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This paper  presents  a  new  framework  to study  the  generation  capacity  expansion  in a multi-stage  hori-
zon in the  presence  of strategic  generation  companies  (GENCOs).  The  proposed  three-level  model  is a
pool-based  network-constrained  electricity  market  that is  presented  under  uncertainty  in  the  predicted
load  demand  modeled  by  the  discrete  Markov  model.  The  first  level  includes  decisions  related  to  invest-
ment  aimed  to maximize  the  total profit  of all  GENCOs  in the planning  horizon,  while  the  second  level
entails  decisions  related  to investment  aimed  at maximizing  the  total  profit  of each  GENCO.  The  third
level  consists  of maximizing  social  welfare  where  the  power  market  is  cleared.  The  three-level  optimiza-
tion  problem  is converted  to  a  one-level  problem  through  an auxiliary  mixed  integer  linear  programming
ynamic planning
trategic GENCO
ncertainty
hree-level model

(MILP)  using  primal–dual  transformation  and Karush–Kuhn–Tucker  (KKT)  conditions.  The efficiency  of
the  proposed  framework  is  examined  on  MAZANDARAN  regional  electric  company  (MREC)  transmission
network  – a part  of  the Iranian  interconnected  power  system.  Simulation  results  confirm  that  the  pro-
posed  framework  could  be a useful  tool  for analyzing  the  behaviour  of  investment  in electricity  markets
in  the  presence  of  strategic  GENCOs.
. Introduction

Security and quality of supply, which implies the physical avail-
bility of electric power in sufficient quantities at all times and
rices that are affordable for consumers, have remained top pri-
rities since the electricity market liberalization [1–5]. These two
ital features of the electric power supply must be ensured on the
hort and long-term basis [6]. To achieve this goal, it is important to
ave a positive correlation between generation expansion and the
emand growth to maintain balance between production and con-
umption. However, generation expansion planning has become a
omplex issue in the power generation industry in the competitive
pace [7–9]. In a limited competitive space, it is necessary that the
ndependent system operator is equipped with the capabilities of
odels and computational tools to enable it to study the behaviour
f the expansion of the generation sector in power systems under
ncertainty [5,7,10–27].
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Generation investment market involves competition of a set of
strategic companies of which each can exact power with its deci-
sions in the market. Given this scenario, challenges and significant
difficulties will be created in strategic companies, decisions include
short-term decisions which include strategic offers in the instan-
taneous market and long-term decisions invested in a new power
plant. Also in this model, the market price is considered reliably
effected by the decisions of the strategic companies. In this case,
both the market price and the companies productions are vari-
able, while investor in on-level models such as [1–3,8,9,11–18]
must have a prediction pattern of market price. in these models,
Investment capacity for optimizing profit is affected this prediction
pattern of price.

A number of models have been developed to address the gener-
ation expansion problem both before and after restructuring of the
electricity market. However, many of these models are deficient
in one way  or another. For example, in many bi-level models such

as [7,10,28–34] presented, the market price prediction model was
used but the existence of a strategic company for the production
development planning was not considered.

dx.doi.org/10.1016/j.epsr.2017.07.004
http://www.sciencedirect.com/science/journal/03787796
http://www.elsevier.com/locate/epsr
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Indices

Indices
w/w′ index for scenario
r/r′ index for year
t index for demand blocks
y index for GENCOs
i/k index for new/existing generation unit of strategic

GENCO
d index for demand
h index for size of investment option
n/m index for bus

Parameters
�rt weight of demand block t in year r
Ww weight of scenario w and year r
Qwr demand growth of scenario w in year r
Kyri annual investment cost of new generating unit i of

strategic GENCO y in year r (D /MW)
K̄y available investment budget of strategic GENCO y

(MD )
Xih option h for investment capacity of new unit i (MW)
P̄ES
yk

capacity of existing generation unit k of strategic
GENCO y (MW)

P̄D
td

maximum load of demand d in block t (MW)
CS
i
/CES
k

marginal cost of new/existing unit of strategic
GENCO (D /MWh)

UD
rtd

price bid of demand d in demand block t and year r
(D /MWh)

Bmn musceptance of line n–m (p.u.)
Fnm transmission capacity of line n–m (MW)
f discount rate

Decision variables
Xyri capacity investment of new unit i of the strategic

GENCO y in year r (MW)
uyrih binary variable that is equal to 1 if the hth invest-

ment option of technology i is selected in year r,
otherwise it is equal to 0

PES
yrtkw

/PS
yrtiw

power produced by existing/new unit k/i of
strategic GENCO y in year r, demand block t and
scenario w (MW)

Xyrr′i/P
Sr
yrr′tiw available capacity/power produced of new unit

i of strategic GENCO y in year r′, in years after the
installation in year r (MW)

PD
rtdw

demand d, in year r, demand block t and scenario w
(MW)

OES
yrtkw

/OS
yrtiw

price offered by existing/new unit k/i of strate-
gic GENCO y in year r, demand block t and scenario
w (D /MWh)

OSr
yrr′tiw price offered by new unit i of strategic GENCO y, in

year r′, in the years after the installation in year r,
demand block t and scenario w (D /MWh)

�rtnw location marginal price or market clearing price
(D /MWh)

Cr
yrr′i marginal cost of new unit of GENCO i, in year r′, in

the years after the installation in year r (D /MWh)
�rtnw voltage angle of bus n, in year r, demand block t and

a
C

procedure is repeated for each scenario. At first, for each company
scenario w
The market in [30,31] was modeled using the conjecture price
pproach in the lower level of the problem while ref [29] used
ournot modeling approach their work. Although, the market price
ms Research 152 (2017) 92–104 93

was considered a variable in the bi-level models presented for the
production expansion planning problem in [9,13] strategic com-
panies were not taken into account in the studies. In some other
bi-level models such as [35–37] the supply function model was
used to consider the strategic companies. However, these mod-
els include competition of only one strategic company with a set
of non-strategic companies. Meanwhile, there is no competition
among the strategic companies in the approach used in [35,36], due
to the static nature of planning. Its worth mentioning that one of the
other important advantages of multi-level models is that the objec-
tives that are in conflict with each other are observed in them. In
[38], a three level model for generation expansion planning without
considering the strategic companies is presented. Similarly, though
competition among a set of strategic companies was  considered
for the generation expansion planning in [39,40], certain impor-
tant features such as dynamism, consideration for uncertainty and
capacities of true investment are missing in these references.

Furthermore, the models proposed in [29,36,39,41–48] did not
take into account the dynamic nature of investment decisions. Sim-
ilarly, uncertainty in the demand growth were not included in the
models proposed in [36,37,44,49] just as the investors in the models
in [36,39,44,50] have no choice of different technologies.

Interestingly, the present work tries to address most of the defi-
ciencies highlighted above, to present a very accurate model. In
this respect, it considers the dynamics of the investment deci-
sions, just as it puts into account strategic GENCOs. It also considers
the problem as a three-level model consisting of the transmission
network constraints. The uncertainty regarding demand growth is
equally accounted for in this study. In addition, the model takes
into account peak and base technologies in different capacities
from which the user could select. In the proposed model, small
and large private GENCOs compete with one another. Fig. 1 shows
the effectiveness of investment and planning.

By way  of summary, the contributions of this paper are listed
below:

• The proposed model for the strategic GENCOs is dynamic in
nature. To the best of the authors’ knowledge, none of the equi-
librium programming with equilibrium constraint (EPEC) models
presented in the literature considered the dynamic nature of
investment decisions. Thus, the multi-period stochastic three-
level model consisting of transmission network constraints is
presented here.

• Inclusion of uncertainty in the load demand in the dynamic com-
petition of strategic GENCOs: Scenarios are used to describe the
uncertainty pertaining to the demand growth modelled by the
discrete Markov model because no anticipativity constraints are
inherent in all multi stage stochastic optimization problems;

• Consideration of investment decision variable as discrete vari-
ables in the three-level stochastic dynamic model for competition
among the strategic GENCOs: Two scenarios (base and peak) in
which each has different option for investment capacity are con-
sidered for each candidate.

• In this model, small and large strategic GENCOs compete with
one another.

2. The proposed algorithm

The generation planning problem in this study is solved using
the algorithm presented in Algorithm 1. It is desired to have the
objective function established at the scheduled time. The following
participating in this competition, the investment is done with the
aim of maximizing profits in the market. Non-anticipativity is con-
sidered at the output of the optimization offers in the market as well
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s investment for each company. New peak and base units added to
he existing unit in the power network is considered as the existing
nits in the following year. At the lowest level, the social welfare is
aximized for all time blocks in the horizon year.

For simplicity, time blocks and GENCOs count blocks are not
hown in the pseudo code illustrated in Algorithm 1. rn, wn, tn,
nd yn are number of stages, scenarios, time block, and GENCOs
espectively.

lgorithm 1. The algorithm for solving the proposed idea

equire: growth demand uncertainty, network and GENCOs info
:  while r ≤ rn do
:  max  aim of first level
: if peak unit is invested then
:  It added to the existing unit in network;
:  k ←− k + 1
: end if
: if base unit is invested then
:  It added to existing unit in network;
:  k ←− k + 1
0: end if
1: enforcing dynamic decency for invested capacity
2: Output: investment by GENCOs
3: y ←− 1
4: while S ≤ yn do
5: max  profit of company S in second level
6:  Output: offers by GENCOs;
7: non-anticipativity checking of primary level variables;
8: while t ≤ tn do
9: W ←− 1
0: while w ≤ wn do
1: max  social welfare in third level

2:  Market clearing with DC power flow
3: Output: generation, consumption and price
4:  non-anticipativity checking of tertiary level variables;
5: W ←− w + 1
6: end while

MC in t1 MC in tn MC in

MC in t1 MC in tn MC in

MC in t1 MC in tn MC in

MC in t1 MC in tn MC in

Supply fun

Impact of different 
GENCOs

The competitive
environment of po

market

Investment market 
(planning): long term 

market

Demand growth
uncertaintyInvestment

PeakBase

Investment market in 
1

st
year

Big strategic GENCO
(Big budget and large 

own unit)

Mini strategic GENCO
(Mini budget and few 

own unit)

Med
(Medi

Fig. 1. Effectiveness of inve
ms Research 152 (2017) 92–104

27: y ←− y + 1
28: end while
29: r ←− r + 1
30: end while
31: end while
32: return production, consumption and market clearing price

The variables in the first level represent the invested capacity
of the strategic GENCOs and their associated operation costs (Xyri,
Xr
yrr′i, uyrih, Cr

yrr′i). Therefore, their values are known in the second
and third levels and they modeled as known parameters. Again,
only the variables related to the second level offers of the strategic
GENCOs (OS

yrtiw
, OSr

yrr′tiw′ , OE
yrtkw

) in the market for the sale of elec-

tricity produced by their existing and new units are characterized
with the aim of maximizing the profit of both strategic GENCOs as
a constraint in the first level problem. Similarly, only the variables
related to the second level problem are considered as the first level
variables. The invested capacity by the GENCOs and their operation
cost and offers of strategic GENCOs have a certain amount in the
third level which are parameterized. Only the third-level variables
are included in the variables of production, consumption, buses
angles, and market clearing prices (PS

yrtiw
, PE
yrtkw

, Pd
rtdw

, PSr
yrr′tiw , �rtnw,

�rtnw) which are determined with the aim of maximizing the social
welfare as a constraint in the second level problem. Finally, only
the variables related to the third level are accounted for as first and
second level variables.

3. Uncertainty and non-anticipativity constraints in the
dynamic problem
It should be noted that non-anticipativity constraints are inher-
ent in all multi-stage stochastic optimization problems [40]. If the
realizations of stochastic processes are identical up to stage n, then
the values of all decision variables for these scenarios need to be

 the last time block

 the last time block

 the last time block

 the last time block

Investment
market in last year

Demand growth 
uncertainty

Investment
market in nth year

Investment
market in 1

st
year

Investment market 
in 2

nd
year

Operation market 
(operation planning): 

short term market

ction 

Cournot
Bertrand
Conjecture price
Stackelberg
…

More precise

Demand
uncertainty

wer 
MC in tn

ium strategic GENCO
um budget and medium 

own unit)

Other strategic GE NCO
(Other)

stment and planning.
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Stochastic multi-stage planning
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independent scenarios)
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Using mathematical algorit hms (in gams
and …)

Enforce non-anticipativity constraints
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Voluntary
constraints

Using heuristic algorithms
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OSyrr′tiwP
Sr
yrr′tkw −

d

UDtdP
D
rtdw ∀r, ∀t, ∀w (1)
volume calculati Mode 3

Fig. 2. Different states considering non-ant

dentical up to stage n. However, without the non-anticipativity
onstraints, values of decision variables for the scenarios may  not
e identical up to stage n [51]. Therefore, the provisions of non-
nticipitivity used as scenarios are not independent of each other
imilar to the case of a 5-stage planning.

Fig. 2 shows different states of a stochastic problem as used in
his study. One way to solve the problem is to include the results of
ach year in the studies of the following year. This could be in form
f quasi-dynamic planning [51]. It is apparent that the dynamic
lanning solution could be more optimal in comparison with the
uasi-dynamic planning solution. If the scenarios considered in the
odel are independent and different from one another at all stages

node-variable formulation), the provisions should not be applied
o the programming (mode 1, Fig. 2).

The multistage problem as scenario-variable formulation
ncluding dependent uncertainties has two modes when the uncer-
ainties in the scenarios considered are similar in the process of

ulti-stage models. The constraints related to non-anticipativity
hould be applied to the model (mode 3, Fig. 2). If the multistage
tochastic problem is solved by an optimization algorithm such
s heuristic algorithm, each iteration results in different optimal
olutions. It should be noted that applying the non-anticipativity
onstraints to the program is optional, especially if it uses GAMS
olvers like MILP, LP, NLP and EXT.

Because of the structure of the optimization problem, solutions
btained for each scenario is essentially the same in mode 2 of
ig. 2. Therefore, applying the non-anticipativity conditions to the
rogram increases the complexity of the model and calculations
olume which does not necessarily lead to the optimal solution. For
his reason, application of the non-anticipativity constraints is con-
idered optional in this study since the uncertainties in the defined
cenarios are similar in the process of multi-stage models since
hey use MILP GAMS solvers. Interestingly, the dynamic stochastic
pproach [52] is similar to case 1 of Fig. 2 while the formulated
odel in [53] is similar to mode 3 of Fig. 2 of the work presented

n this paper.
After the simulation, this subject must be checked to ensure the

ccuracy of the obtained optimal results. In this model, the second
nd third level variables must be checked to ensure the accuracy of
on-anticipativity constraints. The variables of the first level which
orrespond to the installed generation capacity of the investing
gent will not be stochastic in nature. The reason for this is that

 generation company can only make one investment decision at
 time as it is impossible to know which scenario is going to occur
n reality. Thus, the non-anticipativity subject is not considered in

he first level variables.

In this paper, the uncertainty in load demand is modelled by
sing the Markov chains with the demand growth is assumed to
Mode 2 Mode 1

ivity in the multi-stage stochastic problem.

be 10% and 8% with the probabilities of 60% and 40%, respectively,
in any scenario for each year. Fig. 2 shows the Markov chain for
the uncertainty in the demand growth. The generation expansion
planning includes 16 scenarios for five years according to the sce-
narios taken into account for each year. Therefore, the subject of
non-anticipativity conditions must be checked in these assumed
scenarios as follows. The variables introduced are the same in all
the scenarios for the first year. In the second year, however, only
variables in scenarios 1–8 and that of 9–16 remains the same. In
the third year the variables for scenarios 1–4, 5–8, 9–12 and 13–16
are similar while in the fourth year the variables are the same for
scenario 1 with 2, 3 with 4, 5 with 6, 7 with 8, 9 with 10, 11 with
12, 13 with 14 and 15 with 16. However, these variables are not the
same in the last year.

4. Mathematical formulation

The proposed idea presented in form of a three-level model
comprises a first level, i.e. Eqs. (15)–(22), a second level, i.e. Eqs.
(23)–(26), and a collection of third level problems, i.e. Eqs. (1)–(14).
The first level is related to the competitive environment in which
the GENCOs participate in, while the second and third levels are
related to the model of each strategic company in the power market.

Third level problem: The third-level problem represents the
market clearing. The clearing of the market for any given operating
condition is represented as an optimization problem that identifies
the operating decisions that maximize social welfare. The mar-
ket clearing problem is constrained by DC power flow equations,
transmission network limitations, upper and lower bound for pro-
duction and consumption as well as non-anticipativity constraint
related to the lowest level variables. The outputs of the lower level
problem is nodal prices (dual variables associated to the power
balance constraints), which are fed back to the medium level.

Third-level objective function:

min
∑
y

∑
i

OSyrtiwP
S
yrtiw +

∑
y

∑
k

OEyrtiwP
E
yrtkw

∑∑∑ ∑
The market clearing problems are represented by the negative
social welfare (i.e. Eq. (1)) and Eqs.(2)–(14). Note that dual vari-
ables associated with the third-problems are indicated at their
corresponding constraints following a colon.



9  Syste

a

0

0

0

0

−
�

d
E
n
t
e
d
t
l
r

�

P

P

P

P

�

a

G
a
t
i
i

a
T
n
p

4)
6 J. Valinejad et al. / Electric Power

Third-level constraints:∑
d

PDrtdw +
∑
m ∈ ��n

Bnm(�rtnw − �rtmw) −
∑
y

∑
i

PSyrtiw

−
∑
y

∑
r′

∑
i

PSryrr′tiw −
∑
y

∑
k

PEyrtkw = 0 : �rtnw ∀n, ∀t, ∀r, ∀w(2)

Eq. (2) represents the energy balance at each bus, being the
ssociated dual variables, LMPs (�rtw) or nodal prices.

 ≤ PSyrtiw ≤ Xyri : �̄Syrtiw, �S
yrtiw

∀y, ∀i, ∀t, ∀r, ∀w (3)

 ≤ PSr
yrr′ itw ≤ Xr

yrr′ i : �̄Sr
yrtiw

, �Sr
yrtiw

∀y, ∀r, ∀r ′ ⊂ {Xr′s > 0, r > r ′}, ∀t, ∀i, ∀w (4)

 ≤ PEyrtkw ≤ P̄Eyk : �̄Eyrtkw, �E
yrtkw

∀y, ∀k, ∀t, ∀r, ∀w (5)

 ≤ PDrtdw ≤ QwrP̄
D
td : �̄Drtdw, �D

rtdw
∀d, ∀t, ∀r, ∀w (6)

F̄nm ≤ Bnm(�rtnw − �rtmw) ≤ F̄nm : Vrtnw, V̄rtnw ∀n, ∀m, ∀t, ∀r, ∀w(7)

 ≤ �rtnw ≤ � : �
rtnw

, �̄rtnw ∀n, ∀t, ∀r, ∀w (8)

The third-level variable bounds are given for unit generation,
emand consumption, power flow and angle bounds in Eqs. (4)–(9).
qs. (3)–(5) are associated with limits for the generated power of
ew units in installed year, the power produced by new unit in
he next years after installed year, and the generated power of
xisting units for strategic producers, respectively. In this work,
emands are considered to be elastic. Eq. (6) is relevant to elas-
ic demands. The power flow through transmission lines using a
ossless DC mode limits for power and buses’ voltage angles are
epresented in Eqs. (7) and (8), respectively:

rtnw = 0 : �1
t n = 1, ∀t, ∀r, ∀w (9)

Eq. (9) fixes the voltage angle at the reference bus.

S
yrtiw = PSyrtiw : �Syrtiw ∀y, ∀r, ∀w, ∀w′ ⊂ {Qwr = Qw′r}, ∀t, ∀i (10)

E
yrtkw = PEyrtkw : �Eyrtkw ∀y, ∀r, ∀w, ∀w′ ⊂ {Qwr = Qw′r}, ∀t, ∀k (11)

Sr
yrr′tiw = PSr

yrr′tiw′ : �Sr
yrr′tiw′ ∀y, ∀r, ∀w, ∀w′ ⊂ {Qwr = Qw′r}, ∀t, ∀i(12)

D
rtdw = PD

rtdw′ : �Drtdw ∀r, ∀w, ∀w′ ⊂ {Qwr = Qw′r}, ∀t, ∀d (13)

rtnw = Prtnw′ : �rtnw′ ∀r, ∀w, ∀w′ ⊂ {Qwr = Qw′r}, ∀t, ∀n (14)

The non-anticipativity equation related to the third-level vari-
bles are represented in Eqs. (10)–(14).

Second-level problem: The problem solved by each strategic
ENCO to determine its best offering decisions is formulated as

 bi-level model that is organized as a third and second levels in
he proposed three-level model. The second-level represents the
nvestment problem of a dominant GENCOs who is seeking to max-
mize the present value of the total investment profit.

The dynamic dependency constraints exist in the second level
s a result of the dynamic nature of the planning of the problem.
he second-level constraints include investment budget limit and
on-anticipativity related to the company’s offer which must be
ositive.

Second-level objective function

min
∑
r

(
1

1 + f

)r∑
i

KyriXyri −
∑
w

∑
r

Wwr

(
1

1 + f

)r∑
t

�rt

[∑
S s

∑∑
Sr r
i

Pyrtiw(�rtn(i ∈ n)w) − Ci ) +
i r′

Pyrr′tiw(�rtn(i ∈ n)w − Cyrr′i)

+
∑
k

PEyrtkw(�rtn(k ∈ n)w − CEk )

]
(15)
ms Research 152 (2017) 92–104

Eq. (15) is the negative profit (investment cost minus expected
profit) in the planning horizon, which comprises two  terms. The
first term of Eq. (15) is associated to the investment cost of new
thermal units including peak and base technologies, whereas the
second term is the expected profit obtained by selling energy in the
spot market.

Second-level constraints:∑
r

(
1

1 + f

)r∑
i

KyriXyri ≤ K̄y : 	y ∀y (16)

The available budget limitation is represented by Eq. (16) for
investment in the new base or peak unit which reflects the limited
financial resources available to the market for each GENCO:

OSyrtiw ≥ 0 : �s
rytiw

∀y, ∀r, ∀t, ∀i, ∀w (17)

OEyrtkw ≥ 0 : �E
rytkw

∀y, ∀r, ∀t, ∀k, ∀w (18)

Oyrr′tiw ≥ 0 : �Sr
rr′ytiw (19)

Eqs. (17)–(19) mean that the GENCO’s offer is positive so that Eq.
(19) is related to the strategic offer of the new units in the following
years:

OSyrtiw = OS
yrtiw′ : �Srytiw ∀y, ∀r, ∀w, ∀w′ ⊂ {Qwr = Qw′r}, ∀t, ∀i (20)

OEyrtkw = OE
yrtkw′ : �Erytiw ∀y, ∀r, ∀w,  ∀w′ ⊂ {Qwr = Qw′r}, ∀t, ∀k (21)

OSryrr′tiw = OSr
yrr′tiw′ : �Sryrr′tiw ∀y, ∀r, ∀w,  ∀w′ ⊂ {Qwr = Qw′r}, ∀r′, ∀t, ∀i

(22)

The non-anticipativity equations related to GENCO offer are rep-
resented in Eq. (20)–(22).

First-level problem: The objective function in the first level
is minimization of the present value minus the expected profit
(investment cost minus expected profit) of all strategic GENCOs in
the planning horizon. The first level constraints include bounds on
investment, dynamic dependency constraints related to the com-
pany investment and dynamic dependency constraints related to
the marginal cost of newly added units.

First-level objective function:

min
∑
y

∑
r

(
1

1 + f

)r∑
i

KyriXyri −
∑
w

∑
r

Wwr

(
1

1 + f

)r∑
t

�rt

[∑
i

PSyrtiw(�rtn(i ∈ n)w) − Csi ) +
∑
i

∑
r′
PSryrr′tiw(�rtn(i ∈ n)w − Cryrr′i)

+
∑
k

PEyrtkw(�rtn(k ∈ n)w − CEk )

]
(23)

Eq. (23) is the present value of the expected profit of all GENCOs
in the planning horizon. The profit of all producers is the summation
of profit for all producers.

It has to be noted that i ∈ n means the new power plant i is
installed at bus n.

First-level constraints:

Xyri =
∑
h

uyrih · Xih ∀i, ∀r, ∀y
∑
h

uyrih = 1, uyrih ∈ {0, 1}, ∀i, ∀r, ∀y(2
It states that investment options for new thermal units are only
available in discrete blocks:

Xryrr′i = Xyri ∀r, r′ ⊂ {Xr′i > 0, r > r′}, ∀i, ∀y (25)
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The dynamic dependency constraints on the base and peak
nvestment decision variables are represented in Eq. (25). The new
nits are operated in the coming years as existing units in the net-
ork:

r
yrr′i = Ci ∀r, r′ ⊂ {Xr′i > 0, r > r′}, ∀i, ∀y (26)

Similarly, the dynamic dependency constraints on decision vari-
bles of the marginal cost of new units are presented in Eq. (26).

. Converting the three-level to one-level problem

The market and the proposed algorithm are expressed using a
ulti-level model to implement the proposed idea in this article.
AMS solvers are used to solve the model proposed in the paper.
or this purpose, the multi-level model is converted to a one-level
roblem and then the optimal solution is obtained using the avail-
ble solvers as shown in Fig. 4.

The constraints of the first level of this three-level model include
he candidate capacities for investment and the model for the
resence of each strategic company in the market. Each strategic
ompany is considered as a bi-level model including second and
hird level whose aims at second and third levels are to maximize
he company’s profit as well as maximize social welfare. At first, the
i-level model of each company is converted to a one-level model to
olve. Then, the bi-level model created in the next step (the objec-
ive function of the three-level model with candidate capacities
onstraints as a part of the first level constraint and the model of
ne level of each strategic company) must be converted to a one

evel model. In the next step, the mathematical model becomes one
ILP problem after linearization. This final problem can be solved

y with the available solver.
To convert the bi-level model of each company to a one-level

odel, both the KKT conditions and the primal–dual transforma-
ion could be used. The bi-level model of each strategic company
ecomes a one level model mixed-integer LP due to the comple-
entary nature of the constraints. When KKT conditions are used,

ower level problem of the achieved bi-level model is non-convex
ecause generating of the binary variables from enforcing the KKT
onditions on the third level. Therefore the final bi-level model can-
ot be converted to a one-level. Thus, in this stage, the primal–dual
ransformation is used to convert the bi-level model of each strate-
ic company, i.e. second and third levels to one level-model from
hich blocks 8, 3 and 4 are obtained (refer to part 1 in the appendix).

In the next step, we are again faced with the problem of bi-level
hat must be converted to the one-level problem using one of two

entioned methods such that in this stage, block 1 is considered as
rst level constraint and blocks 4, 3, 8 and 5 considered the second-

evel constraints (refer to part 2 in the appendix). In this study, the
KT condition is enforced, so the second-level problem includes
locks 8, 3 and 4 as the second-level problem constraints obtained.
he reason for this is that the converted problem comes in the form
f MILP resulting in blocks 6, 7 and 9 (refer to part 3 in the appendix).
lock 9 itself includes blocks 3, 4, 5 and 8. Note that the strong
uality equality of the primal–dual transformation is a non-linear
xpression.

The obtained one-level model has non-linear phrases. These
on-linear phrases must be linearized and replaced with equivalent

inear relationship. Therefore, in the last step, the strong duality
quality of primal–dual transformation achieved in the previous
teps is replaced with its equivalent KKT condition resulting in the
ransformation of block 10 to 2 (refer to part 4 in the appendix).

hese equivalent KKT conditions are in form of MILP.

Note that in the previous section, the candidate capacities for
nvestment was modelled as a continuous variable in each strategic
ompany. On the other hand, investors select various generation
ms Research 152 (2017) 92–104 97

technologies with a certain capacity. Therefore, it is logical that
these variables are considered discrete. It should also be noted that
the one-level model of each company must be convex to be used in
the next step. The one level model of each company is not convex
if the model has the integer variables.

Therefore, the variables of company investment cannot be
assumed as a discrete variable in the model of each strategic
company. Thus, in this paper, the variables are considered to be
continuous in the model of each strategic company. Therefore, the
capacity limitation is applied in higher level constraints. This means
that the selected investment capacity should be from among the
specified candidates. Finally, the problem with the first level objec-
tive function and the equivalent constraints of three level problem
is transformed to one level, which includes blocks 1–8. Explaining
in detail about this subject is addressed in [37].

6. Case study: MREC network

In this section, the efficiency of the proposed framework is
examined through a case study. To validate the proposed model,
it is implemented on a 2-bus network from [39]. In this case, plan-
ning included in the competition of three strategic GENCOs with
one another at stage one (static planning) without uncertainty. The
network data of the case study system is extracted from [37]. The
data of the existing generation units for all strategic GENCOs are
considered in Table 1. The second column provides the capacity of
each unit, which comprises two generation blocks (columns 3–4),
with their corresponding production costs (columns 5–6).

In a three-level competition, it is assumed that the strategic
GENCOs 1,2 and 3 participate in the market. Table 1 shows the
results of generation expansion planning for the three-level compe-
tition for both static and stochastic dynamic as well as for 5-level
competition for different cases. The second column of Table 2 is
related to the planning stage while the third column illustrates the
total installed capacity having the base technology in the paren-
thesis. Note that both nodes N1 and N2 are candidates to locate
new units. The next two columns provide the Total profit (MD ) and
Social welfare (MD ) during the planning period. The CPU time for
each case is shown in the last column.

The case study is the MAZANDARAN regional electric company
(MREC) transmission network – a part of the IRAN interconnected
power system. The single-line diagram of MREC transmission net-
work is shown in Fig. 5 while the load demand information could
be found in [37]. The annual growth of the demand for the first
year is assumed 6.2% while subsequent years are treated based on
the explanation related to Fig. 3. The price bids of the demands
are 35.75, 28.721, and 27.357 (D /MWh)  for peak, shoulder, and
off-peak blocks, respectively.

To ease computational burden, those transmission lines that
operate at 230 kV with respect to their capacities are not explic-
itly modeled. Thus, the 230 kV network is considered as a bus. In
this case study, two  strategic GENCOs (i.e. Producers 1 and 2) are
considered, meaning that, the competition between the players is
duopoly. It should be noted that the generation units NEKA and
ALIABAD are owned by two different Producers, 1 and 2, respec-
tively. The candidate buses for construction of available investment
budget is assumed 75 MD over the planning period for each GENCO.

The total capacity of the existing units is 3155 MW,  of which
69.57% of it (i.e. 2195 MW)  belongs to Producer 1, connected to
buses NEKA4 and NEKA2, as indicated in Fig. 5, and the remaining

capacity to Producer 2. The operation costs of the existing units are
presented in Fig. 5. Types and data for investment options are given
in Table 3. Here, only one generation block is assumed for the new
units. The results of the simulations are illustrated in Fig. 6.
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Scenari o #1 12.96%

Scenario #2 8.64%

Scenario #3 8.64 %

Scenario #4 5.76%
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Fig. 3. Scenario and non-anticipativity in the proposed model.
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Fig. 4. Converting the three-level problem into a one-level problem considering uncertainty.

Table 1
Units data for the two-bus test network

Existing unit Capacity (MW)  Capacity of block 1 (MW)  Capacity of block 2 (MW)  Production cost of block 1 (D /MWh)  Production cost of block 2 (D /MWh)

GENCO 1 60 30 30 12 14
GENCO 2 60 30 30 12 14

n
s
a
1

GENCO 3 120 60 60 

GENCO 4 50 25 25 

GENCO 5 76 30 46 

Shown in the figure are the results of generation expansion plan-

ing for the duopoly competition. It can be seen that the investment
hare of GENCO 1 is 300 MW,  which takes five years to build up
t NEKA. On the other hand, GENCO 2’s investment share totals
800 MW,  which means there is a build-up of 1100 MW on the
13 15
18.6 20.03
11.46 11.96

230 kV network while the rest power is contributed by ALIABAD.

The price for all years is the same and equal to 33.55D  /MWh.  The
social welfare is 2157 MD  and it is planned to increase on yearly
basis above the previous year. While the profit made by strate-
gic GENCO 1 decreases over time, the one of strategic GENCO 2



J. Valinejad et al. / Electric Power Systems Research 152 (2017) 92–104 99

Table  2
The results of generation expansion planning for a three-level competition.

Case Stage Total capacity added (base) MW-Location [by] Total profit (MD ) Social welfare (MD ) CPU time (S)

Static: Tri-level competition [34] Horizon stage 200(180)-N1 [GENCO 1:180-GENCO 3:20) 12.34 19.61 33.821
Stochastic dynamic: Tri-level competition 1 300(0)-N1[GENCO 1] 9.43 22.22 451.051

2  0 10.64 28.29
3  0 10.71 28.8
4  0 10.69 29.1
5  (horizon stage) 200(0)-N2[GENCO 2] 10.68 29.4

Stochastic dynamic: 5-level competition 1 300(0)-N1[GENCO 3] 17.93 16.85 634.128
2  0 19.54 39.98
3  500(500)-N1[GENCO 5] 15.45 27.64
4  0 30.24 54.8
5  (horizon stage) 0 30.22 54.6
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Fig. 5. Single-line diagram of MREC transmission network.

Table 3
Information relating to the candidate units for investment.

Candidate unit Annualized capital
(Kyri) cost (D /MW)

Xih (MW) CS
i
/CES
k

Production
cost (D /MWh)

Base technology 30,000 0–500–750–1000 10
Peak  technology 6000 0–200–300–400–500 14

600–700–800–900–1000
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ncreases. The share of the two GENCOs in the total profit is 44.04%
nd 55.98% for strategic GENCO 1 and 2, respectively from a total
rofit of 2054 MD .

Fig. 7 shows the production of strategic GENCOs 1 and 2 in the

lanning period. It can be seen that the production share of strategic
ENCO 1 is 59.39% of the total energy while the production share
f the strategic GENCO 2 is 40.61%.
ge of planning

ing in a duopoly competition.

7. Conclusion

A new three-level dynamic framework programming has been
presented to study the generation capacity expansion in a restruc-

tured power system under uncertainty. This paper provided a
methodology to characterize the interactions among strategic
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ENCOs and to find generation investment equilibria in a network-
onstrained electricity pool.

To numerically validate the proposed methodology, the
AZANDARAN regional electric company’s (MREC) transmission

etwork – a subset of the IRAN interconnected power system is
dopted. The results obtained showed that while strategic GENCO 1
ad its profit decreasing, strategic GENCO 2 experienced an increase

n profit over time. However, the impact of investment incentives
ould be included in the proposed model as future work. This could
e expanded to consider the impacts of transmission expansion
lans, availability of gas transmission network and tax policy.
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ppendix A. Part 1: Enforcing primal–dual transformation
o third level

As stated so far the model of each strategic company includes
qs. (1) to (22). The third level problem (Eqs. (1)–(14)) is convex
ecause of linearity. As a result of transforming the third optimiza-
ion problem to equivalent constraints we can use both primal–dual
ransformation and KKT conditions. Because the complimentary
onstraints obtained from KKT conditions are mixed integer, the
btained constraints, in this stage primal–dual transformation is
sed. The constraints equivalent to the third level optimization

evel problem includes primal constraints, dual constraints and the
trong duality equality.

.1 Dual constraints (block 3 in Fig. 4)

Ly is the Lagrangian function of third level problem.
Some of the equations in using KKT method are obtained from

he derivative of Lagrange expression relative to decision variables
f which the equations are equivalent to the set of dual constraints
f primal–dual transformation.

∂ly
∂PS
yritw

= OSyritw − �yritw + �̄Syritw − �S
yritw

− �Sryritw

+
∑

w′(w,w′⊂{Qwr=Qw′r })
�S
yrtiw′ = 0 : �Srytiw ∀y, ∀r, ∀t, ∀i, ∀w (27)
∂ly
∂PE
yrtkw

= OErtiw − �rtnw + �̄Eyrtkw − �E
yrtkw

− �Eyrtkw
ms Research 152 (2017) 92–104

+
∑

w′(w,w′⊂{Qwr=Qw′r })
�E
yrtiw′ = 0 : �Eyrtkw ∀y, ∀r, ∀t, ∀k, ∀w (28)

∂ly
∂PD
rtdw

= −UDtd + �rtnw + �̄Drtdw − �D
rtdw

− �Drtdw

+
∑

w′(w,w′⊂{Qwr=Qw′r })
�D
yrtdw′ = 0 : �Drtdw ∀r, ∀t, ∀d, ∀w (29)

∂ly
∂PSr

yrr′ itw
= OSr

yrr′ itw − �rtnw + �̄Sr
yrtiw

− �Sr
yrtiw

− �Sr
yrr′ itw

+
∑

w′(w,w′⊂{Qwr=Qw′ r })

�Sr
yrr′ itw = 0 : �Sr

yrr′ itw ∀y, ∀r, ∀r ′ ⊂ {Xr′s > 0, r > r ′}, ∀t, ∀i, ∀w
(30)

∂ly
∂�rtnw

=
∑
m

Bnm(�rtnw − �rtmw) +
∑
m

Bnm(V̄rtnmw − V̄rtnmw)

+
∑
m

Bnm(Vrtnmw − Vrtnmw) + �̄rtnw − �
rtnw

− �rtnw∑
w′(w,w′⊂{Qwr=Qw′r })

�rtnw′ + (�1
rtw)|n=1 = 0 : ��rtnw ∀r, ∀t, ∀n, ∀w

(31)

A.2 The strong duality equality (block 8 in Fig. 4)

Strong dual theory relation is as follows:∑
y

∑
i

Os
ytriw

Ps
yrtiw

+
∑
y

∑
k

OE
ytriw

PE
yrtkw

+
∑
r′

∑
y

∑
i

OS
yrr′ tiwP

S
yrr′ tiw

−
∑
d

UD
td
PD
rtdw

+
∑
y

∑
i

Xyri�̄
S
yrtiw

+
∑
y

∑
i

∑
r′

Xr
yrr′ i�̄

Sr
yrtiw

+
∑
y

∑
k

P̄E
yk
�̄E
yrtkw

+
∑
d

Qwr P̄Dtd�̄
D
rtdw

+
∑
n

∑
m

F̄nm(Vrtnmw + V̄rtnmw) +
∑
n

�(�
rtnw

+ �̄rtnw)

= 0 : �SDrtw ∀r, ∀t, ∀w

(32)

A.3 Primal constraints (block 4 in Fig. 4)

Primal constraints use primal–dual transformation including
Eqs. (33) to (45). These equations are the same as third level con-
straints equations with new duals variable for using in the next
stage (where KKT conditions are again applied to these constraints).
The dual constraints of each constraint has been written in front of
it.∑
d

PDrtdw +
∑

m ∈  �n

Bnm(�rtnw − �rtmw) −
∑
y

∑
i

PSyrtiw

−
∑
y

∑
r′

∑
i

PSryrr′tiw −
∑
y

∑
k

PEyrtkw = 0 : �′
rtnw

∀n, ∀t, ∀r, ∀w

(33)

0 ≤ PSyrtiw ≤ Xyri : �′S
yrtiw

, �̄′S
yrtiw ∀y, ∀i, ∀t, ∀r, ∀w (34)

0 ≤ PSr
yrr′ tiw ≤ Xr

yrr′ i : �′Sr
yrtiw

, �̄′Sr
yrtiw

∀y, ∀r, ∀r ′ ⊂ {Xr′s > 0, r > r ′}, ∀t, ∀r, ∀w (35)

0 ≤ PEyrtkw ≤ P̄Eyk : �′E
yrtkw

, �̄′E
yrtkw ∀y, ∀k, ∀t, ∀r, ∀w (36)

0 ≤ PDrtdw ≤ QwrP̄
D
td : �′D

rtdw
, �̄′D

rtdw ∀d, ∀t, ∀r, ∀w (37)

′ ′
−F̄nm ≤ Bnm(�rtnw − �rtnw) ≤ F̄nm : Vrtnmw, V̄rtnmw, ∀n, ∀m,  ∀t, ∀r, ∀w (38)

−� ≤ �rtnw ≤ � : �′
rtnw

, �̄′
rtnw, ∀n, ∀t, ∀r, ∀w (39)

�rtnw = 0 : �′
t n = 1, ∀t, ∀r, ∀w (40)
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S
yrtiw = PS

yrtiw′ : �′S
yrtiw ∀y, ∀r, ∀w, ∀w′ ⊂ {Qwr = Qw′r}, ∀t, ∀i (41)

E
yrtkw = PE

yrtkw′ : �′E
yrtkw ∀y, ∀r, ∀w, ∀w′ ⊂ {Qwr = Qw′r}, ∀t, ∀k (42)

Sr
yrr′tkw = Pyrr′tkw′ : �′Sr

yrr′tiw ∀y, ∀r, w, w′ ⊂ {Qwr = Qw′r}, ∀t, ∀i (43)

D
rtdw = PD

rtdw′ : �′D
rtdw ∀r, ∀w, w′ ⊂ {Qwr = Qw′r}, ∀t, ∀d (44)

rtnw = �rtnw′ : �′
rtnw ∀r, ∀w, w′ ⊂ {Qwr = Qw′r}, ∀t, ∀n (45)

Meanwhile, it must be noted that at this stage that the dual
ariables of inequality constraints have positive values:

S
yrtiw

≥ 0 : �̄Syrtiw ≥ 0 : S
rytiw

, ̄Srytiw ∀y, ∀i, ∀t, ∀r, ∀w (46)

Sr

yrr′ tiw
≥ 0 : �̄Sr

yrr′ tiw ≥ 0 : Sr
rr′ytiw

, ̄Sr
rr′ytiw ∀y, ∀i, ∀t, ∀r, r ′ ⊂ {Xr′s > 0, r > r ′}, ∀w (47)

E
yrtkw

≥ 0; �̄Eyrtkw ≥ 0 : E
rytkw

, ̄Erytkw ∀y, ∀k, ∀t, ∀r, ∀w (48)

D
rtdw

≥ 0; �̄Drtdw ≥ 0 : D
rtdw

, ̄Drtdw ∀d, ∀t, ∀r, ∀w (49)

rtnmw ≥ 0; V̄rtnmw ≥ 0 : V
rtnmw

, ̄Vrtnmw ∀r, ∀t, ∀n, ∀m, ∀w (50)

rtnw
≥ 0; ̄rtnw ≥ 0 : �

rytnw
, �̄rytnw ∀r, ∀t, ∀n, ∀w (51)

ppendix B. Part 2: converting third and second level to
quivalent MPEC

At this stage, a two-level problem exists such that the first level
bjective function includes Eq. (23) while first level constraints

nclude Eqs. (24) to (26). Now the third level and second level prob-
em have been merged with a problem as second level problem
nd have formed MPEC. Second level problem objective function
ncludes Eq. (15) and second level problem constraints include Eqs.
16)–(22) and Eqs. (27)–(52) which include blocks 3, 4, 5 and 8 in
ig. 4.

Second-level objective function:

q. (15) (52)

Second-level new constraints

26 − 50,  16 − 22 (53)

First level objective function:

q. (23) (54)

First-level constraints:

qs. (24)(26) (55)

ppendix C. Part 3: Enforcing Karush–Kuhn–Tucker (KKT)
onditions to MPEC (equivalent problem of second and
hird levels)

Due to the non-linearity of MPEC at this stage, we cannot use
rimal–dual transformation but to use two level problem KKT con-
itions to transform Eqs. (52)–(55). Such that KKT conditions are
pplied to Eqs. (52)–(53). KKT conditions include three groups of
rimal equality constraints, equality constraints obtained from dif-

erentiating the corresponding Langrangian and complimentary
onstraints obtained from inequality constraints.

.1 Primal equality Constraints (blocks 3,4,5,8 in Fig. 4)
These constraints include the equality constraints of Eq. (53)
hich is as follows:

0 − 22,  26 − 32,  40 − 44 (56)
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C.2 Equality constraints obtained from differentiating the
corresponding Lagrangian (block 6 in Fig. 4)

ly is the Langarangian function of the new second-level problem.

∂ly
∂PS

yrtiw

= −Wwr

(
1

1 + f

)r

ırt(�rtn(i ∈ n)w − CS
i

) − �′
rtn(i ∈ n)w + �̄′S

yrtiw
− �′S

yrtiw
− �′S

yrtiw

+
∑

w′(w,w′⊂{Qwr=Qw′ r })

�′S
yrtiw′ − OS

ytriw
�SDrtw = 0 ∀y, ∀r, ∀t, ∀i, ∀w

(57)

∂ly
∂PE
yrtkw

= −Wwr

(
1

1 + f

)r
ırt(�rtn(k ∈ n)w − CEk ) − �′

rtn(k ∈ n)w

+ �̄′E
yrtkw

− �′E
yrtkw

− �′E
yrtkw

+
∑

w′(w,w′⊂{Qwr=Qw′r })
�′E
yrtkw′ − OE

ytrkw
�SDrtw = 0 ∀y, ∀r, ∀t, ∀k, ∀w

(58)

∂ly
∂PD
rtdw

= �′
rtnw + �̄′D

rtdw − �′D
rtdw

− �′D
yrtdw

+
∑

w′(w,w′⊂{Qwr=Qw′r })
�D
yrtdw′ + �SDrtwU

D
td = 0 ∀r, ∀t, ∀d, ∀w (59)

∂ly
∂PSr
yrr′itw

= Wwr

(
1

1 + f

)r
ırt(�rtn(i ∈ n)w − Cryrr′i) − �rtn(i ∈ n)w

+ �̄Sr
yrr′tiw − �Sr

yrr′tiw − �Sr
yrr′tiw

+
∑

w′(w,w′⊂{Qwr=Qw′r })
�Sr
yrr′tiw′ = 0 : −OSr

yrr′iw�
SD
rtw

∀y, ∀r, ∀r′ ⊂ {Xr′s > 0, r > r′}, ∀t, ∀i, ∀w

(60)

∂ly
∂�rtnw

=
∑
m

Bnm(�′
rtnw − �′

rtmw) +
∑
m

Bnm(V̄ ′
rtnmw − V̄ ′

rtnmw)

+
∑
m

Bnm(V ′
rtnmw − V ′

rtnmw) + �̄′
rtnw − �′

rtnw
− �′

rtnw∑
w′(w,w′⊂{Qwr=Qw′r })

�′
rtnw′ + (�′1

rtw)|n=1 = 0 ∀r, ∀t, ∀n, ∀w

(61)

∂ly
∂Oyrtiw

= −
rytiw

− Srytiw +
∑

w′(w,w′⊂{Qwr=Qw′r })
S
rytiw′

+�Srytiw − �SDrtwP
S
yrtiw = 0 ∀y, ∀r, ∀t, ∀i, ∀w (62)

∂ly
∂OE

yrtkw

= −E
rytkw

− Erytkw +
∑

w′(w,w′⊂{Qwr=Qw′r })
E
rytkw′

+�Erytkw − �SDrtwP
E
yrtkw = 0 ∀y, ∀r, ∀t, ∀k, ∀w (63)

∂ly
∂OSr ′

= −Sr
yrr′tiw − Sryrr′tiw +

∑
Sr
rr′ytiw′
yrr tiw w′(w,w′⊂{Qwr=Qw′r })

+�Srrr′ytiw − �SDrtwP
Sr
yrr′tiw = 0 ∀y, ∀r, ∀r′

⊂ {Xr′s > 0, r > r′}, ∀t, ∀i, ∀w (64)
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∂ly
∂�rtnw

= −Wwr

(
1

1 + f

)r
ırt

∑
i(i ∈ n)

PSyrtiw +
∑
i(i ∈ n)

∑
r′
PSryrr′tiw

+
∑
k(k ∈ n)

PEyrtkw]

+
∑
i

�Srytiw +
∑
i

∑
r′
�Srrr′ytiw +

∑
k

�Erytkw

−
∑
d

�Drtdw +
∑
m

Bnm(��rtnw − ��rtmw) = 0 : ∀r, ∀t, ∀n, ∀w

(65)

∂ly
∂ �̄S

yrtiw

= −�Srytiw − ̄Srytiw + �SDrtwXyri = 0∀y, ∀r, ∀t, ∀i, ∀w (66)

∂ly
∂ �̄S

yrtiw

= −�Srytiw − S
rytiw

= 0∀y, ∀r, ∀t, ∀i, ∀w (67)

∂ly
∂�S

yrtiw

= �Srytiw −
∑

w′(w,w′⊂{Qwr=Qw′r })
�S
rytiw′ = 0∀y, ∀r, ∀t, ∀i, ∀w (68)

∂ly
∂ ̄E
yrtkw

= −�Eyrtkw − �̄Eyrtkw + �SDrtwP̄
E
yk = 0 ∀y, ∀r, ∀t, ∀k, ∀w (69)

∂ly
∂�E

yrtkw

= −�Erytkw − E
rytkw

= 0∀y, ∀r, ∀t, ∀k, ∀w (70)

∂ly
∂�E

yrtkw

= �Erytkw −
∑

w′(w,w′⊂{Qwr=Qw′r })
�E
rytkw′ = 0 ∀y, ∀r, ∀t, ∀k, ∀w(71

∂ly
∂ �̄D

rtdw

= �Drytdw − ̄Drytdw + �SDrtwQwrP̄
D
td = 0 ∀r, ∀t, ∀d, ∀w (72)

∂ly
∂�D

yrtdw

= −�Dyrtdw − D
yrtdw

= 0 ∀r, ∀t, ∀d, ∀w (73)

∂ly
∂�D

rtdw

= �Dyrtdw −
∑

w′(w,w′⊂{Qwr=Qw′r })
�D
rytkw′ = 0 ∀r, ∀t, ∀d, ∀w (74)

∂ly
∂ �̄Sr

yrr′tiw
= −�Sryrr′tiw − ̄Sryrr′tiw + �SDrtwX

r
yrr′i

= 0 ∀y, ∀r, ∀r′ ⊂ {Xr′s > 0, r > r′}, ∀t, ∀i, ∀w (75)

∂ly
∂�Sr

yrr′ tiw

= −�Sr
yrr′ tiw − Sr

yrr′ tiw
= 0 ∀y, ∀r, ∀r ′ ⊂ {Xr′s > 0, r > r ′}, ∀t, ∀i, ∀w (76)

∂ly
∂�Sr

yrr′tiw
= �Sryrr′tiw −

∑
w′(w,w′⊂{Qwr=Qw′r })

�Sr
rr′tkw′

= 0 ∀y, ∀r, ∀r′ ⊂ {Xr′s > 0, r > r′}, ∀t, ∀i, ∀w (77)

∂ly
∂V̄rtnmw

= Bnm(��rtnw − ��rtmw) − ̄Vrtnmw + �SDrtwF̄nm = 0 ∀r, ∀t, ∀n, ∀m, ∀w (78)

∂ly
∂Vrtnmw

= −Bnm(��rtnw − ��rtmw) − V
rytnmw

+ �SDrtwF̄nm = 0 ∀r, ∀t, ∀n, ∀m, ∀w (79)

∂ly = �� − ̄� + �SD � = 0∀r, ∀t, ∀n, ∀w (80)

∂�̄rtnw

rtnw rtnw rtw

∂ly
∂�
rtnw

= −��rtnw − �
rtnw

+ �SDrtw� = 0∀r, ∀t, ∀n, ∀w (81)
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∂ly
∂�rtnw

= ��rtnw −
∑

w′(w,w′⊂{Qwr=Qw′r })
��rtnw′ = 0∀r, ∀t, ∀n, ∀w (82)

∂ly
∂�1
rtw

= ��ryt(n=1)w = 0∀r, ∀t, ∀w (83)

C.3 Complementary constraints: (block 7 in Fig. 4)

Complementary constraints of the new second level inequality
constraints is as follows. It must be noted that each complemen-
tary constraint is in the form of a ≥ 0, b ≥ 0 equivalent to ab = 0 and
b ≥ 0, a ≥ 0. These constraints are non-linear which because of the
existence of the expressions multiplication of the variables b each
other and complementary constraints, have high non-convergence.

Complementary constraints of primary second level problem
inequality constraints (Eqs. (16)–(22)):

0 ≤ (K̄y −
∑
r

(
1

1 + f

)r∑
i

KyriXyri) ⊥ 	y ≥ 0 ∀y (84)

0 ≤ OSyrtiw ⊥ 
rytiw

≥ 0 ∀y, ∀r, ∀t, ∀i, ∀w (85)

0 ≤ OEyrtkw ⊥ 
rytkw

≥ 0 ∀y, ∀r, ∀t, ∀k, ∀w (86)

0 ≤ OSryrr′tiw ⊥ Sr
rr′ytiw ≥ 0 ∀y, ∀r, ∀r′ ⊂ {Xr′i > 0, r > r′}, ∀t, ∀i, ∀w(87

Third-level inequality constraints complementary con-
straints after applying primal–dual transformation (Eqs.
(34)–(39)):

0 ≤ PSyrtiw ⊥ �S
′
rytiw

≥ 0 ∀y, ∀i, ∀t, ∀r, ∀w (88)

0 ≤ (Xyri − PSyrtiw) ⊥ �̄S
′
rytiw ≥ 0 ∀y, ∀i, ∀t, ∀r, ∀w (89)

0 ≤ Pryrr′itw ⊥ �Sr
′

yrtiw
≥ 0 ∀y, ∀r, ∀r′ ⊂ {Xr′s > 0, r > r′}, ∀t, ∀i, ∀w(90)

0 ≤ (Xr
yrr′ i − PSr

yrr′ itw) ⊥ �̄Sr
′

yrtiw
≥ 0 ∀y, ∀r, ∀r ′ ⊂ {Xr′s > 0, r > r ′}, ∀t, ∀i, ∀w (91)

0 ≤ PEyrtkw ⊥ �E
′
yrtkw

≥ 0 ∀y, ∀k, ∀t, ∀r, ∀w (92)

0 ≤ (P̄Eyk − PEyrtkw) ⊥ �̄E
′
yrtkw ≥ 0 ∀y, ∀k, ∀t, ∀r, ∀w (93)

0 ≤ PDrtdw ⊥ �D
′
rtdw

≥ 0 ∀d, ∀t, ∀r, ∀w (94)

0 ≤ (QwrP̄Dtd) ⊥ �̄D
′
rtdw ≥ 0 ∀d, ∀t, ∀r, ∀w (95)

0 ≤ Bnm(�rtnw − �rtmw) + F̄nm ⊥ Vrtnmw ≥ 0 ∀n, ∀m,  ∀t, ∀r, ∀w (96)

0 ≤ F̄nm − Bnm(�rtnw − �rtmw) ⊥ V̄ ′
rtnmw ≥ 0 ∀n, ∀m,  ∀t, ∀r, ∀w (97)

0 ≤ (�rtnw + �) ⊥ �′
rtnw

≥ 0 ∀n, ∀t, ∀r, ∀w (98)

0 ≤ (� − �rtnw) ⊥ �̄′
rtnw ≥ 0 ∀n, ∀t, ∀r, ∀w (99)

Dual variables complementary constraints created after
applying primal–dual transformation to third level problem
(Eqs. (46)–(51)):

0 ≤ �S
yrtiw

⊥ S
rytiw

≥ 0, 0 ≤ �̄Syrtiw ⊥ ̄Srytiw ≥ 0, ∀y, ∀i, ∀t, ∀r, ∀w
(100)

0 ≤ �Sr
yrr′tiw ⊥ Sr

rr′ytiw ≥ 0, 0 ≤ �̄Sryrr′tiw ⊥ ̄Srrr′ytiw ≥ 0 ∀
y, ∀r, ∀r′ ⊂ {Xr′s > 0, r > r′}, ∀t, ∀i, ∀w (101)
0 ≤ �E
yrtkw

⊥ E
rytkw

≥ 0, 0 ≤ �̄Eyrtkw ⊥ ̄Erytkw ≥ 0, ∀y, ∀k, ∀t, ∀r, ∀w
(102)
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 ≤ �D
rtdw

⊥ D
rtdw

≥ 0, 0 ≤ �̄Drtdw ⊥ ̄Drtdw ≥ 0, ∀d, ∀t, ∀r, ∀w (103)

 ≤ Vrtnmw ⊥ V
rtnmw

≥ 0, 0 ≤ V̄rtnmw ⊥ ̄Vrtnmw ≥ 0, ∀r, ∀t, ∀n, ∀m, ∀
(10

 ≤ �
rtnw

⊥ �
rytnw

≥ 0, 0 ≤ �̄rtnw ⊥ ̄�rytnw ≥ 0, ∀r, ∀t, ∀n, ∀w
(105)

.4 Part 4: Equivalent MINLP problem of thri-level model and
inearization

After applying primal–dual transformation consecutively and
KT conditions to three-level problem now a single level problem
as been created. The total problem’s objective function is Eq. (23)
hich is non-linear. The constraints of this problem are as Eq. (106):

4 − 25,  55 − 105 (106)

The above problem is non-linear and is as MINLP. The problem
bjective function that is Eq. (23) is non-linear because of the mul-
iplication of the variables by the expression

∑
i P
S
yrtiw

�rtn(i ∈ n)w+

i

∑
r′ P

Sr
yrr′tiw �rtn(i ∈ n)w+

∑
k P

E
yrtkw

�rtn(k ∈ n)w which for making it
inear the dual theory obtained from primal–dual transformation
hat is Eq. (32) is used. As a result Eq. (23) becomes equivalent with
q. (107).

TP =
∑
w

∑
r

Wwr

(
1

1 + f

)r∑
t

�rt[
∑
d

UD
td
PD
rtdw

−
∑
d

�̄D
rtdw

QwrP̄td −
∑
n

∑
m

(Vrtnmw + V̄rtnmw)F̄tnm

−
∑
n

(�
rtnw

+ �̄rtnw)� −
∑
k

PE
yrtkw

CE
k

]

−
∑
r

(
1

1 + f

)r∑
i ∈  S

KyriXyri

(107)

Three groups of Eq. (106) constraints are non-linear.

The complementary constraints of Eqs. (84)–(105). Each comple-
mentary constraint in the form of b ≥ 0 ⊥ a ≥ 0 is equivalent to
b ≥ 0, a ≥ 0, a ≤ M  and b ≤ M(1 −  ).  It is worth mentioning that
  and M are respectively binary variable and a constant number
big enough.
Eq. (31) dual theory constraint: the equality constraint obtained
from the dual theory because of its non-linear nature including
the multiplication of continues variable is not simply linearized.
As was explained in part 5 of the paper (Converting the three-level
to one-level problem) the equation obtained from dual theory has
been obtained using primal–dual transform method equivalent to
the set of commentary constraints using KKT conditions. Because
of this linearization, dual theory constraints Eq. (32) are replaced
with its equivalent complementary constraints in (107)–(118)
(block 8 in Fig. 4 is replaced with block 2). It is worth mention-
ing that the complementary constraints are linearized using the
explanations of linearization of previous section.

Constraints including �Sdrtw: from the mathematical viewpoint,

e can linearize the non-linear expressions including this variable

y giving a specific value to �Sdrtw:

 ≤ PSyrtiw ⊥ �S
yrtiw

≥ 0, ∀y, ∀i, ∀t, ∀r, ∀w (108)
[
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0 ≤ (Xyri − PSyrtiw) ⊥ �̄Syrtiw ≥ 0, ∀y, ∀i, ∀t, ∀r, ∀w (109)

0 ≤ PSryrr′tiw ⊥ �Sr
yrtiw

≥ 0, ∀y, ∀r, ∀r′ ⊂ {Xr′s > 0, r > r′}, ∀t, ∀i, ∀w
(110)

0 ≤ (Xr
yrr′ i − PSr

yrr′ itw) ⊥ �̄Sr
yrtiw

≥ 0, ∀y, ∀r, ∀r ′ ⊂ {Xr′s > 0, r > r ′}, ∀t, ∀i, ∀w (111)

0 ≤ PEyrtkw ⊥ �E
yrtkw

≥ 0, ∀y, ∀k, ∀t, ∀r, ∀w (112)

0 ≤ (P̄Eyk − PEyrtkw) ⊥ �̄Eyrtkw ≥ 0, ∀y, ∀k, ∀t, ∀r, ∀w (113)

0 ≤ PDrtdw ⊥ �D
rtdw

≥ 0, ∀d, ∀t, ∀r, ∀w (114)

0 ≤ (QwrP̄Dtd) ⊥ �̄Drtdw ≥ 0, ∀d, ∀t, ∀r, ∀w (115)

0 ≤ Bnm(�rtnw − �rtmw) + F̄nm ⊥ Vrtnmw ≥ 0, ∀n, ∀m,  ∀t, ∀r, ∀w(116)

0 ≤ F̄nm − Bnm(�rtnw − �rtmw) ⊥ V̄rtnmw ≥ 0, ∀n, ∀m,  ∀t, ∀r, ∀w(117)

0 ≤ �rtnw + � ⊥ �
rtnw

≥ 0, ∀n, ∀t, ∀r, ∀w (118)

0 ≤ � − �rtnw ⊥ �̄rtnw ≥ 0, ∀n, ∀t, ∀r, ∀w (119)
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