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We consider a two-station tandem queue with a buffer size of one at the first station and a finite buffer
size at the second station. Silva et al. (2013) gave a criterion determining the optimal admission control
policy for this model. In this paper, we improve the results of Silva et al. (2013) and also solve the problem
conjectured by Silva et al. (2013).
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1. Introduction

We consider a tandem queueing network with two stations
(station 1 and station 2) studied by Silva et al. [6]. There is one
server at each station, and customers arrive to station 1 according
to a Poisson process with rate A. The service times of the customers
at station i are independently and exponentially distributed with
rate ui, i = 1, 2. The size of the buffer (which includes the cus-
tomer in service and customers waiting) at station 1is one, i.e., cus-
tomers are not allowed to wait for service at station 1, while the
buffer size at station 2 is B, where 1 < B < oo. A gatekeeper who
has complete knowledge of the number of customers at both sta-
tions decides to admit or reject each arrival. If an arrival is not ad-
mitted, a cost ¢y is incurred. If station 1 is full at the time of an
arrival, then the gatekeeper has to reject the incoming customer.
If an arrival is accepted, an arriving customer receives service at
station 1. Once a customer completes service at station 1, the cus-
tomer proceeds to station 2. At station 2, if the customer finds it
empty the customer receives service at station 2 and eventually
leaves the system, but if station 2 is full, the customer is lost and a
cost ¢, is incurred. The objective for the gatekeeper is to make opti-
mal admission decisions in order to minimize the long-run average
cost.

* Corresponding author.
E-mail addresses: bara@korea.ac.kr (B. Kim), jeongsimkim@chungbuk.ac.kr,
jeongsim0908@hanmail.net (J. Kim).

http://dx.doi.org/10.1016/j.0rl.2014.04.006
0167-6377/© 2014 Elsevier B.V. All rights reserved.

Zhang and Ayhan [8] considered a tandem queueing network
with two stations. The first station has a finite buffer size and the
second station has a unitary buffer size. They studied the optimal
admission control policy for minimizing the long-run average
cost. Many researchers have studied control problems for tandem
queues with loss, see, for example, Chang and Chen [1], Ku and
Jordan [2-4], Sheu and Ziedins [5] and Spicer and Ziedins [7].

This paper is inspired by the work of Silva et al. [6] who stud-

ied the optimal policy that minimizes the long-run average cost for
the same model as the one considered here. Silva et al. [6] showed
that there are only two policies that could be optimal. The first
policy is the prudent policy, denoted by mp. Under a prudent pol-
icy, the gatekeeper admits an arrival whenever station 1 is empty
and the number of customers at station 2 is less than B. The second
policy is the greedy policy, denoted by 7. Under a greedy policy
the gatekeeper admits an arrival whenever possible (i.e., when-
ever station 11is empty) and rejects otherwise. Silva et al. [6] gave a
criterion that determines which of the two policies is optimal. The
optimality condition is of the threshold type (on the cost c;) and
the threshold is expressed in terms of the stationary distributions
under the prudent and the greedy policies. They provided closed-
form expressions for the threshold when B < 10, but mentioned
that it is difficult to obtain a closed-form expression for the thresh-
old when B > 10 because there is no closed-form expression for
the stationary distributions for general values of B. They also made
a conjecture about the monotonicity properties of the stationary
distributions.


http://dx.doi.org/10.1016/j.orl.2014.04.006
http://www.elsevier.com/locate/orl
http://www.elsevier.com/locate/orl
http://crossmark.crossref.org/dialog/?doi=10.1016/j.orl.2014.04.006&domain=pdf
mailto:bara@korea.ac.kr
mailto:jeongsimkim@chungbuk.ac.kr
mailto:jeongsim0908@hanmail.net
http://dx.doi.org/10.1016/j.orl.2014.04.006

258 B. Kim, J. Kim / Operations Research Letters 42 (2014) 257-262

50) - 00) - (00) -

LA AN

(1,0) 2 (1) 2 (1,2) 2 ...

- —

-~

p2 pe Iz

0,B—-2)<«~— (0,B—-1)~—— ( 0,B

A

(1,B-2)

o

1,B

Fig. 1. The transition diagram of the Markov process {(N;(t), N, (t)) : t > 0} under the prudent policy.

In this paper, we obtain closed-form expressions for the
stationary distributions of the Markov processes describing the
systems under the prudent and the greedy policies for any values of
B. We explicitly determine the criterion for the optimal policy by
providing a closed-form expression of the threshold (on the cost
c,) for any values of B. The threshold is expressed in terms of the
parameters of the model, i.e., the service rates at both stations,
the arrival rate, the cost c;, and the buffer size. We also solve
the problem about the monotonicity properties of the stationary
distributions, conjectured by Silva et al. [6].

2. Stationary distributions under prudent and greedy policies

In this section we not only obtain the stationary distributions
under the prudent and the greedy policies, but also solve the
conjecture of Silva et al. [6], by introducing the scaled station-
ary probabilities and investigating the properties of this scaled
probabilities.

2.1. Prudent policy

Let Ni(t),i = 1, 2, denote the number of customers (including
those waiting and in service) at station i at time t, in the system
operating under the prudent policy. Then {(N;(t), N2(t)) : t > 0}
is a continuous time Markov process with state space 8 = {(i,j) :
i = 0,1,j = 0,1,...,B}. Fig. 1 depicts the state transition
diagram of the Markov process {(N1(t), No(t)) : t > 0}.

Let pgf_;), (i,j) € 4 be the stationary distribution of the Markov
process {(Ny(t), Ny(t)) : t > 0}, i.e,

P = Jim P((N1 (£), Na () = (i, )))-

Define
(B) (B
X(B) _ p(O,B—n) B — p(l,B—n)
no= B noT B
P P,

forn=0,1,...,B.

Lemma 1. We have the following recurrence formula:

_x(()B) B 1 (])
L) Lok

(M +p2dpma 15

PG _— (B)
Xn+1:| — )\.M] }L/,,L] |:Xn }
(B) ® |’
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M1 M1
n=0,1,...,B—2, (2)
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(B) — 0 (B)
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Y — — | Wiy
M1 M1

Proof. Note that(1)is trivial. We can prove (2) and (3) by balancing

the transition rates into and out of a particular set of states. Let
qufs,), s,s' € & be the transition rates of the Markov process
{(N1(t), Na(t)) : t > 0} from state s to s’. We partition the state
space into two disjoint subsets E and E. Then we equate transition

rates from one subset to the other:

®),B _ 8) (B
Z Z Ps sy = Z ZPS Uis.s'y: (4)
seE s'eE€ s€E€ s'eE

By choosing E = {(0, 0), (0, 1), ..., (0,B—(n+1)), (1,0), (1, 1),
...,(1,B=—(n+1)},n=0,1,...,B— 2, we have from (4) that

,ulpf?g_n_l) E7 (pEg?B_n) —|—pg?3_n)), or equivalently,
U2
Vil =2 + 9. (5)
231
Similarly, choosing E = {(0,0),(0,1),...,(0,B — (n + 1)),
(1,0,(1,1),...,(A,B—(n+ 2))},n = 0,1,...,B — 2, yields
ap® o 8 (B) valentl
Po,a—n—1) = K2 (p(O,Bfn) + p(1,B—n—1))’ or equivalently,

B B ®
)‘Xz(wZ] = jax) + MZynJ:r

Plugging (5) into the above, we get
® _ 1+ p2)p
xn+l - A
M1

From this and (5), we have (2).
Now we prove (3). By choosing E = {(0, 0)}, we have from (4)
that )Lpgg?o) = szgg?l), or equivalently,

2
"
xff” + MLZ 1 y,ﬁB).

M2 X(B)

(B)
Xg' = .
B 5 B-1

(6)
Similarly, choosing E = {(1, 0)} yields Mlpg?o) = kpgg?0)+u2pzf?l),
or equivalently,

B B B
wayy =My + Hays.

Plugging (6) into the above, we have

B _ M2 (B M2 (B)
Yp = 7XB—1+EyB—1'

This and (6) give (3). O

Lemma 2. Let S® = Zﬁzo P +y®). Then

(i) S® is strictly increasing in B.
(i) limp_ 0o S® < oo ifand only if x1 < 1, where x; = Z‘A%(A +

1+ pa + \/(k — u1)? + 200+ upo + p3).
In that case,

At

lim S® = )
A — 12) — ipd

B—o0

Proof. Note thatforn=20,1,...,B—1,

(B+1) _ (B (B+1) _ ,,(B)
Xn _Xn ’ -yn _yn .
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From this and Lemma 1, we have

S(B-H) _S(B) (B+1) +y(3+1) +xt(3i+11) +ygi+ll) (X(B) (B))
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((B) (B)) -~ 0.

This proves assertion (i).
Now we prove assertion (ii). By Lemma 1, we have

n
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L | Wt R Ky
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We know that for a matrix A of finite order the series Y - A"
converges if and only if the spectral radius of A is strictly less than
1.In that case, .-, A" = (I — A)~!. For simplicity, we denote

(W1 + p2dps  pi

e [}] e, — [(1)] M= A A |
H2 Ha

M1 M1
then (7) can be written as

(o]
lim S® =e' ZM”el,
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where T denotes the transpose of a vector. The matrix M has two
eigenvalues

o
= s
X1 2 ( + w1+ U2
+\/()L_M1)2+2()\+M1)M2+M%>’ (8)
H2
= s
X2 20t < + u1+ 2
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Therefore, limg_,o. S®® < oo ifand only if x; < 1.In that case,

lim S® =e" (1 — M) 'e,.

B—oo

A straightforward calculation completes the proof of assertion
(ii). O

«® ®
We note thatp<0 n = 53(3;1 and pf’f)n) = ySB(B)” forn=0,1,...,B.
From this and (1) we have
®) 1 ® _g (10)
Pop =5 Pap =%

Therefore, the following corollary is immediate from Lemma 2. This
solves the first part of Conjecture 1 by Silva et al. [6].

Corollary 1. (i) pgg?B) is strictly decreasing in B.
(ii) limgﬁwpég?m > Oifand only if x1 < 1.In that case,
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— [2) — Rilh2
11m p(0 B = .
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In the remainder of this subsection, we find closed-form expres-

sions for pﬁg?n) and pf’f?n), n=20,1,...,B. Note that fori = 1, 2,
Lo
|: K2 2

Xi— — i| is an eigenvector of M corresponding to the

M1 M1
eigenvalue ;. Thus M can be written as
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By (1),(2)and (11), we have thatforn=1,...,B,
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Now it only remains to determine S®. Since 3"}, 35 _, pf)n)

1, we have by (12) and (13) that
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Fig. 2. The transition diagram of the Markov process {(Nl (t), ﬁz(t)) : t > 0} under the greedy policy.

where the second equality follows from the characteristic equation

2
of M,ie, x? — (42 4 Wiz )y, 4 J2 — 0,i = 1,2,

In summary, we have the following result.

Theorem 1. The stationary distribution for the system operating
under the prudent policy is given by

® _ 1
(X1 — x2)S®

P =
M2 g B M% B—1 B—1
x [ = — — — (=D,
(A (X7 — x2) b (xq X2 ))

®) 1

Pom = (X1 — x2)S®
« <Xffn+1 Y &(Xffn _ ngn)),
M1
n=1,...,B,
(B) H2 B—n B—n
Pim = ———<aXi  — X2 )
A0 G — x2)8® 2
n=0,1,...,B,
where
1 B+1 B+1 12
SO=—— (D)X= 20— x)
Xl_XZkZ;] ;2 g T2

with x1 and yx, given in (8) and (9).

We remark that when n = B, Theorem 1 reduces to (10).

2.2. Greedy policy

Let IQI,»(t), i = 1, 2, denote the number of customers (including
those waiting and in service) at station i at time t, in the system
operating under the greedy policy. Then {(1(11 (1), Nz(t)) 1t >0}is
a continuous time Matkov process with state space 8 = {(i, ) : i =
0,1,j=0,1,...,B}. Fig. 2 depicts the state transition diagram of
the Markov process {(IQl(t), I§l2(t)) : t > 0}. As we can see from
Figs. 1 and 2, all transition rates for the greedy policy are equal to
the transition rates for the prudent policy except from state (0, B)
to (1, B). Under the greedy policy the transition from state (0, B) to
(1, B) is possible, whereas under the prudent policy the transition
from (0, B) to (1, B) is not possible.

Let IA’EE;-)- i,j) € 4§ be the stationary distribution of the Markov
process {(Nl(t), Nz(t)) 1t >0}, ie,

Py = lim P(WN(©), Na(0) = (0.9).

Define
~(B) ~(B)
)A((B) _ p(O‘B—n) ~(B) — p(l,B—n)
n = ~(B) ~(B) ’ n T A(B) ~(B)

P tPap

forn = 0,1,...,B. As the procedure and arguments in this
subsection are very similar to those in the previous subsection we
omit the details of them.

P tPap

Lemma 3. We have the following recurrence formula:

® M1+ o
-8 v m
Xy A+ g+ o
| = ) ; (14)
Yo -
Aty + p2
2
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M1 431
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M5B — 0 ~(B)
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R —  — [ DB
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Proof. By choosing E = {(1, B)}, we have from (4) that kfc(()ﬂ) =
(1 + 12)9Y. Combining this and X + ¥ = 1, we get

(14). The others follow by the same argument as in the proof of
Lemmal. O

Lemma4. Let S® = 5 &P +5P). Then

(i) S® is strictly increasing in B.
(ii) limp_, 0o S® < oo if and only if x1 < 1. In that case,
oA Ag(A 4+
lim §® — i ( ") .
B—00 (A1 — p2) — i) (A + g + p2)

Proof. The proofis the same as that of Lemma 2, except the vector

. + A

e is replaced by [ HaT [t j| . O
Atprt+pu A+ g+ u
sB) Ry s _ I

We note thatp(oyn) =<5 andp(m) =5 forn=20,1,...,B.
From this and (14) we have
A(B) mitps 1 ~(B) A 1
Powm =5 @ Pam= (15)

A+ U1+ U2 S®

At §®
Therefore, the following corollary is immediate from Lemma 4. This
solves the second part of Conjecture 1 by Silva et al. [6].

Corollary 2. (i) ﬁEg?B) and ﬁg’f,)g) are strictly decreasing in B.

(ii) limp_s oo 1323?3) > 0 if and only if x1 < 1. Moreover,

limgﬁooﬁg’)m > Oifand only if x; < 1.If x1 < 1, then

A(B) M%()L — U2) — M%(}» + 1)

lim =

pon, PoB) AA A+ )
lim 3®  — A1 — pU2) — Ptz
MM Pas = X

B—o0 A+ p)pa

Finally, we can obtain closed-form expressions for IA’Eg)m and

ﬁg'f)n), n=0,1,...,B, by following the same procedure as in the

derivation of Theorem 1 and using Lemma 3.
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Theorem 2. The stationary distribution for the system operating
under the greedy policy is given by

1

~(B) M2 B B

p = — i—()u —X2)
©O . x2)S® LA

M2<1 1 > B— B—1
el G demrreedl KV R )
A\ At prtpe ! 2

Vv; B2 B2
+ X " —x2 )],
A+ g+ p2)pr ! 2
1
5B _ i B—n+1 B—n+1
Pon Oa — XZ)S(B) % o
1
_ + - ( —-n __ B—n)
M2 Nt 1+ 1o ) X1 X2
“2 B—n—1 B—n—1
+—( — X )},
A+ 1 + m2) g 2
n=1,...,B,
~(B) H2 { B—n B—n M2
Pim = ————Z 14—
(am 11 (x1 — x2)S® U7 2 A+ g+ @

x O =) n=0.1008,

where

B+1 B+1
§® = ——1> " x X5
o | N T
B—1
k
X X
A+m+uz (,Z ! ,; 2)

H2 1 > B B
) +— (X — Xx2)
(AIM At + pa v

Nz
AA A+ 1+ p2)

;' = xé”)}

with x; and x- given in (8) and (9).

We remark that when n = B, Theorem 2 reduces to (15).

3. Optimal policy

As mentioned before, Silva et al. [6] showed that either the
prudent policy or the greedy policy can be optimal. Also, that if
C1 > ¢y, then the greedy policy 7 is always optimal. They gave
a criterion that determines which of the two policies is optimal for
all cases including when ¢; < c;. Let

B—1
(B) ~(B) (B)
XE)(pa iy —Pq, 1)) +DPo,p
=
cs(B) =c1— NG -1]. (16)
M1 P

If c > c.(B), then mp is optimal for minimizing the long-run
average cost; otherwise ¢ is optimal, see Proposition 3 of [6]. They
also provided a closed-form expression for c, (B) when B < 10 and
illustrated through numerical examples that the threshold value
for B = 10, c,(10), yields near optimal cost values even when
B > 10.

Now we find a closed-form expression of c,(B) for any B > 1,
by using the explicit closed-form expression for the stationary
distribution given in Section 2. Recall that

®) 1 ~(B) 1 A
Posn = S®” Pasp = SB® A4 1+ pp

(17)

For the greedy policy,
B—
A
~(B) ~(B)
Z Paiy tPap = ’
i= ! )‘ + 1251

the right-hand side of which is the probability that station 1 is busy.
Thus,

Ly A 1 A
mei):i_f7~ (18)
= Atur S® A+ 1+ 2

On the other hand,

B—1 B B

(B) H2 k k

Py =" <& X1—) X2 - (19)
2Py 111 — x2)S® (;; ] ;; 2)

i=0
Plugging (17)-(19) into (16) yields

o O+ )8 { o
1

c.(B) =
* M wi(x1 — x2)S®

5 A
X (;)(1 ZX2> S(B) PR }

Therefore, we have the following theorem, which is an immediate
consequence of Proposition 3 of [6]. The theorem allows us to char-
acterize the optimal policy. The optimality condition is expressed
in terms of the parameters of the model.

Theorem 3. If

@ O+ 11+ 112)S® ( 2

c1 7o m1(x1 — x2)S®

B
A
X (; X1~ ZX2> s® +/¢L1>’ (20)

then the prudent policy mp is optimal; otherwise the greedy policy g
is optimal.

Remark 1. Carefully examining the proofs of [6], we see that if
¢ > C4(B), then mp is optimal but 7 is not optimal. If c; = ¢, (B),
then both 7p and 7r¢ are optimal. If c; > ¢, (B), then 75 is optimal
but 7p is not optimal. Therefore, we have that if (20) holds, then 7p
is optimal but 7¢ is not optimal. If % equals the right-hand side of

(20), then both 7p and 7 are optimal. If % is strictly less than the
right-hand side of (20), then 7; is optimal but 7p is not optimal.

Remark 2. From the result of [6] we know that if c; > ¢, then 7r¢
is optimal, and, furthermore, 77p cannot be optimal. It follows from
Theorem 3 that forany A > 0, uq; > 0, up > 0,and B > 1, the
right-hand side of (20) is strictly larger than 1.
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