in a more complete way; they are left for future research.

This article provides significant insights into the choice of
the managerial variables over time. The general rule of pricing-
advertising-quality relationship, which we present, expands prior
results and formulates in a novel way the demand- and supply-
sides of the marketing-mix. Such a formulation, in turn, yields a
more comprehensive understanding of interplay between price, ad-
vertising, and quality. Our theoretical foundation calls for further
research to obtain empirical validation.

Appendix A. The rules of Dorfman and Steiner (1954)

We present here the rules of Dorfman and Steiner (1954) as
derived from profit maximization. For brevity, second-order con-
ditions are supposed to hold. Recall 1, the (absolute) price elastic-
ity of demand, n, the advertising elasticity of demand, and 4 the
quality elasticity of demand.

A.1. The price-advertising relationship

The demand writes D=D(p,a) and the profit mw =[p-
C(q@)ID(p, a) — a. The first-order conditions 7p = 714 = 0 jointly im-
pose the rule of price-advertising

a Na
— =2 (39)
pD  np

The price-advertising rule is the most well-known rule in
Dorfman and Steiner (1954, Section 1). For instance, this rule is
recalled in the survey of Bagwell (2007, Section 4.1.1).

A.2. The price-quality relationship

The demand is D = D(p, q) and the profit 7 = [p — C(q)]D(p, q).
The first-order conditions mp = 14 = 0 in conjunction implicate the
rule of advertising-quality
ac _mgp. (40)
dg  npq

The price-quality rule originates in Dorfman and Steiner (1954,
Section 2). It appears later in Teng and Thompson (1996) and Lin
(2008).

A.3. The advertising-quality relationship

The demand is D=D(a,q) and the profit m =[p-
C(@)ID(a,q) —a, with p>C a constant. The first-order condi-
tions 7y = mg = 0 together dictate the rule of advertising-quality

dC _naa
dg  naq

The advertising—quality rule is not explicitly written in Dorfman
and Steiner (1954, Section 3). Also and to the best of our knowl-
edge, this rule has not been explicitly proposed in the litera-

ture. But the rule can be directly derived from the framework of
Dorfman and Steiner (1954) as above.

(41)

A.4. Comparison between Proposition 1 and the rules in Dorfman
and Steiner (1954)

For the sake of completeness, we compare Proposition 1 against
Dorfman and Steiner (1954). The famous condition of Dorfman and

Steiner (1954) in (39) characterizes the optimal policies of price
and advertising. More precisely, this condition describes the struc-
tural properties of these policies, linking the relative advertising
spending to the price and advertising elasticities of demand. This
condition has to hold for any couple of optimal price and adver-
tising policies, constituting a simple benchmark if the elasticities
hold constant. Also, numerous empirical studies have confirmed
the condition Dorfman and Steiner (1954) in different contexts.
Bagwell (2007) notes that this condition, though constraining, still
allows for freedom in the casual relationships between price and
advertising.

Dorfman and Steiner’s (1954)) rules (39)-(41) originate from
a static setting, whereas our rules (17a)-(17c) come from a dy-
namic setting. Simple comparison shows that their rules (with
strict equalities for any t over [0, co)) are a special case of our rules
(with weak inequalities over [t, oo)). More precisely, the equality
of the price-advertising rule (39) is robust in our dynamic setting,
but the equalities of the price-quality and advertising-quality rules
(40) and (41) do not hold strictly in our setting.

Two reasons explain the difference between the two sets of
rules. First, in our setting, quality is a result of quality investment
and there is no restrictive optimality condition with respect to
quality. In contrast, in Dorfman and Steiner (1954), quality is di-
rectly chosen by the firm and there is an optimality condition with
respect to quality. Our modeling thus benefits from more freedom.
Second, our modeling refers to a dynamic framework where the
firm invests to increase future quality that will drive future profit;
quality has a future value for the firm. In contrast, their modeling
is static and the firm has only interest in current profit; quality
has no future value for the firm. Though, our modeling still en-
ables the equalities (40) and (41) to apply. In fact, these inequali-
ties hold (together) according to (16b) and (16c¢) if A =0, that is if
the future level of quality is of no interest for the firm maximiz-
ing the current intertemporal profit. In other words, if the firm be-
haves in a static way in the sense of considering only current profit
and disregarding future profit tied to future quality, then (17b) and
(17¢) reduce to (40) and (41). In a nutshell, rules (17a)-(17c) differ
from (39) to (41) because (1) quality results from investment and
(2) future quality matters.

Appendix B. Mathematical details of Sections 4 and 5
B1. Proof of Proposition 1

Substituting the elasticity notation in (16a) and rearranging
yields the necessary and sufficient condition (17a). Recalling from
(15) that future quality increases future profit, that is A(t) >0, to-
gether with the value of A(t) measured in (16b) and (16c) impli-
cates the sufficient conditions (17b) and (17c).
B2. Proof of Proposition 2

Differentiate with respect to time the condition of Dorfman-
Steiner as expressed in (16a).

B3. Proof of Proposition 3

Solve Egs. (20a) and (20b) with Cramer’s rule.
Appendix C. Mathematical details of Section 6
C.1. Proof of Proposition 4

Solving the Step 1 problem gives the first order conditions

Ty =yq+0va—-2Bp+ Bcqg=0, (42)
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p—cq
2./a
It is straightforward to check that the second order conditions

are satisfied (so that we indeed have developed conditions for a
maximum) if

g =06 -1=0. (43)

T ppTaq — ap >0,

which holds if and only if (26) holds. Otherwise, concavity is vio-
lated and unbounded solutions might emerge.
We can solve (43) and (42) to obtain

(28 -0%)c+2y
p(q) = W‘L

2
aq) = (W) q. (45)

From these expressions we get the dependence of price and ad-
vertising on quality,

(28-0%)c+2y

(44)

P@)=-— 5T
2
(@)= —2 4 _pog-o. (46)
(460

We conclude that price increases in quality, if (29) holds,
whereas it always holds that the firm advertises more if the prod-
uct quality is higher.

Substitution of (44) and (45) into (23) learns that demand is
proportional to quality, i.e.

2
D= —"—+(y -
4[3 — 02 (y IBC)qs
and we conclude that positive demand only arises if
- Bc>0, (47)

which completes the proof.

C.2. Derivation of the canonical system of the Step 2 problem

To solve the Step 2 optimal control problem (31) and (32), we
set up the Hamiltonian

2
He V=B ¢ —u+A(q%Vu-3q).

48 — 02
Maximizing H with respect to u gives
A =2q%Vu, (48)
whereas the co-state equation satisfies
(v - Bo)’
A=rr— qu — AKg. (49)

We now establish the optimal trajectories in a state-control
phase diagram (g, u). To do so, we first differentiate (48) with re-
spect to time, which leads to

h=2aq'u—28aq*Vu + q“%u.

This can be combined with (49) and (48) to obtain the u equa-
tion:

U=2ur+8+ad)—2 ()/’3 ’ng qi-“vu. (50)

C.3. Stability analysis of the interior steady state

999

We investigate the stability properties of the interior steady

state. The Jacobian of the canonical system

4=q""Vu-4q.

U=2u(r+86+ad)—

is
7aq*1*05\/778 Lq*a
J 2
T 2(r=B0) 1ea (¥ = BO)
(1-a)q 4502 Ju o 2(r+8+ad) (4/3 Gz)ﬁ
(51)

with the determinant
det] = —2a(r+68 + aa)q-l—“f 28(r + 8 +ad)
L 3 =B =B

(48 - 62)Vu 4ﬁ 62
For the positive steady state (33) and (34), we have
det] = —28a(r +6 + «d) < 0.

Hence, the interior steady state is a saddle point.

+q

CA4. Proof of Proposition 6

(a) First we investigate the effect of y:

94 _ y =B
Iy a(8(r+38+ad)(4p -6?))

5% o
>0,
S(r+8+ad)(4B-062)

o 201+ a)(y — o)’
I a(8(r+8+ad) (4B -62))

1

2 o
x (V - ﬂc) - 0,
8(r+8+ad)(4p - 6?)
where the sign follows from (47).
(b) Next we consider the effect of 9:

34 (y - Bo)’6
9 4s(r+5+as)(4p - 62)°

1

21:(7‘1
y (r = B0y’ o
8(r+8+ad)(4p - 6?) ’

2(1+)82(y - Bo)’f
ad(r+8+ad)(4p - 0?)°

QJ‘QJ
D =

) a
X (r = B9 > 0.
S(r+8+ad)(4p - 62)
(c) The next parameter we analyze is 8:
9 _2c (y—-po G-%-P

B~ a S(r+8+ad) (4ﬂ_92)2

-1
y (v = Bo)’
8(r+8+ad)(4p - 6?) ’
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b0, plta (-po S-E-p

9B a §(r+38+ad) (4,3—92)2

(v = B0 ’
8(r+38+ad)(4B -62)

)

from which we obtain that it depends on the sign of % - % -B
whether an increase of 8 will lead to higher quality investments
or not.

(d) The next parameter to be investigated is c:

4 By -Bo
dc ad(r+38+ad)(4p —62)
L1
(y — ﬁc)z <0
8(r+8+as)(4p - 0?) ’
9 20+@)B(y - B
dc  a(r+8+ad)(4B -62)
(v - By’ ",
S(r+8+ad)(4p-62) '
(e) Finally, we consider §:
g (v — Bo) (r + 28 + 2a8)
98— 2a(8(r+8+as))’(4B - 62)
-1
(v - Bo)’ o
S(r+8+ad)(4p-62) ’
o % ‘
a_:sl 3 (y —Bo) (v - Bc)?

S(r+8+asd)(4p - 0?)
r+20+28-na
a(r+8+ad)* (4 - 62)

This completes the proof.
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