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Abstract—This paper presents the application of dynamic
phasor analysis to understand the effect of passive phase im-
balance schemes on the torsional modes of a turbine-generator
system. These schemes have been proposed in the previous lit-
erature as subsynchronous resonance (SSR) countermeasures.
Dynamic phasor analysis of the unbalanced system yields a
linearized and time-invariant model which facilitates eigen-anal-
ysis. It is seen that large levels of phase imbalance can cause
a significant movement in the subsynchronous network modal
frequencies. Therefore, in specific cases, SSR can be avoided due
to detuning of the torsional and network modes. However, the
analysis also shows that damping torque in a series compensated
network is negative at subsynchronous frequencies even with
phase imbalance. Therefore, phase imbalance cannot be a general
countermeasure to the problem of SSR.

Index Terms—Dynamic phasors, eigen-analysis, phase imbal-
ance, subsynchronous resonance (SSR) mitigation.

I. INTRODUCTION

S ERIES compensation is an economical and effective tech-
nique to enhance the power transfer capability of transmis-

sion lines [1]. A major concern with fixed series compensation is
the possibility of adverse dynamic interaction between the net-
work and turbine-generator shaft, resulting in growing torsional
oscillations, which may damage the shaft. This phenomena is
also known as subsynchronous resonance (SSR) [2]–[4]. There-
fore while planning for fixed series compensation, the possi-
bility of SSR must be analyzed. Appropriate countermeasures
must be taken if this analysis reveals a potential SSR problem.

Several techniques for mitigation of SSR have been proposed
in the past [2]–[4]. Edris [5] suggested two schemes of pas-
sive phase imbalance for the mitigation of SSR. Fig. 1 shows
the series resonance scheme. The parallel resonance scheme is
shown in Fig. 2. Imbalance is created by inserting additional
capacitors and inductors in the circuit in such a manner that
the system is balanced at the nominal frequency , whereas
it is unbalanced at other frequencies. are additional
capacitances inserted in the phases “ ” and “ ”, respectively.
The ratios and are used as measures of imbal-
ance where as “ ” is the capacitance per phase of the system
without any imbalance. The effectiveness of the schemes for
SSR mitigation have been demonstrated in specific case studies
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Fig. 1. Series resonance scheme.

Fig. 2. Parallel resonance scheme.

by using time-domain simulations [5]. An intuitive explanation
which has been put forth is that phase imbalance “reduces the
energy exchange by weakening the electromagnetic coupling”
[5]–[7]. However, in the absence of rigorous analysis, there is
little insight into the actual mechanism of damping, or the effect
of various parameters. Therefore, there have been doubts about
the utility of phase imbalance as a countermeasure to SSR, in a
general sense (see the discussion by Bowler in [6]). The main
analytical difficulty so far has been in the modeling of phase im-
balance. Conventional modeling in the “ ” variables, using
a time-variant transformation of three-phase variables, is not
suitable as it yields time variant equations which do not lend
themselves easily to analysis. A heuristic approach was used in
[7], to extend eigen-analysis to the time variant model with
variables.

The dynamic phasor modeling technique has been proposed
in the literature [8], [9] as an alternative to the time variant
transformation of the three-phase variables to variables. Dy-
namic phasor-based models are well suited for the analysis of
unbalanced three-phase systems as well as circuits involving
periodically switched devices like thyristors [10], [11]. In par-
ticular, for unbalanced systems, the dynamic phasor model is

0885-8950/$26.00 © 2010 IEEE



CHUDASAMA AND KULKARNI: DYNAMIC PHASOR ANALYSIS OF SSR MITIGATION SCHEMES BASED ON PASSIVE PHASE IMBALANCE 1669

time-invariant, which makes it suitable for understanding the ef-
fect of phase imbalance on SSR.

Therefore, the main aim of this paper is to develop a lin-
earized dynamic phasor model suitable for analysis of SSR
under phase imbalance conditions. We then apply eigen-anal-
ysis tools to understand the effect of imbalance on network
modal frequencies and the damping torque. It is shown that
damping torque in series compensated networks is negative
at subsynchronous frequencies even with phase imbalance.
However, large levels of phase imbalance cause a significant
movement of the network modal frequencies. Therefore in
specific cases, SSR is avoided due to detuning between the
torsional and network modes. These facts are illustrated using
eigen-analysis and time-domain simulations using IEEE bench-
mark models.

The paper is organized as follows. The definition and basic
relations for dynamic phasors are given in Section II. The dy-
namic phasor model of a synchronous machine connected to
an unbalanced three-phase network is also outlined in this sec-
tion. A simplified analysis is presented in Section III. Results of
eigen-analysis using a detailed model, as well as time-domain
simulations, are presented in Section IV.

II. DYNAMIC PHASOR MODELING

Any periodic waveform (possibly complex) can be repre-
sented in terms of the complex Fourier coefficients as given in
the following:

(1)

where .
represents the th dynamic phasor of the instantaneous

signal and can be computed as follows:

(2)

The following important properties of dynamic phasors are used
in the model derivation [8].

1) The derivative of the dynamic phasor is given by

(3)

2) The dynamic phasor of the product of two signals
and can be obtained by the discrete convolution of the
corresponding dynamic phasors as follows:

(4)

3) Following are also used for model simplification:

(5)

(6)

where “*” represents the complex conjugate. Note that if
is periodic with a period , then the dynamic phasor is
a constant.

A. Synchronous Machine Model

The dynamic phasor model of a synchronous machine can be
expressed as follows (see the outline of the derivation and the
definition of variables in Appendix A):

(7)

(8)

The algebraic equation relating the currents and fluxes is given
by

(9)

The mechanical equations for the th rotor mass of the turbine-
generator are given by

(10)

(11)

In what follows, the speed, angle, and electromagnetic torque
corresponding to the generator rotor mass are denoted without
any subscript (i.e., , , ).

Electromagnetic torque is zero for all rotor masses ex-
cept that of the generator. This is given by

(12)

where the “ ” and “ ” phasors are related as follows
(see Appendix B):

Similar equations are obtained for the fluxes and .
Remarks:

1) The dynamic phasor model is time-invariant but is non-
linear due to (9) and (12). Note that the matrices given
in (9) are functions of (see Appendix A).

2) The equations are complex; they can be separated into real
and imaginary parts and linearized around an operating
point for eigen-analysis.

3) There is coupling between dynamic phasors with different
due to (9) and (12). As a result, the size of the state space

is large since the equations corresponding to all have to
be represented. However, if the transients of interest have
a limited bandwidth (e.g., “subsynchronous torsional and
network oscillations”), then one may, as an approximation,
consider only the dynamic phasors corresponding to a lim-
ited set of .

4) The equations of a synchronous machine with balanced pa-
rameters show no coupling between the , , and vari-
ables. However, when these equations are interfaced with
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an external unbalanced network, such a coupling arises in
the overall equations.

5) The dynamic phasor equations need to be converted to per
unit form by use of appropriate base values. The param-
eters required for the model (per-unit resistances and in-
ductances) can be back-calculated from the standard pa-
rameters. To avoid notational clutter, these steps are not
described in this paper.

B. Dynamic Phasor Model of a Network

The derivation of a dynamic phasor model of a three-phase
network is done in a similar manner; the basic network equations
in “ ” variables are transformed to sequence variables and
then converted to dynamic phasor form. The general form of
the network equations is

(13)

(14)

where are the states of the network, are the
currents at the network port(s), and are the voltages
at these port(s).

If network equations in variables are linear time-in-
variant, then there is no coupling between dynamic phasors
corresponding to various . However, with imbalance, there
is coupling between “ ” variables for a given . As in
steady-state unbalanced analysis, star-delta transformers affect
the “ ” (zero sequence) phasors and cause phase-shifts in the

dynamic phasors.

III. SIMPLIFIED ANALYSIS

Before proceeding for a detailed numerical analysis, let us
study a simple linearized model of a synchronous generator
which is represented by the classical model (voltage source be-
hind a reactance) and is connected to an infinite bus by an un-
balanced series R-L-C network. The linearized torque and “in-
ternal” voltage of the generator are given by [2]

are the generator internal voltage and current
components in the synchronously rotating frame of reference.

is the magnitude of the voltage behind the generator
reactance ( is constant).

It is assumed here, for simplicity, that the generator is oper-
ating in steady state at no load, i.e., the quiescent currents of
the generator and the quiescent value of are zero.
The quiescent frequency is equal to which is also equal to
the base frequency . We now have

We can rewrite this in terms of dynamic phasors of sequence
components by using the relationships between the and

dynamic phasors, which are derived in Appendix B:

and (15)

and (16)

where the subscripts and denote real and imaginary com-
ponents.

Note that it is adequate to consider only for the me-
chanical variables and for the electrical variables, since
these dynamic phasors are decoupled from those corresponding
to other values of , due to the use of the classical model.

For an R-L-C series three-phase network connecting a gen-
erator to an infinite bus, the network equations are as given in
(13), where

where and are the generator internal voltages and the
infinite bus voltages, respectively, and and are the in-
ductor currents and capacitor voltages, respectively. The infinite
bus voltages are balanced and have a frequency . Therefore,

is constant. Since it is a series network, the inductor
currents are the same as the generator currents. For this network,
the matrices in (13) and (14) are given by

Note that and are self and mutual reactances, which in-
clude the generator reactance and unbalanced lumped elements
in any phase. and are positive sequence and zero se-
quence resistances and is the capacitive reactance of the
R-L-C series network. The following transfer function relation-
ship can be obtained from the network equations:

(17)
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Fig. 3. Damping torque coefficient.

Using (15)–(17), we get the expression for the damping torque
coefficient [2] as follows:

(18)

The analytical expression for damping torque in terms of the
inductances and capacitances of the network is complicated.
Therefore, numerical evaluation is carried out for a specific case
and is shown in Fig. 3. It is seen that is negative at subsyn-
chronous frequencies. This has also been verified for different
network parameters, including the degree of compensation and
imbalance.

To get better insight, we can get simplified expressions by
assuming that and . Six complex pairs of
eigenvalues are obtained. Note that the six complex differential
equations corresponding to the network yield 12 real differential
equations:

, , and are the important eigenvalues which affect the
damping torque at subsynchronous frequencies. The damping

torque coefficient can be approximated as follows near these
frequencies:

(19)

where denotes the residue of the transfer function (18) and
corresponding to the th eigenvalue. The approximate expres-
sion is analytically determined to be as follows:

(20)

(21)

where

Note that the magnitude of the second term in (20) is much
smaller than the first term if and a realistic range
of compensation level ( to ) is used. It is easily
evident that the simplified expression of damping torque (21)
is negative for in the subsynchronous range. Therefore, it ap-
pears that one cannot cause positive damping of subsynchronous
torsional modes using an unbalanced network alone.

However, it is seen that there is significant shift in the modal
frequencies with the introduction of imbalance. In Fig. 3, the
frequency at which damping torque is minimum shifts signif-
icantly with imbalance. Therefore, it seems possible to detune
the network modes using phase imbalance (if there is a coinci-
dence with a torsional modal frequency under balanced condi-
tions), and thereby avoid an SSR situation. It is also seen that
the critical network modal frequencies are lowered due to phase
imbalance. The negative peak of the damping torque is signifi-
cantly reduced as well.

IV. EIGEN-ANALYSIS WITH DETAILED MODELS

We now check the validity of modeling methodology as well
as evaluate the phase imbalance scheme for mitigation of SSR.
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Fig. 4. IEEE First Benchmark Model (FBM).

TABLE I
TORSIONAL AND NETWORK MODES WITH

FBM AND SERIES RESONANCE SCHEME

The systems are adapted from IEEE First and Second Bench-
mark Models (FBM and SBM). Both series and parallel schemes
are considered (see Figs. 1 and 2).

For the eigen-analysis, we consider a model in which the dy-
namic phasors corresponding to for the stator “ ”
variables, for the rotor variables and for the me-
chanical variables, are represented, and the others are neglected
(see the remarks in Section II-A). Note that the network and tor-
sional transients of interest lie in the subsynchronous range, for
which this seems to be a reasonable choice. As we shall see, this
gives results which match well with the detailed simulations car-
ried out using the variables.

A. IEEE First Benchmark System

The IEEE FBM is shown in Fig. 4 for which the data are
taken from [12]. Mechanical (viscous) damping is not consid-
ered for this test system. The compensation level at the nominal
frequency is 43%. The system has five torsional modes, out of
which four are unstable (since mechanical damping is not con-
sidered, the results are pessimistic) for the balanced case. The
fifth mode is not affected by the electrical network [2].

Table I shows the variation in real parts of the torsional modes
with series scheme for different cases of imbalance. The tor-
sional modal frequencies are determined mainly by the mechan-
ical stiffness and mass, and are practically unaffected by the
electrical network. The degree of imbalance is quantified by the

Fig. 5. Modal speed deviations (rad/s) without imbalance for FBM.

Fig. 6. Modal speed deviations (rad/s) with series resonance scheme and
��� � ����, ��� � ��� for FBM.

ratios and . These values are chosen near-about the
values used in Edris’s paper [5].

It can be observed that while the critical network modal fre-
quencies change and get detuned from one or the other torsional
mode, it is difficult to ensure detuning of all torsional modes si-
multaneously. Hence, the system is unstable for all the cases
which are considered, in spite of phase imbalance.

In order to verify the results, detailed three-phase time-do-
main simulation is done using Matlab/Simulink [14]. To excite
the torsional modes, mechanical torque of all turbines is
changed from 100% to 95% at . We have plotted the
modal speed deviations corresponding to the first four torsional
modes, for the balanced case and case-I, in Figs. 5 and 6,
respectively.
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TABLE II
TORSIONAL AND NETWORK MODES WITH FBM

AND PARALLEL RESONANCE SCHEME

Note that the modal speed deviation corresponding to
a torsional mode “ ” is approximately obtained as follows:

where is a vector containing the left eigenvector com-
ponents corresponding to individual angular speed devia-
tions of the rotor masses of the turbine-generator system

. Modal speed deviations are shown
in order to view the effect on individual modes separately.

From Fig. 5, it is clear that with the balanced condition,
un-damping of the modal speed deviation for mode-3 is highest
as it is tuned to one of the network modes. In case-I, mode-3
gets detuned but mode-2 is tuned to one of the network modes.
Hence, shows an unstable response as shown in Fig. 6,
which is as predicted by the eigen-analysis.

In case of parallel resonance scheme, the capacitive reactance
which is shunted by a parallel branch is taken as 20% of total

per phase and . Table II shows real parts of
torsional modes with parallel resonance scheme. The difference
here is that reduction in ratio implies increased degree
of imbalance. The results and conclusions are similar to those
obtained with the series resonance scheme: all modes cannot be
detuned simultaneously, and hence, the system is unstable even
with imbalance. The results with the parallel resonance scheme
are also verified with time-domain simulations, although they
are not shown here.

B. IEEE Second Benchmark System

The IEEE Second Benchmark Model [13] is taken as another
test system—see Fig. 7. Mechanical damping has been consid-
ered, unlike in the previous test cases. The rotor of the syn-
chronous machine is modeled with four lumped masses. Out of

Fig. 7. IEEE Second Benchmark Model (SBM).

TABLE III
TORSIONAL AND NETWORK MODES WITH

SBM AND SERIES RESONANCE SCHEME

three torsional modes, one is unstable. The torsional Mode-3 is
not affected much by the electrical network.

The variation of the real parts of the eigenvalues corre-
sponding to the torsional modes is shown in Table III. The
results show that the damping of the first torsional mode im-
proves due to imbalance. A comparison of the network and
torsional modes shows that the network modal frequency re-
duces with increased imbalance. The difference in frequencies
between the critical network mode and the lowest frequency
torsional mode increases, thereby reducing the adverse effect
of the electrical network on this torsional mode. Eventually for
Case-III, the torsional modes become stable.

Although not shown in Table III, if the mechanical damping
is neglected, then the real part of the eigenvalue corresponding
to 155.1 rad/s torsional mode is found to change from
(balanced case) to (Case-III). Moreover, torsional modes
2 and 3 are found to have small positive real parts for all the
cases. This shows that the phase imbalance scheme does not
cause positive damping. However in this system, the de-stabi-
lizing effect of the network can be reduced (due to detuning) to
a point at which the mechanical (viscous) damping is adequate
to ensure stability of the torsional modes.

Table IV shows the real parts of eigenvalues corresponding to
different torsional modes with the parallel resonance scheme. It
is found that the system is stable for Case-II but it is unstable
for both smaller as well as larger imbalance. This is because
of the near-coincidence of third network mode with the lowest
frequency torsional mode (Case-III). Time-domain simulation
results are shown in Figs. 8 and 9. The disturbance considered
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Fig. 8. Modal speed deviations (rad/s) without imbalance for SBM.

Fig. 9. Modal speed deviations (rad/s) with parallel resonance scheme and
��� � ����, ��� � ���� for SBM.

TABLE IV
TORSIONAL AND NETWORK MODES WITH

SBM AND PARALLEL RESONANCE SCHEME

is a 5% change in mechanical torque, as before. The simulations
support the inferences obtained from eigen-analysis.

To summarize: it is observed from the detailed study of two
test cases and the derivation in Section III that phase imbalance
does not cause positive damping by itself, but reduces the neg-
ative peaks in the damping torque and leads to a change in net-
work modal frequencies. If the torsional modal frequencies are
few or well-spaced, SSR can be avoided due to detuning effect.

Even here, switched elements would be required to ensure that
detuning persists even with changes in the network conditions.
If there are several closely spaced torsional modes, then it is dif-
ficult to simultaneously detune all of them.

V. CONCLUSION

An investigation of the series and parallel passive phase im-
balance schemes as countermeasures to SSR is presented in this
paper. This analysis is facilitated by dynamic phasor modeling
since it yields a time-invariant system of equations.

Simplified analysis indicates that the damping torque pro-
vided by a passive unbalanced network is not positive in the
subsynchronous frequency range. However, the frequencies of
the network subsynchronous modes change due to phase imbal-
ance. Therefore, phase imbalance schemes can be used to pre-
vent a torsional and network mode resonance condition if it ex-
ists for a certain level of balanced compensation. However, this
is problematic if several torsional modes are present and when
network conditions change.

These conclusions have been verified by detailed eigen-anal-
ysis and time-domain simulations. The results of this paper sup-
port the assessment of Bowler (in the discussion in [6]) that pas-
sive phase imbalance schemes cannot be a solution to SSR in a
general sense.

APPENDIX A
SYNCHRONOUS MACHINE MODEL

The equations of a synchronous machine which relate fluxes
“ ”, currents “ ”, and applied voltages “ ” are [2]

In the above equations, subscripts “ , , ” refers to stator three-
phase quantities. Subscripts “ , , , ” refers to field winding
and damper windings parameters. “ ” is the generator electrical
angular position while “ ” is the generator electrical angular po-
sition in a synchronously rotating frame (rotating at ).

The and denote resistances and inductances of the wind-
ings. The stator quantities are transformed to quantities
using the following transformation:

(22)
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where and “ ” may be any of the vari-
ables , , or . Therefore

From the above equations, we obtain the dynamic phasor rela-
tionships of Section II-A. The inductance matrix is a func-
tion of . In particular, it consists of terms like and .
Therefore

Important: If higher frequency variations in are ignored,
i.e., for , then are a function
of but independent of .

The mechanical equations for a rotor mass “m” of a turbine-
generator system, connected by an elastic shaft to masses
and are given by

For notational simplicity, a 2-pole machine is assumed, where

inertia of the rotor mass “ ”;

mechanical damping coefficient of mass “ ”;

shaft stiffness coefficient for section ;

mechanical torque acting on mass “ ”;

electrical torque (present only for the generator);

angular position of mass “ ” in a synchronously
rotating frame;
angular speed of rotor mass “ ”.

We get (10) and (11) using the above set of equations.
Note that the electromagnetic torque of the generator can be

expressed in the variables (obtained from Parks transfor-
mation of the instantaneous three-phase variables) or
variables (synchronous transformation) as follows [2]:

Using the relationships derived in Appendix B, we obtain

Thus, the electrical torque can be expressed in terms of the
dynamic phasors.

APPENDIX B
RELATION BETWEEN AND VARIABLES

Use the transformation in synchronously rotating reference
frame given in the equation at the bottom of the page.

Similarly

In terms of dynamic phasors, the above equations are
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