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Plane Turbulent Wall Jets on Rough Boundaries with Limited
Tailwater

S. A. Ead1 and N. Rajaratnam, F.ASCE2

Abstract: Combining the results of a laboratory study of plane turbulent wall jets on rough boundaries with shallow tailwater,
results of an earlier work of Rajaratnam on wall jets on rough boundaries with deep tailwater, this paper attempts to describe
of boundary roughness and tailwater depth on the characteristics of plane turbulent wall jets on rough beds, which are impo
field of hydraulic engineering. The time-averaged axial velocity profiles at different sections in the wall jet were found to be sim
some difference from the profile of the classical plane wall jet. The normalized boundary layer thicknessd /b, whereb is the length sca
of the velocity profile, was equal to 0.35 for wall jets on rough boundaries compared to 0.16 for the classic wall jet. Two stages
to exist in the decay of the maximum velocityum as well as in the growth of the length scale, with the first stage corresponding
of deep tailwater and the second stage to shallow tailwater. In the first stage, the decay of the maximum velocityum at any section in term
of the velocityu0 at the slot, with the longitudinal distancex in terms ofL which is the distance whereum=0.5U0, was described by on
general function, for smooth as well as rough boundaries. The length scaleL in terms of slot width decreases as the relative roughne
the boundary increases. The onset of the second stage was not affected significantly by the bed roughness. The growth rate
scaleb of the wall jet increased from 0.076 for a smooth boundary to about 0.125 for a relative roughnessks/b0 in the range of 0.25 t
0.50, whereks is the equivalent sand roughness andb0 is the thickness of the jet at the slot.
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CE Database subject headings: Submerged jets; Open channel flow; Stilling basins; Energy dissipation; Tailwater; Bo
conditions.
ooth
id at

c-
l
e-
own

e,

t

raged
nt

has
76;
. In
rac-
Ead
r-

in
ll jet

here
even
the

ve-
cale

nd

niv.,

rta,

arch
rs. To

d with
was
; ap-

E,
Introduction

For a plane turbulent wall jet issuing tangentially on a sm
boundary, submerged in an infinite expanse of the same flu
rest (referred to herein as the classical or simple wall jet), it is
known (Rajaratnam 1976) that the maximum velocity at any se
tion in the growing wall jetum ~1/Îx, wherex is the longitudina
distance from the nozzle. IfU0 and b0 are, respectively, the v
locity of the jet and its thickness at the nozzle, it may be sh
(Rajaratnam 1976) that

S um

U0
D =

C1

Îsx/b0d
s1d

whereC1= a constant equal to 3.50. UsingL as the length scal
whereL is defined as the value ofx whereum is equal to 0.5U0,
Wu and Rajaratnam(1995) showed that
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S um

U0
D =

C2

Îsx/Ld
s2d

whereC25a constant equal to 0.50. They also found thatL /b0 is
approximately equal to 60. Launder and Rodi(1981) found tha
the growth ratedb/dx of the length scaleb, which is equal toy,
the normal distance from the boundary where the time-ave
longitudinal velocity u=0.5um and the velocity gradie
]u/]y,0, is equal to 0.073. Launder and Rodi(1981) also found
that the growth ratedd /dx of the boundary layer thicknessd,
whered is equal toy whereu=um, is equal to 0.011.

For classical wall jets and the corresponding free jets, it
been generally assumed(Albertson et al. 1950; Rajaratnam 19
Schlichting 1979) that the momentum flux would be preserved
their study on the effect of shallow tailwater on the flow cha
teristics of plane turbulent wall jets on smooth boundaries,
and Rajaratnam(2001) found that the momentum flux in the fo
ward flow region of the wall jet is not preserved[see also
Schneider(1985) and Kotsovinos(1976)]. Even though the rise
the water surface at the location where the expanding wa
surfaces(which constitutes the end of the surface eddy), is re-
sponsible for a significant portion of the momentum deficit, t
is a noticeable loss due to the entrainment of the return flow,
before the end of the surface eddy. The velocity profiles in
wall jet were found to be similar. Ead and Rajaratnam(2002) also
found that two stages existed in the decay of the maximum
locity. In the first stage, the decay of the normalized velocity s
could be described by Eq.(1) with C1 equal to 4.00. The seco

stage of more rapid decay started at a distancex0 from the gate
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and the decay of the maximum velocity is described by

S um

U0
D = AS x

b0
D + B s3d

whereB=constant andA andx0 were found to be functions of th
tailwater depth ratioyt /b0. Ead and Rajaratnam(2002) also
showed that the length scale of the jetb grew at a rate of 0.076
the first stage and the rate of growth was much larger in
second stage. Based on this study, a tailwater depth ratio up
would be considered shallow. The effect of the limited tailw
depth ratio was also observed foryt /b0 up to 100 in the study o
plane turbulent surface jets in shallow tailwater by Ead and
jaratnam(2001). These two studies show that most subme
flows in hydraulic engineering could be considered shallow.
jaratnam(1967a) studied deeply submerged plane turbulent
jets on rough boundaries and found that the velocity distribu
was similar and that the decay of the maximum velocity
affected considerably by the boundary roughness.

In these studies, the effect of the limited tailwater and
effect of the boundary roughness on the flow characteristic
plane turbulent wall jets, were examined separately. This p
presents the results of an exploratory laboratory investigatio
plane wall jets issuing tangentially on rough boundaries with
ited tailwater and a general correlation for the decay of the m
mum velocity on smooth and rough boundaries.

Theoretical Considerations

It is useful to present a brief theoretical discussion on plane
bulent wall jets with limited tailwater[from Ead and Rajaratna
(2002)]. For a plane turbulent wall jet of thicknessb0 with a flow
rate per unit width ofQ0 and momentum flux per unit width
M0 entering a rectangular channel, tangentially on a corrug
bed as shown in Fig. 1, letU0 be the velocity of the jet at the sl
(or nozzle). The downstream control gate is adjusted so tha
tailwater depthyt is large enough to make the water level imm
diately downstream of the gate(housing the slot) horizontal. Tak
ing the tailwater surface elevation as a reference, our experim
showed a depressiondw in the water surface elevation at the g
[see Figs. 2(a–d)]. The depression in the water surface eleva
at the gate is created to produce the required pressure grad
drive the return flow above the wall jet, for entrainment by the

Assuming hydrostatic pressure distribution on the gate
taining the slot and at the downstream section where the ex
ing wall jet reaches the water surface and occupies the w
depth and that the velocity distribution at the nozzle and
downstream section is uniform, and using the continuity and

Fig. 1. Definition sketch for wall jets on corrugated beds
mentum equations, Ead and Rajaratnam(2002) found that
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u = h −Îh2 − 2Shs1 − «d − 1

h
DF0

2 s4d

In Eq. (4), u=dw/b0; h=tailwater depth ratio, equal toyt /b0; «=
shear force coefficient equal toFt /M0; Ft=integrated bed she
stresst defined asFt=ex=0

x=Letdx=«M0; andLe=length of the sur
face eddy. A study of Eq.(4) has shown that for any givenF0, u
decreases ash increases and shear stress on the bed also co
utes to a decrease ofu. Further,u increases asF0 increases. Usin
the experimental measurements ofu, h, and F0 in Eq. (4), Ead
and Rajaratnam(2002) found that « was in the range o
0.12–0.15 for their experiments conducted on wall jets o
smooth boundary. Using the experimental measurements ofu, h,
andF0 in Eq. (4), « was found to be equal to 0.55, 0.72, 0.47,
0.47 in Experiments A1, A2, B1, and C1(of the present work),
respectively.

Experimental Arrangement and Experiments

Wall jets were produced in a flume, 0.446 m wide, 0.60 m d
and 7.6 m long, with Plexiglas sides. Corrugated aluminum s
were installed on the bed of the flume in such a way tha
crests of corrugations were at the same level as the upstrea
on which the supercritical stream was produced by a sluice
(see Fig. 1). The corrugations acted as depressions in the be
create a system of turbulent eddies which might increase the
nolds shear stress in the vicinity of the bed. Two corrugated s
(I and II) with sinusoidal corrugations of wavelength,s, of 68 mm
perpendicular to the flow direction, had amplitudet of 12.7 and

Fig. 2. (a)–(d) Velocity field with water surface profiles
21.8 mm, respectively. Three pumps were used to supply the
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head-tank feeding the flume and the discharges were measu
magnetic flowmeters located in the supply lines. Water en
the flume under a sluice gate with a streamlined lip thereby
ducing a wall jet of a thickness ofb0. A tailgate was used t
control the tailwater depth in the flume.

A Prandtl tube with an external diameter of 3.0 mm, conne
to a vertical manometer, was used to measure the time-ave
longitudinal velocityu. No corrections were made to the veloc
observations to account for turbulence and the presence
bubbles. Velocity profiles of the forward and backward flo
were measured along vertical sections at different longitu
distances from the nozzle producing the jet, in the centerpla
the flume, mostly on the crests of corrugations. A total of
experiments were conducted and the primary details of thes
periments are shown in Table 1. Sheet I was used in Experim
A1, A2, and B1, whereas sheet II was used in Experiment
The slot widthb0, measured above the crest level of corrugat
on the plane bed, was equal to 25.4 mm in Experiments A1
A2, and 50.8 mm in Experiments B1 and C1. Values ofb0 andU0

were selected to achieve a range of the Froude number, from
8. The submergence factorS (Rajaratnam 1967d), equal tosyr

−y2d /y2, ranged between 0.71 to 1.31, andy2 is the subcritica
sequent depth for the hydraulic jump obtained from the Bela
equation. The Reynolds number of the jetR, equal toU0b0/v was
approximately in the range of 76,000 to 143,500 where v is
kinematic viscosity of the fluid. The ratio of the amplitude of
corrugations to the slot width,t /b0 was equal to 0.25, 0.43, a
0.50.

Fig. 3. Similarity profiles for the forward flow(all experiments)

Table 1. Primary Details of Experiments

Experiment Sheet
b0

(mm)
s

(mm)
t

(mm) t /b0

U0

sm/sd F0

A1 I 25.4 68 12.7 0.50 3.00 6.0

A2 I 25.4 68 12.7 0.50 3.99 8.0

B1 I 50.8 68 12.7 0.25 2.82 4.0

C1 II 50.8 68 21.8 0.43 2.82 4.0

Note: t=corrugations height(from crest to trough); ands= corrugations
JOURNA
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yExperimental Results and Analysis

Figs. 2(a–d) show the velocity profiles for the wall jets for t
Experiments A1, A2, B1, and C1, at several sections withx/b0

varying from 0 to about 70, andy is the distance above the cre
of corrugations. In Figs. 2(a–d), it may be noticed that the wat
surface in the vicinity of the gate is approximately horizontal,
a rise in the water surface elevation may be noticed further d
stream and the depression,dw, in the water surface elevation
the gate is also shown. The maximum reverse velocity at
station, was found to occur very near the water surface. The
mum reverse velocity in the surface eddy was found to occu
distance ofLe/2 from the gate. The section at which the jet s
faces was found using dye injection. Water surface profiles fo
the four experiments were measured in the vertical centerpla
the flume with a point gauge to an accuracy of 0.1 mm. T
water surface profiles were used to determine the depress
the water surface elevation at the gatedw and the tailwater dep
yt.

To test for the similarity of the velocity profiles in the forwa
flow region, the maximum velocity,um, at any section was chos
as the velocity scale and the length scale,b, is the value ofy at
which u=0.5um and ]u/]y is negative. Fig. 3 shows a conso
dated plot of all the data for the four experiments, which cle
shows that the velocity profiles in the forward flow are similar
are somewhat different from the profile for the classical wal
(Schwarz and Cosart 1961; Rajaratnam 1976). The thicknessd of
the boundary layer part is about 0.35 timesb, whereas for th
classical wall jet the corresponding value is about 0.16.

Having found that the velocity profiles in the forward flow
similar, it is necessary to study the variation of the velocity s
um and the length scalesb, L, andd with the longitudinal distanc
x. Fig. 4 shows the variation ofum/D0 with x normalized withL.
Fig. 4 shows the existence of two stages in the decay o
maximum velocity. The first stage represents the plane wa
with large tailwater depth and the decay of the normalized v
ity scale in this region can be described by Eq.(2) with the con-
stantC2 equal to 0.50. The advantage of usingL as the lengt
scale is that the constantC2 in Eq. (2) is equal to 0.50 for bot

/md
y1

smd
y2

smd h=y1/b0 h f =y2/b0 S=h /h−1 R

6.074 0.470 0.203 18.50 8.00 1.31 7

1.432 0.470 0.275 18.50 10.82 0.71 10

3.447 0.525 0.263 10.33 5.18 1.00 14

3.447 0.525 0.263 10.33 5.18 1.00 14

ength.

Fig. 4. Variation of the maximum velocity with distance
Q0

sm3/s

7

10

14

14
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L OF ENGINEERING MECHANICS © ASCE / OCTOBER 2004 / 1247

(10): 1245-1250 



maxi-
e de-

ore
hown
ents
um
same

cay
ater

her

.
e
0,

This
ed by
e

f
A2,
r

ects
n the
am-
-

or
of
alent
ion
al.

ation

.

f

D
ow

nl
oa

de
d 

fr
om

 a
sc

el
ib

ra
ry

.o
rg

 b
y 

U
ni

ve
rs

ity
 o

f 
O

tta
w

a 
on

 0
2/

04
/2

0.
 C

op
yr

ig
ht

 A
SC

E
. F

or
 p

er
so

na
l u

se
 o

nl
y;

 a
ll 

ri
gh

ts
 r

es
er

ve
d.
smooth and rough boundaries. In the second stage of the
mum velocity decay, the observations deviate from the curv
scribing the first stage and the maximum velocity decays m
rapidly. The decay in this second stage is almost linear as s
in Fig. 4. It is interesting to see that the curves for Experim
A1 and A2 deviated from the general trend of the maxim
velocity decay at the same location as they both had the
relative roughnesst /b0 and tailwater depth ratioh Experiment C1
deviated from the general trend of the maximum velocity de
earlier than Experiment B1 as they both had the same tailw
depth ratioh but the boundary in Experiment C1 was roug
than that in Experiment B1.

The growth of the length scaleb with distance is shown in Fig
5(a). The growth rate was 0.125 forx/b0 up to a particular valu
after which the length scaleb grew at a rate of 0.28, 0.28, 0.4
and 0.68 in Experiments A1, A2, B1, and C1, respectively.
growth rate of 0.125 is larger than the value of 0.076 suggest
Ead and Rajaratnam(2002) for wall jets on smooth beds. Th
value of x/b0 at which the breakdown in the growth rate ob
occurred was about 48, 48, 31, and 27 in Experiments A1,
B1, and C1, respectively. Fig. 5(b) shows a similar situation fo

Fig. 5. (a)–(c) Variation
the growth rate of the normalized boundary layer thicknessd /b0.

1248 / JOURNAL OF ENGINEERING MECHANICS © ASCE / OCTOBER 200
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Fig. 5(c) shows thatd /b is approximately equal to 0.35.
Since the main objective of this work was to study the eff

of the tailwater shallowness and the boundary roughness o
main flow characteristics of plane turbulent wall jets, we ex
ined the experimental results of Rajaratnam(1967a) on plane tur
bulent wall jets on rough boundaries. Rajaratnam(1967a) used
six different roughnesses(four wire screens and two rubber flo
mats), and used the “melted down thickness”ke as a measure
roughness. To obtain the corresponding Nikuradse equiv
roughnessks, the velocity Profiles in the boundary layer port
were analyzed[a similar procedure may be found in Ead et
(2000)], the shear velocityu* was obtained and thenks was found
by matching the observations with the Prandtl–Karman equ
for rough turbulent flow

u

u*
= 5.75 logS y

ks
D + 8.5 s5d

For the corrugated sheets(used in the present study), Ead et al
(2000) found out thatks is equal to the corrugation heightt. The
normalized equivalent roughnessks/b0 was in the range o

gth scales with distance
of len
0.019–0.57 for the rough boundaries used by Rajaratnam(1967a)

4
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and in the range of 0.25–0.50 for the corrugated sheets.
Fig. 6(a) shows the variation of the normalized maximum

locity um/U0 with the normalized longitudinal distancex/L. Ex-
perimental observations of Ead and Rajaratnam(2002) are for
wall jets on smooth boundaries and shallow tailwater whe
those from the present study and that of Rajaratnam(1967a) are
for wall jets on rough boundaries in shallow and deep tailw
respectively. Fig. 6(a) shows that if the maximum velocity dec
with the longitudinal distance normalized withL, all results com
together until the effect of shallow tailwater triggers the fa
decay, indicating the second stage of velocity decay. The dis
x0 of the section where the second stage starts was describ

x0

b0
= 2.85sh − 2.0d s6d

for a smooth boundary[Ead and Rajaratnam(2002)]. This equa
tion was found to predict approximately(within ±15%), the sec
tion where the faster decay sets in. It was observed thatL /b0

decreases with the relative roughness. Fig. 6(b) shows the varia
tion of L /b0 with the relative roughnessks/b0 wherein it may be
seen thatL /b0 decreases from 60 for the smooth boundar
about 30 for the relative roughnessks/b0 equal to 0.25. The d
mensionless length scaleL /b0 seems to be independent of
relative roughness whenks/b0 is greater than 0.25.

Conclusions

Based on a laboratory study of plane turbulent wall jets on ro
boundaries for a range of Froude numbers from 4 to 8 and
values of the relative roughness from 0.25 to 0.50 and sha
tailwater, and the earlier work of Rajaratnam(1967a) on wall jets
on rough boundaries with deep tailwater, the following con
sions are drawn. The axial velocity profiles at different section
the wall jet were found to be similar, with some difference fr
the profile of the classical plane wall jet. The normalized bou
ary layer thicknessd /b, whereb is the length scale of the veloc
profile, was equal to 0.35 for wall jets on rough boundaries c

Fig. 6. (a) Variation of um/U0 with
pared to 0.16 for the classic wall jet. Two stages were seen to

JOURNA

 J. Eng. Mech., 2004, 130
exist in the decay of the maximum velocity as well as in
growth of the length scale, with the first stage correspondin
that of deep tailwater and the second stage to shallow tailwa
the first stage, decay of the maximum velocityum at any sectio
in terms of the velocityU0 at the slot with the longitudinal di
tancex in terms ofL which is the distance whereum=0.5U0 was
described by one function, for smooth as well as rough bo
aries. The length scaleL in terms of slot width was found
decrease with the relative roughness of the boundary. The on
the second stage was not affected significantly by the bed r
ness. The growth rate of the length scaleb of the wall jet in-
creased from 0.076 for a smooth boundary to about 0.125
relative roughness in the range of 0.25 to 0.50.
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Notation

The following symbols are used in this technical note:
A 5 function of the tailwater depth ratio;

B,C1,C2 5 constants;
b 5 length scale equal toy whereu=0.5um and

]u/]y,0;
b0 5 slot width;
F0 5 supercritical Froude number equal toU0/ sgb0d0.5;
Ft 5 integrated bed shear stress, per unit width, ove

the eddy length;
g 5 acceleration due to gravity;
ke 5 effective roughness;

nd sbd variation ofL /b0 with ks/b0
x/L a
ks 5 Nikuradse equivalent sand roughness;
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L 5 length scale equal to the value ofx whereum

=U0/2;
Le 5 length of surface eddy;

M0 5 wall jet momentum flux per unit width at the
slot;

Q0 5 discharge per unit width;
R 5 Reynolds’ number equal toU0b0/n;
S 5 submergence ratio=syt−y2d /y2;
s 5 wavelength of corrugations;
t 5 corrugation height from crest to trough;

U0 5 velocity of the jet at the slot;
u 5 time-averaged longitudinal velocity at any point

um 5 maximum value ofu at anyx station;
u* 5 shear velocity;
x 5 longitudinal distance measured from the gate;

x0 5 function of the tailwater depth ratio;
y 5 normal distance from crest of corrugations;
yt 5 tailwater depth;
y2 5 subcritical sequent depth of free hydraulic jump
d 5 boundary layer thickness;

dw 5 depression in the water surface elevation at the
gate;

« 5 shear force coefficient equal toFt /M0;
h 5 tailwater depth ratio=ytb0;
n 5 kinematic viscosity of the fluidm /r;
u 5 depression ratio=dw/b0;
r 5 mass density of the fluid; and
t 5 bed shear stress, also used as suffix.
1250 / JOURNAL OF ENGINEERING MECHANICS © ASCE / OCTOBER 200
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