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Abstract—This paper is concerned with the fuzzy-model-based
non-fragile control problem for discrete-time nonlinear singu-
larly perturbed systems with stochastic jumping parameters.
The stochastic parameters are generated from the semi-Markov
process. The memory property of the transition probabilities
among subsystems is fully considered in the investigated systems.
Consequently, the restriction that the transition probabilities are
memoryless in widely used discrete-time Markov jump model
can be removed. Based on the T-S fuzzy model approach and
semi-Markov Kernel concept, several criteria ensuring ¢-error
mean square stability of the underlying closed-loop system
are established. With the help of those criteria, the designed
procedures which could well deal with the fragility problem in the
implementation of the proposed fuzzy-model-based controller are
presented. A technique is developed to estimate the permissible
maximum value of singularly perturbed parameter for discrete-
time nonlinear semi-Markov jump singularly perturbed systems.
Finally, the validity of the established theoretical results is
illustrated by a numerical example and a modified tunnel diode
circuit model.

Index Terms—Singularly perturbed systems, non-fragile fuzzy
control, slow state variables feedback, semi-Markov jump sys-
tems.

I. INTRODUCTION

INGULARLY perturbed systems (SPSs) denote a class of
dynamic systems displaying multiple-time scales (MTS)
features. As a suitable modeling paradigm, SPSs are strongly
capable of analyzing the dynamics behaviors of many physical
systems with some parasitic parameters, such as transients
in voltage regulators or machine reactances in power system
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models, time constants of actuators in industrial control sys-
tems, a small number of an enzyme in biochemical models,
fast neutrons in nuclear reactor models [1]. It is readily
explained why numerous research works have contributed to
the study of linear and nonlinear SPSs. On the whole, most of
the existing related results focus on the analysis and control
of linear SPSs, an urgent question, therefore, is that how to
extend such results to nonlinear SPSs. Realizing such a fact,
some recent works have investigated the analysis and design
of nonlinear SPSs by bond graph model approach [2], Euler’s
methodology [3], T-S fuzzy model approach [4]-[11] and so
on.

As an important approach investigating the study of nonlin-
ear SPSs, the fuzzy rule-based model approach has attracted
increasing attention. The main reason lies much in its unique
merits in solving nonlinear system identification and control
problems. It has been recognized that such an approach could
be successfully applied to represent many nonlinear dynamics
[12]-[23]. In general, the underlying nonlinear singularly
perturbed system is decomposed into many local linear SPSs in
different regions. In this regard, by blending these local linear
SPSs associated to the fixed nonlinear fuzzy membership
functions, the approximating of the SPSs is accomplished,
and the corresponding overall fuzzy model is presented. Along
with this mechanism, many control issues of nonlinear SPSs
have been addressed including, just to name a few, fuzzy
Hoo output feedback control [4], [24], static output feedback
Hoo controller design [5], robust sliding-mode control [6],
multiobjective control [7], identification and trajectory tracking
control [11] and filtering problem [25], [26].

As noted in [27]-[31], the abrupt changes of the parameter
and structure can occur in many SPSs owing to the unavoid-
able phenomena. A typical example is power systems subject
to component and interconnection failures. It is the main
reason why many scholars focus on the SPSs with jumping
parameters, where the jumping among different parameters in
subsystems is assumed to be governed by a Markov process.
In this context, for instance, the stability analysis for a class of
stochastic hybrid nonlinear systems with singular perturbation
was established in [32]; the stabilization problem for Markov
jump SPSs was studied in [33], [34]; the stabilization bound by
using the noise control method was addressed in [35]. It should
be pointed out that [32], [33], [35] are very effective for linear
Markov jump SPSs. By using T-S fuzzy model approach, [28]
investigated the filtering problem of Markov jump nonlinear
SPSs in continuous-time domains. However, they could not be
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easily extended to the discrete-time nonlinear Markov jump
SPSs.

What’s more, there are two shortcomings in some existing
methods about Markov jump SPSs. On the one hand, they
ignore the fragility problem according to an implicit assump-
tion that the controller may be exactly implemented. Such
an assumption, sometimes, is unavailable owing to the fact
that uncertainties or inaccuracies may occur when a designed
controller is implemented [36], [37]. On the other hand,
it is widely acknowledged that the transition probabilities
(TPs) play a significant role in determining the behavior and
performance of Markov jump SPSs. The mentioned-above
Markov jump SPSs are required to be subject to ideal, time-
invariant and memoryless TPs. In this case, the sojourn time in
Markov jump SPSs obey to geometric/exponential distribution
in discrete-/continuous-time domains. In fact, such a memory-
less restriction is not satisfied in many practical systems, one
can refer to [38] for more details. In a more practical way,
TPs should be considered to be time-varying with the memory
property, and accordingly the necessity of semi-Markov jump
SPSs with memory TPs is self-evident. Regrettably, inclusion
of memory TPs in the study of nonlinear Markov jump SPSs
has not been taken into account so far. As a consequence, there
are still interesting questions requiring further investigation for
the fuzzy-model-based control of discrete-time nonlinear SPSs
as follows:

1) Is it possible to develop an analysis method to such
a comprehensive system model, i.e., nonlinear discrete-time
semi-Markov jump SPSs, where memory TPs are fully consid-
ered and the restriction that the sojourn time must obey to
geometric distribution could be removed?

2) How can we design a fuzzy-model-based control strategy
when only applying slow state variables and how to assess
the effect of the singular perturbation parameter (SPP) upon
the system performance?

3) How to cope with the fragility problem in the implemen-
tation of the proposed fuzzy-model-based controller and how
to develop a technique to estimate the permissible maximum
value of SPP for nonlinear discrete-time semi-Markov jump
SPSs?

Although it has been recognized that seeking solutions to
these problems is fairly necessary in the study of nonlinear
discrete-time semi-Markov jump SPSs, no attempts have been
made up to now. Therefore, this paper aims to shorten this
gap, and the results are applied to the control of a modified
tunnel diode circuit model [8].

In view of the above consideration, the fuzzy-model-based
resilient control problem is addressed as the first attempt for
discrete-time nonlinear semi-Markov jump SPSs in this work.
The availability of the obtained results is finally illustrated
by applying a numerical example and the control issue of a
modified tunnel diode circuit model [8] as a practical example.
The contributions of this paper are that: 1) Different from some
previous works, a comprehensive system model, that is, non-
linear semi-Markov jump SPSs is investigated in this work. In
particular, the memory property of the TPs is adequately taken
into account. As such, the sojourn time is not requested to obey
necessarily geometric distribution. 2) A fuzzy-model-based

2

control strategy is established for nonlinear semi-Markov Jump
SPSs only applying slow state variables by means of the
T-S fuzzy model approach and semi-Markov Kernel (SMK)
concept, and the fragility problem in the implementation of the
proposed fuzzy-model-based controller is solved by designing
a resilient controller. 3) The effect of the SPP upon the system
performance is fully addressed, and a technique based on the
convex optimization technique is developed to estimate the
upper bound of SPP.

Notation. Throughout this paper, R"™ and R"*™ : the n-
dimensional Euclidean space and the set of all n x m real
matrices, respectively; I, and 0,: n x n-dimensional identity
and zero matrix, respectively; Op,xm,m: m X m zero matrix;
M > (<)0: the matrix M is positive (negative) definite;
MT and M~!: the transpose and inverse of the matrix M,
respectively; Sym {M}: M + M7T; (T, F,P): a probability
space where T is the sample space; F is the n;-algebra of
subsets of sample space; P is the probability measure on

L 1L ] | 1L 1L
e

matrices under consideration are with compatible dimensions.

. If not explicitly stated,

II. PROBLEM FORMULATION

Consider a probability space (Y, F,P), the nonlinear
discrete-time slow sampling SPSs (3) with semi-Markov jump
parameters can be described as follows:

Plant Rules p: IF & (k) is ¥p1, and & (k) is ¥p1, and ...,
and &, (k) is ¥pg, THEN

G (k+1) = Ay (n (k) G (k) + e Argy (0 (k) G2 (K)
+Bp (1 (k) u (k)

G (k+1) = Ag1p, (n (k) C1 (k) + € Az2p (1 (K)) G2 (k)
+Bay, ( (k) u (k)

(D
where p € W;={1,2,...,w} and w is the number of
IF-THEN rules of system; ¢; (k) € R", ( (k) € R™,
u(k) € R"™ are, respectively, the slow state vector, the
fast state vector and the control input; €, > 0 is the
SPP; matrixes A1, (n(k)) € R™*", Ay, (n(k)) €
RPs, Agy, (1 (k) € R <M, g, (n(k)) € R <05,
Bip(n(k)) € R™*™ and By, (n(k)) € R™*™ are
known real matrices, where {7 (k)}, which denotes the
mode of system at time k and takes values in a finite set
Wy {1,2 ,h} , is a semi-Markov chain and its evolution
is generated by a SMK 1 () = [#y; (7)), i, j € W with

ﬁij(r)%Pr{%(%+1) =j, Diyr = 7| S (k) =i}
Pr{S(k+1) =4S ( ) =i}

V505 (1), )

where k stands for the time when system at k-th jump;
S (k) denotes the system’s mode at k-th jump; Dy, denotes
the sojourn time between system at k-th jump and the next
jump; Y5 £ Pr{%(l;ﬂrl) :j|%(l;:) :i} with 9;; = 0
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and ¢;; (1) 2 Pr{Dp,, =7|S(k+1) =4S (k) =1}.
The cumulative density function of sojourn time for mode
i is defined as F (i,7) = Pr{D;, <7|nk) =i}
DD jew, Tij (r), and without loss of generality, we sup-
pose that F'(¢,0) = ¢;; (0) = 0. To simplify the notation,
for each 7 (k) = i € W, we denote A1, 2411, (1 (k)),
Argpi & Aigy (n(k)), Asipi & Asip(n(k)), Asgpi =
Agsy (0 (k). Bips 2 Biy (1 () and Bapi 2 Bay (n (k).

Let ¢ (k) = [ ¢f (k) ¢F (k) ]T, a compact presentation
of the system (1) can be written as follows:

w

C(k+1) Zh ) [Ap B (k) + Byiu(k)], ()
where
At1pi Arzpi Bip.i
A, 2 v S : N
Azipi  Aozapi Bay i

E. £ diag {I.,.e1n, } .

Remark 1: 1t is worth pointing out that due to programming
errors, fixed word length and round-off error numerical compu-
tation etc., there may exist inaccuracies or uncertainties during
the controller implementation, which may result in the closed-
loop system instability. Therefore, the designed controller
should be insensitive to these inaccuracies or uncertainties.
Taking this into account, in this paper, the following resilient
slow state feedback controller is considered:

Control Rules p: IF & (k) is ¥,1, and & (k) is 9,1, and

., and &, (k) is ¥y, THEN

u(k) = [Kp(n(k)+AK, (n(k)]G (k)
= (ICp,i + AICp,i) ¢ (k) ) “4)

where K,; £ [ Kpi Onoxn, |3 Kpi 2 K,p(n(k) €
R"*"s are the controller gains to be determined; AK,; =
[ AKpi Onoxn, |5 AK,; 2 AK, (n(k)) € R"*" stand
for gain variations of the controller which are assumed to be
of the following form:

AKPZ_MPZOP’ ( ) X2

where Mp; € R">M1, Np; € R"2*"s are known real
matrixes and Oy, ; (k) € R™°1*"2 is an unknown time-varying
matrix function satisfying

Ol (k)Op (k) < I
Substituting (4) into (3) and denoting x(k) =
[ (T (k) e (k) ]T, one can get the closed-loop system
z(k+1)=Ep (kh)x(k), (5)

where

w w

220 M€

p=1g=1

qu,i = E. [Apyi + Bp,i (Kq,i + AK{M)} :

Hpq L k h f(k)) qu,ia

To proceed further, we firstly introduce the following nec-
essary definition and lemmas.

3

Definition 1: [38] Given a positive integer upper bound of
sojourn time 77

max = 1, Vi € W, the corresponding closed-
loop system (5) is indicated to be J-error mean square stable

(6-MSS) with
P2 Y (r

i€Wo

(s T

if the condition in the following form holds for any initial state
x (0) € R+ Vi € Ws:

lim E {Hx (k)||2} = 0.

n(k)=i

20,Mm0,D5 11 < T

max

Lemma 1: [38] Consider a discrete-time stochastic switch-
ing system x (k+1) = f(x (k),n(k)), in which n (k) and
x (k) denote the system mode index and state, respectively.
Furthermore, the switching instants are represented by ko, k1,
ko, -+, kg, -+, with kg = 0. The system is 6-MSS, if there
exist three class K, functions (p1, p2, p3) and a group of C*
functions V (x (k) ,7n (k)) such that for any initial condition
xg € R™*m n(k) € Wy and a fixed finite 1); > 0,
vnsén (ks) =1, 778-5-1%7] (ks+1) = j € Wy, the following
conditions are satisfied

prlle ) <V (& (K) 1) < pa |l (B)]] ©)

V(:E (k)vz) <¢ZV($ (ké‘)ai)vk € (/{571654,1), (7)
—ps llz (0)| ZELV (2 (ko)) o s <=t )

—Vi(x(ks),i). ®)

Lemma 2: Given a finite constant ); > 0 and a positive
integer 77 ., then the slow state feedback controller (4) can

guarantee that the system (5) is §-MSS, if there exist matrices
Go,; € Rstnp)x(natng) 5 0, Vo € Wy, Vi € Wy with
Gai (T) £ X ew, Tij (1) Ganj/ >l 2 jew, Tij (T) such
that the following conditions hold for Vo, 5 € Wy, Vi € Wo,
vte{1,2,-- Ti. -1} vre{1,2,-- Tl }
— G

=T (kg, hyt) GaiZi (ks, hyt) < 0,09

i
TI[I ax

> Bl (k) Gai (1) Ei (ke hy7) = Ggi < 0(10)

T=

—

with
Zi (ksy hot) 2200, (ks +t — 1,h) ... 2y i (ks, B),
t
vpaqa"'ay7z € Wl'
Proof: See Appendix A. [ ]

Lemma 3: Given a finite constant ?; > 0 and a
positive integer 77 . , then the slow state feedback con-
troller (4) can guarantee that the system (5) is J-MSS,
if there exist matrices ©,; (t, ) € R("SJ“"f)X(”*J“”f)
Vo € Wy, Vi € Wy, V& e {1,2,--- ,Ti, -1},
Vi € {0,1,---,t—1} with ©,,; = O,,(t,t) > 0,
D, (1,0) € RIsHn)X(nstns) yo ¢ Wy, Vi € W, V7 €
{1,2,-- | Ti . }. Vo € {0 L.+, 7 —1} with &, (1,7) &
> jew, Tij (1) © j/z m9% > jew, Tij (7) such that the fol-
lowing conditions hold for Va, € Wy, Vi € Ws,
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vt € {1,2,-- T}

max

{1,2,-+ | Ti .} Voe{1,2,--- ,7— 1}
0 > Bl (ksh) O (t, 50+ 1) Epgi (ks h)
_@oc,i (t7%) ) (11)
> Oq,i(t,0) — 1;03,, (12)
=T . =T
—pq,t (k57 h) (I)Dt,’b (Ta 0 + ]-) —pq,: (k57 h)
—®yi (1, 0), (13)
0 > (14)

®; (7,0) — Op,:-
T=1
Proof: From (11), one can derive that for all Z; (ks, h, 1),
lel0,t—1]

0 > El (ks 1) [E),: (ks h) Oay (t, 32+ 1)

XEPQvi (k97 h) - @Ol,i (t7 %)] E’i (ksv h’a l) ’ (15)
which implies that
EF (Ko, hyt) Oy (8, 1) i (ks, by t) — Oq i (£,0) < 0.

Then let G ; = Oq; (t,t) £ Oq,i» Gg,i =03, (t,t) £ O3
and combining (12), it is easy to find that (9) is guaranteed.
Similarly, one can obtain (10) from (13)-(14). This completes
the proof. ]

Lemma 4: [8] For given a scalar €j; > 0 and matrices
A (1=1,2,3), if the following conditions hold simultane-
ously

Al > 07
Ag < 0,

M +eyhy+ A3 < 0,

then the following condition holds for Ve, € [0, €]
63/\1 + .M+ A3 < 0.

Lemma 5: [37] Given matrices "X (I = 1,2, 3) with appro-
priate dimensions, then

Y+ 050 (k) s + %6 0T (k)ES <0,

holds with O (k) satisfying O (k) OT (k) < I, if and only if
there exists a positive scalar € > 0 such that

G 4 e DEQED + o0 Tg < 0.

III. MAIN RESULTS

In this section, we will present the methods to evaluate the
upper bound of SPP €, and obtain the controller gains.

Theorem 1: Given finite constants ; > 0, epy > 0,
positive integer TrinaX and matrices Jiq,i, J2a,i> J3a,:, if there
exist constants €1, £, matrices F; € Rmatns)x(natns)
symmetric matrices Uy (t, ) € RMstns)xnstns) o ¢
Wi, Vi € Wy, Vi € {1,2,-~- ,Télax—l}, Vx €
{0,1,--+ ,t =1} with T3U,; (t,5)ZF > 0, Uy > 0
and U, (1,0) € ROsFTn)x(etns) o € Wy, Vi €
W, vr € {1,2,--- ,T¢ .}, Vo € {0,1,--- , 7 — 1} with
T4 ZZ:T‘ Ui (T,0) I > 0 such that the following inequal-
ities hold for Vp, q, o, B € Wy, p < ¢q, Vi € Wy,
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fax — 1}, Ve € {0,1,--- =1}, V7 €
’Trfaax}’ VQE {Ovla 77-_2} and K1, Ko € {172}

{17...

Pz , Uo, i
lapp,i (Xl XQ) 2p, <0, (16)
* —e1l
E2 . (x4, Dipgi |
3apq,i (Xl XQ) 4pq, <0, (17)
* \115
Q3 (t I ]
O <0, (s)
I Qa,i (Xl) |
; -
Tlozpp,i T2app,i <0, (19)
* T3
l l i
Tlapq,i + Tlaqp,i T40¢1)q71 < 0’ (20)
* T5

where

x1E (ko= 1) T — (k2 —2)t,x2 £ (k2 — 1) 0 — (k2 — 2) 5,

PhruRa )A Qf(lx;;iz (x1:x2)  Q2pi
lapp,i X1,X2) = « _51[ 9
Yoip,i 0
U, . 2 ’ LU .4 )
2p,i 21p,i €1Bp7iMp7i
\IlK/lq,Iiz ( ) A \Ilgiéyifq,i (X17X2) QQq,i
3apq,i X1,X2) = « —621 )
ot (X x2) 2 QL2 (X, X2) + Qianss (X1, X2)
0 FiTIngp,i 0
Uypgi = | €2BpiMy; 0 e1Bg My, |,
0 0 0
\115 é dlag {—EQI, —23‘1[7 —61]} 5 Qgp,i é [ Np’Z'IgFi 0 }T 5
r 1,1 1,2
Ql,l ) (t %) Py F(x,i (t7 %) qu,i
e x0T |
M 2,1 1,2
QL2 (. 0) N Poz,i T, 0) qu,i
B B OB
M 3,1 1,2
Q2,1 (t %) é Foz,i (t7 %) qu,i
e x o Tt |
M 4,1 1,2
92,2 ) (7_ Q) é Pa,i (T’ Q) qu,i
R B v I (YO
O3 (8) £ J3p,:Up 55, — Sym {Japi}
Thax
Q35 (8) & —$ila,i (8,0), Qg5 (1) £ = D Ui (1,0),
T7=1

Las (t2) & DTl (85 Tl s = Sym {F T i}
I20(7,0) £ JaaiTilhai (1,0) T1 T3y, — Sym {FJ3, .},
% EEAT 4 RIKLBE,
F}]f (t, ) A —Ugi (t, 50+ 1), Fif (1,0) 2 —Upi (T,0+ 1),
Lo (4,20 2 Doy 4 Sym {eas 10T Uai (6,79 T o}

+ 6?\/[J1a,iz2Ua,i (t, ) IQJlj:)z,i’



This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TFUZZ.2018.2832614, IEEE

Transactions on Fuzzy Systems

IEEE TRANSACTIONS ON FUZZY SYSTEMS

Fi’,li (1,0) & anlz + Sym {enrJaa,iTilhai (7,0) T2 J3, ; }

+ €3y Joa,iTola,i (T, 0) ToJan

1,2
Tl A fo,l qu zu ( )
lapg,i % U )
FIT,NT, 0
TZapq,i £ )

0 e (t (T))T B, M,
T3 £ diag{—¢1,—¢€1}, YTaapgi = [ Tiapq ; Tiap%
Y5 £ diag {—e2, —€2,61, —€1},

i 2 Jsa,iTiUaiTiJsa; — Sym {F J3,

Y%, £+ Sym {éMJ?,a,iIan,iIstTa,i} )

+ €3 J30,i2Ua,iZ2J5g 4

I

[ F'I3N], 0
T4apq i £ 7 ~ T ’
’ 0 o (th(n) By,
[ FT'I3N]; 1
T2 = ' - T ,
ot 0 & (ui (7)) BaiMy,

Us(r) 2 | /01 % a1 S
7, £ diag {ITLs?Onf} 3 I2 = dlag {Onsalnf} )
I3 é [ InS Onsxnf ] 7I4 é [ Onfxns In_f ] .

Then for Ve, € [0, e5/], the closed-loop system (5) is o-MSS.

Proof: See Appendix B. ]

Based on Theorem 1, we give a method to obtain the
controller gains. For presentation convenience, we let

Sélsl Sz],n

S3 Sy
S1 £ min{ns,nf}aSQ £

(1>

ng — Ny, 21
Omin{ns,nf}Xmax{O,—ﬁ}v
A A
Sz = Omax{O,ﬁ}Xmin{ns,nf}a Sy = Omax{O,ﬁ}Xmax{O,fﬁ}
Theorem 2: Given finite constants ; > 0, c1, ca,
positive integer Ty .. and matrices Jiq ., Jga,il J30,is
S, if there exist constants ei, €2, matrices K,; €

Rroxn o2 | afmielmS ol o
Fay; Fa;

ReXns | By, € RWXMe, Ry € RS symmet-

ric matrices Uy, (t, %) € ROstn)x(netng) vyo ¢

Wi, Vi € Wo, Vvt e {1,2,--- Ti,. —1}, Vi €

0,1, ,t — 1} with ZyUn; (t,50)IT > 0, Ui (t,1) > 0
and Uy (1,0) € Rstns)x(natng) yo ¢ Wl, Vi € W,
Vr € {1 2, Thats Yo € {0 1,2,---,7—1} with
Ly Z m2x Ui (T,0) ZF > 0 such that (18) and the following
1nequa11t1es hold for Vp, q, o, B € W1, p < q, Vi € Wy,

Vi€ {1,2,--- Tha — 1}, Ve € {0,1,--- ;£ =1}, V7 €
{1,- T}, Yoe{0,1,--- ;7 =2}, and ks € {1,2}
STEILZ]
‘Illolqu,i (XI?X2) \I’2p,i < 0 (22)
* —eq1 ’

Ty T Oéh}v

5

\I}l K2

3apq,i (X17X2) \Ij4pq,i

* \1/5
Ti

(23)

T ;
lapp,i 2app,i
pp, < 0)

X T3 4)

Tl

lapgq,i + Tlaqp % T4(¥P(17i

* T5 (25)

where

1>

1
T2 (1 ve) [ Qi (X1, x2) Q2 ]
lapg,i ’ >

* —ed
\Ill sK2

3lapgq,t (Xl, XZ) QQq,i ‘|

(1>

T, 1,52
\I/3apq7i (X].? X2) * _521

Q,H

lapg,i (Xl’ XQ) + Qlaqp i (Xla X2) ’
Lo ()

(XlaXQ)
1,2
A [ oy > qu,i ]
= 1,3 )
* Faﬂ
2% (7, 0) ] ’
pasi

* U

1 C0)
02 2 F'AT, + e Zf KI B! + e0Zf STK ! BT,

\I/l

3lapq,:

1apq % (t7 %)

1apq %

pg,t

1apq 7 ’

1;1,2‘
A ,
( 749)_ [ *
pq,i P,

and the other parameters are defined in Theorem 1. Then there
exists a sufficient small constant €,; > 0 such that for Ve, €
[0, ers], the system (5) is o-MSS with

. |
Kq,i - Kq,ani'

c2F11;S
Fo;

c1Fii;

F, 2
’ Fyy;

S £

Proof: Let
Sa

S1

Ss Sy
we can easy to derive that Theorem 2 is true. So the proof is
omitted here. [ ]

Remark 2: Although Theorem 2 provides an approach to
acquire the controller, it is independent of ej;, which implies
that the obtained controller by using Theorem 2 can not
be directly applied since that it can not guarantee that the
practical SPP €, meets €, € (0, €pmax), Where €psmax is
the permissible maximum value of SPP under the obtained
controller by using Theorem 2. Once the €, is very small,
the obtained controller by using Theorem 2 cannot guarantee
the corresponding closed-loop system (5) is 9-MSS. Therefore,
on the one hand, we need give a solution to obtain available
controller based on Theorem 2, which is shown in Fig.
1. On the other hand, an alternative design method with
less conservativeness should be proposed. Thus, we give the
following theorem.

Theorem 3: Given finite constants 1);

and f(q?i = K, ;F115, then, from Theorem 1,

> 0, ey >

0, c1, co, positive integer Tfnax and matrices Jiq,

J2a,is J3a,, S, if there exist constants €1, €2, matri-

N el cafhy;S .

ces K,; € R™*" [ = with
Foy; Fy;
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Given system parameters and

WirCrCos T T T is s isS

max > la,i?

2a,i°Y 3a,i> "

Output controller gain K,; and
maximize €, subject to (19)-(23).

- e e(0,¢,,]?

Ves ¥

The controller is available.

Fig. 1. Steps to obtain the available controller by using Theorem 2.

Fii; € RUXMs, Fhyyy € RYX7s, Fhyy € R™XM, sym-

metric matrices Uy; (t,22) € RMetn)xnatng) vy ¢
Wi, Vi € Wy, vt e {1,2,--- Ti,. —1}, Vo €

{0,1,--+ ,t — 1} with Z3Uy,,; (t, ) IF > 0, Uy (t,t) > 0
and Uy (7,0) € ROstr)x(netng) "o € Wy, Vi € W,
vr e {1,2,--- Ti .}, Yo € {0,1,2,---,7—1} with
Ty 7w Ui (7, 0) X > 0 such that (18) and the following
inequalities hold for Vp, ¢, o, 8 € W1, p < q, Vi € Wo,
vt e {1,2,-- | Ti. —1}, Ve € {0,1,--- ,t—1}, V7 €
{1,... 7T]};lax}, Vo€ {0,1,--- ,7 — 2} and k1, ke € {1,2}

ij:;;;:;)i (XlaXQ) \I/2p,z' _ o6
* —€1I 4
- K
Uiipai O0x2) Wapgs | (0 o
* U,
Thomps Yoo | )
* T; )
Tllozpq,i + Tllaqpﬁi T4apq,i - o 00
* Ts :
where
_ QTI,H2, (X17X2) Qsz
\I/’f(;ﬁ]z,z (Xl, X2) = Oépq,z* 751[ ’
V3o @gi,ﬁz i (X1,x2)  Qa2q
\I/g!;gq%z (Xl, X2) =2 Oépq71* e
Woioe s (x1s x2) £ QU (xas x2) + Qb (X1, x2)
3,1 1o
02, & | T o
lapg,i \™» * FL’? (t7 %) )
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Given system parameters and€,,2>€, ,

vac.en T J Ty Ju S

max * Y la,i*Y 2a,i*Y 3a,i*> ™"

Output the controller gain K, ; and
the controller is available.

Fig. 2. Steps to obtain the available controller by using Theorem 3.

4,1 =1,2
022 (1, 0) A Fa}i (7, 0) pq.i
e *  Igiro)
—1.2 7
T[ A Tix,z qu,iui (T)
lapg,: N U ’

and the other parameters have same expressions as those in
Theorem 1 and Theorem 2. Then for Ve, € [0, €5/], the closed-
loop system (2) with

_ 1 .1
Kq,i - Kq,zFlli

is 0-MSS.
Proof: The proof can be also easily obtained from The-
orem | and omitted here. [ ]

Theorem 3 presents an alternative approach to obtain the
controller and the detailed steps are shown in Fig. 2. Moreover,
the permissible maximum value of SPP €;; can be derived by
the Algorithm 1.

Remark 3: From Fig. 1 and Fig. 2, it is readily observed
that the controller design method presented in Theorem 3 is
more convenient than the controller design method provided in
Theorem 2. Additionally, compared with the controller design
method provided in Theorem 2, the design method presented
in Theorem 3 can be used to obtain the larger permissible max-
imum value of SPP, which will be demonstrated in Example
1 in Section IV.

Remark 4: To obtain the slow state feedback con-
troller gains, [8] introduced extra slack variables R

511 0

S S5
of S at the top right is chosen as zero matrix which leads to
certain conservativeness. In Theorem 2 and Theorem 3, an im-
proved matrix decoupling approach is proposed by introducing
ciFi; ceF11S

Foui Faoi

co are constants and the expression of .S is presented in (41).
The key differences between the matrix decoupling approach
in this work and [8] are: (I) the element of the introduced
extra slack variables at the top right in this work is no longer
zero matrix; (II) two adjustable constants (i.e. ¢c; and cy) are
introduced. The existence of the two adjustable constants is

. However, it should be noted that the element

. A
extra slack variables as F}; = where ¢y,
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Algorithm 1: Calculate €, based on Theorem 3

Input: 1/),;, C1, Co, Trlnax’ Jla,i’ Jgaﬂ;, JB(x,b S, Ae
(computational accuracy), €5tqrt = 0 and €cpq
(large enough to make the LMI conditions
(18), (26), (27) inconsistent)

Output: €,/

1 if €opg — €start > Ae then

2 €M = (Eend - Estart)*oj;

3 if (18), (26), (27) hold with €); then

4 ‘ Estart = €M

5 else

6

7

8

9

‘ €end = €M
end
Go back to 1;
else

10 if (18), (26), (27) hold with €.,q then
11 ‘ EM oz — €ends
12 else
13 ‘ EMomae — Estarts
14 end
15 end

16 return €y

max

beneficial to get the gains of the controller and optimize the
system performance, which will be verified in Example 1 in
Section IV.

IV. NUMERICAL EXAMPLES

In this section, two examples are used to illustrate the supe-
riority of the proposed method. In Example 1, we first verify
that the proposed controller design method is effective. Then,
we prove the viewpoint proposed in Remark 3, i.e., compared
with the controller design method provided in Theorem 2, the
controller design method presented in Theorem 3 can be used
to obtain the larger permissible maximum value of SPP. Next,
we also discuss the relationship between gain variations of
the controller, ¢, co and the maximum permissible SPP in
Example 1 and obtain some conclusions. In Example 2, a
tunnel diode circuit modified from [8] is used to show the
practicability of our proposed method.

Example 1: Consider the nonlinear semi-Markov jump
discrete-time slow sampling SPSs () with two modes, two
fuzzy rules and the following parameters:

wo_ os -6 o5 13
LT o7 o018 [T L os 21 |
12 —0.7 1.3 —04
Ayy = Ay o —
> [1.5 12 ] 2 l3.5 0.8 ]
Biy = [01 02]" ,Bia=[01 10]",
Boy = [03 02] ,Byp=[01 10]",
My = Miy=M;=Mys=p,
Nii = Nip= N1 = Nyy=0.33,

302 307
2 x10 8 x10
—%
2 2
£ 1 =
S S
& &
2 23
2 2
< 0 <
d d
) )
-1 -2
0 5 10 15 0 5 10 15

Time in samples Time in samples

Fig. 3. State responses of open-loop system (100 realizations).

1
0.02 —
0.01
2 2 0
S = 0.5(.0.01 R
S S .
2 2 2/ 4 6
2 2 -
o Q 7
3 E 0 (= }
wn wn
-0.5
-1
0 5 10 15 0 5 10 15

Time in samples Time in samples

Fig. 4. State responses of closed-loop system (100 realizations).

where the SPP €, = 0.05. Let 913 = 91 = 1, and ¢11 (7) =
P22 (1) = 0, 12 (1) = Wﬁfiw, ¢o1 (1) = 04771
0.471'3, one can calculate the SMK by (2).

Firstly, let p = 0.12, T}, = 4, T2, = 2, and z (0) =
[ —0.8 0.6 ]T, Fig. 3 shows the 100 realizations of the
open-loop system’s states responses. From Fig. 3, it is clear
that the open-loop system is not o-MSS. Fig. 4 shows the 100
realizations of the states response of the closed-loop system

under the controller gains:

K11 = —6.5670, K15
Ky = — 47476, K

—0.7619,
—3.5552,

which is obtained from Theorem 3 with ¥ = 1y = 2, )y =
0.3, TI}’AaX = 4, Tr%lax = 2, C1 = 1, Cy = 0.1, Jla,i = Jga’i =
J3a,i = diag{1,1}, Vo € {1,2}, Vi € {1,2}. From Fig. 4,
we can observe that the designed controller is effective.
Secondly, we verify that the controller design method
presented in Theorem 3 can be used to obtain the larger
permissible maximum value of SPP than the design approach
presented in Theorem 2. Applying Theorem 2 and Theorem
3 with '1/11 = wg = 2, Télax = 4, Tr%lax = 2, c1 = ].,
co = 0.1, Jla,i = JQDM' = Jga’i = diag{l, 1}, Va € {1,2},
Vi € {1,2}, respectively, the corresponding controller gains
and maximum permissible SPP €y .« for different p can be
calculated. The corresponding computed results of Theorem 2
and Theorem 3 are listed in Table I and Table II, respectively.
From the Table I and II, one can readily observe that the
maximum permissible SPP ej;ax Obtained by Theorem 3

is larger than that given by Theorem 2, which means that
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TABLE I
CONTROLLER GAINS AND MAXIMUM PERMISSIBLE SPP €5/ max BY USING
THEOREM 2 FOR DIFFERENT p

Controller gains (K1,1; K1,2; K2,1; K2,2) €M max
p=0 (—9.0486; —0.8288; —5.4564; —3.6291) 0.3573
p=0.5 (—8.7163; —0.5840; —5.4305; —3.6032) 0.3091
p=1.0 (—8.5082; —0.6104; —5.2123; —3.6248) 0.2473
p=15 (—8.0176; —0.7569; —4.8553; —3.8132) 0.1676

TABLE I
CONTROLLER GAINS AND MAXIMUM PERMISSIBLE SPP €/ max BY USING
THEOREM 3 FOR DIFFERENT p

Controller gains (K1,1; K1,2; K2,1; K2,2) €M max
5=0 (—8.7565; —0.4791; —6.1949; —3.5559) 0.3894
p=0.5 (—9.4413; —0.5868; —5.7666; —3.6372) 0.3160
p=1.0 (—9.6489; —0.6711; —5.3700; —3.7124) 0.2562
F=15 (—8.7052; —0.8141; —4.8498; —3.8857) 0.1712

TABLE III
MAXIMUM PERMISSIBLE SPP €yax FOR DIFFERENT p AND c1, C2

€M max p=0 p=05 p=10 p=15
c1=1,c0=0 0.4529 0.3723 0.2915 0.2271
c1=08,c0=—0.1 03894 0.3160 0.2562 0.1712

the controller design method presented in Theorem 3 has less
conservativeness than Theorem 2.

Next, we investigate the relationship between gain variations
of the controller c1, co and the maximum permissible SPP. Let
V1 =12 =2, Tnoe =4 T2 = 2, J1ai = J20,i = J3a,i =
diag{1,1}, Va € {1,2}, Vi € {1, 2}. Then applying Theorem
3, we can obtain Table III.

From Table III, we can see that with p increasing, i.e.,
the gain variations are more fierce, the obtained permissible
maximum value of SPP is decreasing, which means that
the gain variations have a bad influence on the permissible
maximum value of SPP. It indirectly shows the importance
of taking the gain variations of the controller into account
when designing the controller. Besides, one can also observe
that the values of cj, co play an important role to optimize
the maximum permissible SPP €psmax, Which is indirectly
verified that compared with the matrix decoupling approach
established in [8], an improved one is proposed in this work.

Example 2: In this example, a tunnel diode circuit modified
from [8], which is shown in Fig. 5, is employed to illustrate
the effectiveness of the proposed method. ip (¢) and Vp (¢)
are the diode current and diode voltage, respectively, and they
satisfy that

ip (t) = —0.2Vp (t) — 0.05V3 (t).

C and e are the capacitor and inductance, respectively;
Ri, R, and Rj3 are resistances; Vi (t) and i¢ (t) are the
capacitor voltage and capacitor current, respectively; Vi, ()
and iz, (t) are the inductance voltage and inductance current,
respectively; u (¢) is the input voltage; the switch S (¢), in this
paper, follows a semi-Markov chain. Let x; () = Vi (¢) and

8
T AT
Ve R R; ?R 3_ - @D :/f
_l_ +|c i
5(0)
u(?)
Fig. 5. Tunnel diode circuit.
29 (t) =iy, (t), then we can get that
Ciy (t) = 0.2z1 (t) 4 0.052% (t) + 22 (1), 30)

€Li'2 (t) = = (t) — RimQ (t) +u (t) ,’i = ]., 2, 3.

Choosing C' = 0.1F, e, = 1073 H, Ry = 90Q, Ry = 12012
and R3 = 15052, (30) can be rewritten as

a1 (t) = G (1) + 0223 (8) + G2 (1),

erdo (t) = —0.127 (¢t) — 0.1R;x2 (¢) + 0.1u (t), G1)

where i = 1,2,3, &, = 10~ is the SPP. Then, let = (t) =
[ 21 (t) x2(t) ]T and as noted in [8], assuming |z (¢)| < 3,
we can obtain the following T-S fuzzy model of (31):

2
Beir (t) =Y by (1) [Apaz () + Bpau(t)],  (32)
p=1
where
& ¢ el
A1 = |01 —01R, | Aa = 01 —01R, |’
@ & ] e ]
Avz = | 01 —01R, | ek |01 —01R, |’
¥ & ] e ]
Avs = | 01 —0.1R; | Ao = |01 —01Ry |’

T
Bi1=Bi2=B13=DBy1 =Byp=By3=[0 0.1 ]
E. = diag{1,e,} b (1) =1 — 2 hy (1) =1 Iy ().

Then, choosing a sampling time 7T = 0.2s, we can get the
discrete time model of (32) as follows:

2
z(k+1) =Y hy (k) [ApiEex (k) + Byu (k)]
p=1
where

_ 1.4590 1.6211 _ 0.1528
Al,l = y D1,1 — 9

—0.0162 —-0.0180 0.0565

_ 1.4672 1.2226 _ 0.1166
A1,2 = ;B1,2 = ,

—0.0122 —-0.0102 0.0442
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g § 0.02
0.5 0
2 2 -0.02
$ $ -0.04
s s 71 23
x < Ol
e e \
©n ©n —
0.2 0.5
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Time in samples Time in samples

Fig. 6. State responses of closed-loop system in Example 2 (100 realizations).

B [ 14721 0.9814 _ [ 0.0943 |
Az = ,Bi13= )
—0.0098 —0.0065 0.0362
B [ 3.8876 43192 | _ [ 0.2526 ]
Ay = ,Ba1 = )
~0.0432  —0.0480 0.0498
B [ 3.9092 32575 | _ [ 0.1933 |
Ao = yBa o = )
~0.0326 —0.0271 0.0403
B [ 3.9223  2.6147 _ [ 0.1565 |
Az = ,Ba3 =
~0.0261 —0.0174 0.0337

The SMK can be computed by (2) with the following param-
eters, which borrowed from [38]:

0 07 03 0 o2 o3
Wij]=104 0 06 |,[¢5;(r)=] @* 0 &3
0.5 05 O o3l @32 0
where
®12 — 06218%;0);&10!7 P13 — 0.421-83;0);;10!7
=090 — 097, % = (1?)11(J}1)(!)P‘T!7
3L = 04D g7 @32 = 030D _.37"°

The real matrixes M, ; and N, ; (p € {1,2},4 € {1,2,3}) are
assumed as follows:

M,; = 0.12,N,; = 0.33.

Then applying Theorem 3 with 91 = 5.5, 12 = 5.7, ¢3 =
53, eny = 0.1, T, =4, T2, =3, T2, =2 ¢ =1,

= —0.1, J1a,i = J20,i = J30,i = diag {1,1}, Yo € {1, 2},
W € {1,2, 3}, the controller gains can be calculated as

Ki1=-9.1659, K;o=-125624, K;3=—16.0073,
Kyq = —13.0108, Ky = —18.0432, Kj3 = —23.9448.
Fig. 6 shows the 100 realizations of the states response of
the closed-loop system under the calculated controller gains.

From Fig. 6, we can observe that the designed controller is
effective.

V. CONCLUSIONS

The fuzzy-model-based non-fragile control problem has
been addressed for discrete-time nonlinear SPSs with stochas-
tic jump parameters. A semi-Markov process has been em-
ployed to describe the stochastic jump parameters. Compared

9

with the extensively used Markov jump model, the semi-
Markov jump model is more general since that it is not
required to be subject to ideal, time-invariant and memo-
ryless transition probabilities. By employing the T-S fuzzy
model approach and SMK concept, some d-error mean square
stability analysis criteria have been established and the re-
silient controller has been designed to solve the fragility
problem when implementing fuzzy-model-based controller for
nonlinear discrete-time semi-Markov jump SPSs. Moreover,
an algorithm has been proposed to estimate the permissible
maximum value of SPP. A numerical example and a modified
tunnel diode circuit have been employed to illustrate the
validity of the established theoretical results finally. Future
work will be devoted to address the adaptive control problem
for nonlinear discrete-time semi-Markov jump SPSs.

APPENDIX
A. Proof of Lemma 2

Proof: Pay attention to the multiple Lyapunov function
as follows

14 ($ (k) 7775) = T k) Z ha (k) Ga,ix (k) ,
aceW; ns=i
Vi € Wi
Then, one can obtain that
p1([lz (B))) <V (x(k).ns) <p2(z(R)), (33)
where
pr(le®)) 2 sup  {Amax (Gai)} (B[,
acWq,ieWo
A
p1(llz (RK)]]) = aew ,zEW {Amin (Ga,i)} |z (K )H )
which guarantees the condition (6) in Lemma 1.
Moreover, if the system’s mode does not jump
at k which means 7, = ¢, k € (ks ,ksy1), le,
ke{ks+tvte{1,2,--- TL, —1}}, then we have
Vi (k),ns) — iV (2 (ks), ns)
< 3> ha(€(ba+t—1)) ) {27 (
acW; geW,
[ElT (k87 h7 t) Ga,iEi (ksa h7 t) - wiG,@,i] x (ks)} .
In light of (9), one can see that
V (z(k),ns) — vV (z(ks),ns) <O0. (34)

In addition, denoting 7 as the sojourn time at the switching
instant, for 1, =4, Ns41 = J, Vi # j € Wy, it follows that

E [V (2 (ks+1) s 0+l 2(0),r0, D01 <,

—V (z (ks) ,ms)

< DD ha(E(ks+7) ) {27 (
aceW; geW,
Tl’inax
< [N ET (Beyh ) G (7) Zi (ke by 7) — G
T=1
xz (ks)}
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< —ps(llz (R, (35) Vp,q,a € Wy, Vi € Wa.
where Thus, according to Lemma 4, for Ve, € [0, €]
Iixax Jl ’ IQU (t %) I2<]T ; O
A . —T 2 a,i a,i \bs la,i
= f —Amax =i (ks h, 0 > r
palle ()2 ity 4~ | 3 EF (e ‘ [ . .
. ) T
Xga,i (T) Ei (k’s, h, T) - Gg,i]} ||m (k)H2 . +e, Sym {Jla,ll-lU(Xﬂ (tv %) IQJla,i} 0 ‘|
* 0
From (33)-(35) and Lemma 1, one could find that the J-error R
mean-square stability of the corresponding closed-loop system n Fa i (t50) Zpgi(ks, h)
(5) is ensured. This completes the proof. ] * L3 (t, ) ’
vpa‘]va € W17Vi € WQ;
B. Proof of Theorem 1 .
Proof: Firstly, when k1 = 1, ke = 1, using Schur 1.e.
complement to (16), the following holds Ji0,iBeUai (t,20) BT, & (o h)
_ _ —Sym {FTJL . Trat s <0,
Q}czlpq i (t50) +eq IQQP,ngp,i +é& 1\I’2lp-,i‘I’lep,i <0, (36) Al {*Z tos} ‘ T3 (7 )
i\ x
which combining with Lemma 5 can derive that Vp,q, 00 € Wy, Vi € W
TAxT RT (39)
Qg (t, ) 0 FEAK,Byi | . Since  Jia, BeUn,i (t, ) EJL, , — Sym{FFJL} >
* 0 —FF (E U, (t, %) E.)” " F;, one can obtain that
. , -1 _ N
Since  Tp5(t,2¢) = —F (TiUas (6,29 1) F, CFT (Bl (t,5)E) B Spg (kos )
> opeihp(ks) = 1 and hy(ks) = 0 for Vp € W, one N T8 (4 50) <0,
can obtain that , 0t A
- 12 Vp,q, o € Wq,Vi € Ws.
Loo(tysx) T +FTAICT BT 0 (40)
< 0.

Let Uy (t,22) = (EOq (t,5) EE)_l, from (40) one can
(37) easily get that

h2 ks a,i \7) PP,
,; 2 )[ * o (1,0

a,t

Similarly, considering that 22;1 hg(ks) =1,and hy (ks) > 0 —FTO,, (t, ) F; Zpai (ks ) ]
for Vg € Wy, when k1 = 1, ko = 1, from (17), we can get ’ ’ 1 | <0,
the following condition holds for Vp < g, a € Wy, Vi € W, * ~ (EeOaqi (t, 52 +1) Ee)

Vp,q, a0 € W1,Vi € W,.

v Lui(ts) T2+ FTAKT BT, (41)
Zzhz) (ks) hq (ks) 7 N L3 (4 ) re- and post- multiply (41) by diag{F; ", I} and
p=lg=1 wr diag{Fi_l, I } respectively, then using Schur complement, one

Filz (t, ) F(llpzz + FAKT BT, can see that the (11) in Lemma 3 is guaranteed.
* % Fa ? (t, ) <0 Moreover, when k3 = 1, using Schur complement to (18),

it results in that
which combining with (37) implies that

o Qgit—'l/Jani t,0 71<0.
DV Spra(bah) ] _ o ) o 00)
o T | (38) Since 0 ; (1) > ~Ug ;. we can get
Vp,q, o € Wq,Vi € Wo, _Uﬁ—g iU (t’o)]—l <0
h _
where Let Us;, = (E©OsE)" and U.;(t,0) =
w o w ) —1 ... i T,
Z (ko h) 2 he (ko) ho (K {F1 2 F'TA’CT_BT'} '(EGGW; (t,0)E.) ", it is easy to see that (12) in Lemma 3
pai ) pzzjl ; p (ks) by (k) Pai ! Pt s guaranteed. In a similar way, we can prove that once the
o (16), (17) with k1 = 1,2, ke = 2, (18) with ko = 2 and
Additionally, when #1 = 2, rz = 1, from (16) and (17), we 19y (20 with [ —= 1,2, are satisfied simultaneously, then
can get conditions (13) and (14) hold. This completes the proof. H
o | NeiloUai(t, ) T2 JY,; O
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