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Abstract—Quasi-cyclic (QC) low-density parity-check (LDPC)
codes have become popular in NAND flash memories, owing
to their excellent error correction performance and hardware-
friendly structures. However, the large scale of barrel shifters
result in prohibitive routing complexity. Array LDPC code is
a kind of highly-structured QC-LDPC code, which provides a
good balance of performance, complexity and throughput. In this
paper, a construction method of dispersed array LDPC (DA-
LDPC) codes based on array square is proposed. DA-LDPC
codes do not only benefit from the array property, but also a
hybrid and efficient storage architecture due to their stair-like
structure. For NAND flash applications, the code construction
and decoder architecture of a (18300, 16470) DA-LDPC code
is illustrated in this paper, where a 2-level decision of LDPC
decoding strategy is employed. The numerical results based on
an FPGA emulation platform have shown that the error floor of
the (18300, 16470) DA-LDPC code is under 10−11 in term of bit
error rate (BER). Thanks to the well-structured DA-LDPC codes,
we can conveniently apply column-based shuffle decoding (CBSD)
algorithm for ease of implementation. The corresponding ASIC
implementation results have proved that the decoder architecture
of DA-LDPC codes can achieve higher normalized-throughput-
gate-count-ratio (NTGR) compared to state-of-art works.

Index Terms—DA-LDPC codes, NAND flash memory, column-
based shuffle decoding, ASIC.

I. INTRODUCTION

IN recent years, more and more NAND flash memories
have been used as the number of mobile devices increases.

With the growing demand of storage capacity, multi-level cell
(MLC) and trinary-level cell (TLC) techniques are introduced
to take place of single-level cell (SLC) technique in high-
capcity storage applications. The increasing bit density is
always accompanied with higher raw bit error rate (RBER)
for several factors such as cell-to-cell interference [1] and re-
tention time errors [2]. As a result, more efficient LDPC codes
[3] have to be considered. For LDPC decoders, the complex
routing, large memory requirement, and limited throughput are
severe problems due to the iterative decoding algorithm, which
is known as the sum-product algorithm (SPA), and its variants
such as min-sum algorithm (MSA) [4]. A 2-level decision
of LDPC decoding strategy for NAND flash memories was
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proposed for higher throughput and reduced read latency
penalty [5]. The first level is iterative decoding with the hard
decision initial log-likelihood ratio (LLR), and the second level
is iterative decoding with the soft one. To improve P/E cycling
endurance at minimal read latency overhead, a design strategy
uses unequal error correction was proposed in [6].

QC-LDPC code is the most promising class of structured
LDPC codes due to its ease of implementation and excellent
error correction performance. Several state-of-art works make
contributions to the implementation of QC-LDPC codes. Li
et al. proposed a deep quantization technique to meet a strict
cost requirement imposed by NAND flash memories [7]. Ho et
al. proposed a top-down design methodology, which not only
includes code construction but also hardware implementation,
in order to design an efficient QC-LDPC decoder [8]. Lee et al.
proposed a reordered layered decoding processing to save the
FIFO buffer at the cost of increased data dependency [9]. QC-
LDPC codes constructed from Latin square are popular due to
their flexible code constrction method for long code length and
high code rate [10]. However, QC-LDPC codes constructed
from Latin square always suffer from the large scale of barrel
shifters due to the large submatrix size. To solve the problem,
the construction method and decoder architecture of the DA-
LDPC codes are proposed in this paper. We modify the data
flow scheduling of the hybrid storage architecture proposed in
[8] for the DA-LDPC codes, and, hence, the barrel shifters
are not required any more. CBSD algorithm is applied in our
design, and the degree of parallelism (DOP) of it equals to the
submatrix size. Thanks to the structure of DA-LDPC codes,
the DOP can flexibly be increased to a higher degree without
introducing more routing congestion.

The remainder of this paper is organized as follows. Section
II reviews the background of CBSD algorithm. In Section III,
the construction method of a (18300, 16470) DA-LDPC code
and the corresponding girth analysis is proposed. In Section
IV, a modified data flow scheduling and improved decoding
architecture of the derived DA-LDPC code are illustrated.
Implementation results are shown in Section V. Finally, we
conclude the paper in Section VI.

II. COLUMN-BASED SHUFFLE DECODING

QC-LDPC codes applied to NAND flash memories are
always of long code length and high code rate. As a result,
CBSD algorithm [11] is a reasonable choice for them. In this
section, we will take a review of the decoding algorithm first,
and then analyze the challenges in hardware implementation.

A. Review of CBSD Algorithm
An (N,N −M) LDPC code can typically be defined by a

parity-check matrix of size M ×N . Notice that Lω
cv denotes
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the check-to-variable (C2V) message from check node (CN)
c to variable node (VN) v, and Lω

vc denotes the variable-to-
check (V2C) message from VN v to CN c at the ωth iteration,
where c = 0, ...,M − 1, and v = 0, ..., N − 1. Let Linit,v be
the initial LLR of VN v. Notice that N (c) is the set of VNs
connected to CN c, and M(v) is the set of CNs connected to
VN v. The VNs are divided into G column-groups, and each
column-group Ng contains N/G VNs, where g = 0, ..., G−1.
In addition, for a QC-LDPC code, the column-group size N/G
equals to the submatrix size z in this paper. Notice that NL,
ranging from N0 to N(g−1), contains the column-groups on
the left of Ng , while NR, ranging from Ng to NG−1, contains
the column-groups on the right of Ng as well as itself. The
bidirectional messages passing between VNs and CNs are
calculated as follows.

1) Vertical Step: The V2C message is updated as Eq. (1),
and the a posteriori probability (APP) is computed as Eq. (2).

Lω
vc = Linit,v +

∑
c′∈M(v)\c

Lω−1
c′v (1)

Lapp,v = Linit,v +
∑

c′∈M(v)

Lω−1
c′v (2)

2) Horizontal Step: The C2V message is updated as Eq.
(3), where a represents the normalization factor.

Lω
cv =a×

∏
v′∈N (c)∩NL

sgn(Lω
v′c)

∏
v′∈N (c)∩NR\v

sgn(Lω−1
v′c )

×min

(
min

v′∈N (c)∩NL
|Lω

v′c|, min
v′∈N (c)∩NR\v

|Lω−1
v′c |

)
(3)

B. Challenges in the Implementation of CBSD Algorithm

QC-LDPC codes are the most promising class of structured
LDPC codes due to their ease of implementation and excellent
error correction performance. Barrel shifters are widely used
in QC-LDPC decoders, and the function of them is to bring the
C2V messages of two adjacent column-groups into alignment
while using CBSD algorithm. For example, Fig. 1 shows two
adjacent entries of a QC-LDPC code, which are located in
(x1, y1) and (x1, y1 + 1), respectively. The primitive element
α is shown in Eq. (4), which is a permutation matrix with a
single cyclic right (or left) shift. Notice that each entry in HQC

represents a circulant permutation matrix (CPM) of size z×z.
For example, αA means α to the power of A. Particularly,
α0 represents an identity matrix, and α−∞ represents a zero
matrix. In order to bring αA and αB into alignment, the
shifting parameter of the barrel shifter should be set as (B−A)
mod z. According to the above rule, the barrel shifters have
to provide support for z different shifting parameters, ranging
from 0 to z−1, which leads to the large scale of barrel shifters.
QC-LDPC codes constructed from Latin square always suffer
from the large scale of barrel shifters. A code construction
method was proposed in [8] to construct long QC-LDPC
codes with a small submatrix size, which efficiently reduce the
scale of barrel shifters. In addition, a corresponding decoder
architecture was also proposed for their derived codes.

1 1( , )x y

=QC
H

1 1( , 1)x y 

A B

shifting parameter : (B-A) mod z

Fig. 1. Illustration of shifting parameter of a QC-LDPC code.

α =


0 1 0 . . . 0
0 0 1 . . . 0
...

...
...

. . .
...

1 0 0 . . . 0

 (4)

Array LDPC code [12], which was first proposed in 2002, is
a highly structured ensemble of QC-LDPC codes. In this paper,
a joint design of code construction and decoder architecture is
proposed. Thanks to the structure of DA-LDPC codes, barrel
shifters are saved, and the simulation results have shown no
degradation of error correction performance.

III. CODE CONSTRUCTION AND GIRTH ANALYSIS

For NAND flash applications, the construction method of a
(18300, 16470) DA-LDPC code is illustrated in this section.
Furthermore, the girth analysis shows that the DA-LDPC codes
have girth 6, which indicates that there is no 4-cycle in the
parity-check matrix.

A. Construction of a DA-LDPC Code

An array LDPC square Wa of size z × z, where z is a
prime number, is shown in Eq. (5). Given an array square with
submatrix size z = 61, we can construct a (18300, 16470)
DA-LDPC code as following steps.

Wa =


α0 α0 α0 . . . α0

α0 α1 α2 . . . αz−1

...
...

...
. . .

...
α0 αz−1 αz−2 . . . α1

 (5)

1) Step 1: Select a base matrix Hb from the array square
Wa. In this paper, we select the upper left corner of Wa for
simplicity. The size of Hb is r × s, and here we set r = 6
and s = 60.

2) Step 2: Separate the base matrix into ten square subma-
trices, where Hb = [Hb

0 , ...,H
b
9 ]. H

b
0 is shown in Eq. (6) as

an example, and the rest is similar to it.

Hb
0 =


α0 α0 α0 α0 α0 α0

α0 α1 α2 α3 α4 α5

...
...

...
...

...
...

α0 α5 α10 α15 α20 α25

 (6)

3) Step 3: Transfer each Hb
i into corresponding dislocated

matrix Hd
i . Hd

0 is shown in the upper left corner of Fig. 2 as
an example, and the rest is similar to it.

4) Step 4: Repeat each Hd
i for t times in the stair-like

structure. Hence, we obtain corresponding repeated matrix Hr
i .

Here we set t = 5. Hr
0 is shown on the left-most side in Fig.

2 as an example, and the rest is similar to it.
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r
t

=

1r 

s t

. . .

. . .

. . .

. . .

( 1)r t 

Here we set r = 6, s = 60, and t = 5.
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Fig. 2. Illustration of DA-LDPC codes. Here we set r = 6, s = 60, and t = 5.

5) Step 5: Combine the ten repeated matrices Hr
i , where

i = 0, 1, ..., 9, to obtain the parity-check matrix HDA of the
(18300, 16470) DA-LDPC code. To keep the column-weight
nv = 6 and row-weight nc = 60, the left-most column-groups
are cut off. To keep the shifting parameter of each row-group
as a constant, corresponding entries are added to the upper
right corner of the right-most column-groups as is shown in
Fig. 2.

B. Girth Analysis for Derived DA-LDPC Code

In this subsection, we will prove that the DA-LDPC code
has girth 6, which indicates that there is no 4-cycle in the
parity-check matrix. We select two row-groups x1, x2 and
two column-groups y1, y2 from the parity-check matrix of an
arbitrary QC-LDPC code of size M ×N , whose submatrices
are of size z × z. We obtain αA, αB , αC , αD from the four
corresponding entries of the parity-check matrix. Definition 1
is used to define the 4-cycle, and Theorem 1 is proposed to
detect whether the four entries are able to make up z 4-cycles.
The girth analysis of a QC-LDPC code is illustrated in Fig. 3.

Definition 1. ∀i1, i2 ∈ [0 : M − 1], and j1, j2 ∈ [0 : N − 1],
where i1 6= i2, and j1 6= j2, h(i1,j1), h(i1,j2), h(i2,j1), h(i2,j2)
are four elements of the parity-check matrix. The definition for
the four elements of making up a 4-cycle is that the value of
all the four elements is 1.

1 1( , )x y 1 2( , )x y

2 1( , )x y 2 2( , )x y

an example of 

a 4-cycle

=

A B

C D

QC
H

Fig. 3. Illustration of girth analysis of a QC-LDPC code.

Theorem 1. ∀A,B,C,D ∈ [0 : z − 1], (B − A) mod z =
(D−C) mod z ⇐⇒ αA, αB , αC , αD are able to make up
z 4-cycles.

Proof. Notice that hAi,j represents the element of entry
αA of a QC-LDPC code, where i = 0, ..., z − 1,
and j = 0, ..., z − 1. In a CPM αA, it is obvious
that the non-zero elements are located in hAi,(i+A) mod z ,
which is the same for the rest three entries αB , αC , αD.
The necessary and sufficient condition for the z 4-tuples,
which are determined by {hAi,(i+A) mod z, h

B
i,(i+B) mod z,

hC(i+A−C) mod z,(i+A) mod z, h
D
(i+B−D) mod z,(i+B) mod z},

are able to make up z 4-cycles is that (B − A) mod z =
(D − C) mod z.

On the basis of Theorem 1, it can be proved that the DA-
LDPC codes has girth 6. We select two row-groups x1, x2 and
two column-groups y1, y2 from the parity-check matrix of the
derived DA-LDPC code, and we obtain four corresponding
entries. On the one side, if |x1−x2| < r, αA, αB , αC , αD are
unable to make up 4-cycles due to the array property. On the
other side, if |x1 − x2| > r, αA, αB , αC , αD are also unable
to make up 4-cycles beacuse of that at least one entry among
the four entries represents a zero matrix.

IV. DECODING ARCHITECTURE

In this section, we will introduce the decoding architecture
of the (18300, 16470) DA-LDPC code. In order to take
advanteges of the array property of the DA-LDPC code, we
modify the data flow scheduling and improve the decoding
architecture proposed in [8].

A. Decoding Architecture of the DA-LDPC Code

Fig. 4 shows the decoder architecture of the DA-LDPC
code, and the data width is marked on each bus. The initial
LLR channel messages will first be stored into a single-port
RAM before decoding starts. There are one VNU block and
six CNU block processing units, where the VNU updates the
V2C messages, and the CNUs update the C2V messages. A
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V2C message includes 3 bits absolute value, 1 bit sign, and 1
bit hard decision of VN, while a C2V message includes 18 bits
min-and-index message, 1 bit global sign, and 1 bit check of
hard decisions. The so-called min-and-index message consists
of 3 bits absolute value and 6 bits index of both the first and
the second minimum. The sign messages and hard decisions of
VNs calculated by the VNU will not only be passed to CNUs,
but also to a dual-port RAM, which is called sign-and-check
RAM. A successfully decoded codeword will finally be stored
into a single-port RAM named as hard decision RAM. It is
worth mentioning that masking technique [13] is widely used
to suppress the error floor [14] of LDPC codes. As a result,
a single-port ROM is used to store masking matrix, where
0 indicates that the corresponding entry is masked, and vice
versa. At each decoding cycle, data flow starts from storage
elements, and pass through a selector, a VNU, CNUs, and
finally be written back to the storage elements according to
multiplexing logics. After all column-groups are updated as
the aforementioned process, a decoding iteration is finished.
Table I lists the type, width and depth of the ROMs and RAMs.
Further illustrations of the hybrid storage architecture and
corresponding data flow will be shown in the next subsection.

VNU CNU

MUX

Reg

RAM

C2V

MUX

ROM

Masking
Shift

Register

VNU sub #60

. . .

VNU sub #1

VNU sub #0

RAM

Sign & Check

RAM

Initial LLR

1st/2nd min 

selector

RAM

Hard Decision

Initial LLR

61×2b

C2V Abs

6×61×3b

C2V Min & Index

6×61×18b

C2V Global Sign & Check

6×61×(1+1)b

Hard Decision

61×1b

V2C Abs

6×61×3b

V2C Sign

& Check

(6+1)×

61×1b

C2V Sign

6×61×1b

Masking Matrix

6×1b

C2V Message

6×61×

(18+1+1)b

Storage Elements
. . .

CNU S&C #60

CNU S&C #0

. . .

CNU Abs #60

CNU Abs #0

Fig. 4. Decoder architecture for the derived DA-LDPC code.

TABLE I
TYPE, WIDTH AND DEPTH OF THE ROMS AND RAMS

Type Width (bit) Depth
Initial LLR RAM single-port RAM 122 300

C2V RAM dual-port RAM 1220 24
Sign & Check RAM dual-port RAM 427 300
Hard Decision RAM single-port RAM 61 300

Masking ROM single-port ROM 6 300

B. Scheduling of CNUs and Storage Elements

Fig. 5 shows the data flow scheduling of the hybrid storage
arhitecture, which consits of six registers, ranging from R0

to R5, and a C2V RAM. There are six non-zero submatrices
in each column-group, and the C2V message corresponding
to each submatrix is processed by a CNU block processing
unit. The CNUs, ranging from C0 to C5, are shown on the
left-most side in Fig. 5. Let us define mi as the C2V message
of the ith non-zero submatrix, where i = 0, ..., 5. At the start

of each decoding cycle, messages are stored in six registers.
As is shown in Fig. 5, m0 will not be used in the next
decoding cycle, as a reuslt, it will be stored into the C2V
RAM. This kind of messages are denoted as nonimmediate-
use data, whose data flow is represented by red arrows. At
the same time, the rest five C2V messages, ranging from m1

to m5, will be used in the next decoding cycle immediately,
as a result, they will be stored back into the corresponding
registers. This kind of messages are denoted as the immediate-
use data, whose data flow is represented by blue arrows. After
r × (t − 1) = 24 decoding cycles, the nonimmediate-use
data will be read from the C2V RAM, and then be written
to the corresponding registers for further use. It deserves to
be mentioned that we can use six shift registers instead of the
same amount of barrel shifters, owning to the well-defined
structure of the DA-LDPC code. In addition, the shifting
parameter of the shift register Ri in CNU Ci equals to i,
where i = 0, ..., 5.
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Fig. 5. Data flow of the hybrid storage architecture.

V. IMPLEMENTATION RESULTS

Finally, we implement a register transfer level (RTL) design
of the proposed decoder using Xilinx VU440 FPGA device.
The maximum iteration number is set as 20. The average iter-
ation number is a variable on the RBER. It is fair to compare
the normalized throughput (NT), which means normalizing the
throughput with the iteration number, with related works.

For comparison, a (18900, 17010) LDPC code constructed
from Latin square [8] is simulated. The error correction
performance of both hard-1-bit and soft-2-bit decision of
initial LLR over AWGN channel is shown in Fig. 6, and
the simulation results have shown no degradation of the
LDPC code constructed from array square compared to that
constructed from Latin square. It deserves to be mentioned
that both codes remain unmasked. The equivalent RBER Peq

of AWGN channel is calculated as Eq. (7), where σ denotes
the standard deviation. The simulation results have shown that
the error floor of the derived DA-LDPC code is under 10−11

of both hard and soft sensing in term of BER. In addition,
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soft-2-bit initial LLR messages are quantized using mutual-
information optimized algorithm [15].

Peq =
1

σ
√
2π

∫ −1
−∞

e
−u2

2σ2 du (7)

10-310-2

RBER

10-12

10-10

10-8

10-6

10-4

10-2

100

F
E

R
 &

 B
E

R

Latin, Hard, FER
Latin, Hard, BER
Latin, Soft, FER
Latin, Soft, BER
Array, Hard, FER
Array, Hard, BER
Array, Soft, FER
Array, Soft, BER

Fig. 6. Comparison between LDPC codes constructed from array square
and Latin square. Both codes remain unmasked. The (18300, 16470) LDPC
code constructed from array square and the (18900, 17010) LDPC code
constructed from Latin square of both hard and soft sensing are simulated over
AWGN channel. The number of quantization bit of intermediate messages is
4, and the normalization factor is 0.75.

Table II shows the implementation results of the proposed
DA-LDPC docoder, in comparison with related works. Finally,
this work is implemented using TSMC 90nm library. The post-
layout simulation results have shown that the proposed DA-
LDPC decoder is able to achieve a throughput of 1.83Gbps
with 6 iterations under a clock frequency of 200MHz. Be-
cause of its non-full-rank property while using the encoder
architecture proposed in [16], the code rate of the DA-LDPC
code is slightly lower than 0.9. It is more justified to compare
the NTGR, rather than TAR (throughput-area-ratio [17]), with
related works due to the variant number of iterations. The
comparison results in Table II have shown that this work
achieves the highest NTGR among these works with good
error correction performance.

TABLE II
COMPARISON WITH RELATED WORKS

This work [7] M. Li [8] K. Ho [9] H. Lee
[Proposed] [ISCAS’14] [TVLSI’16] [TCAS-I’17]

Impl. Post-layout Synthesis Post-layout Post-layout
Schedule Shuffled Layered Shuffled Layered
Iterations 6 8 6 8

Quant. bits 4 5 4 5
Technology 90 nm 90 nm 90 nm 90 nm
Code length 18, 300 18, 624 18, 900 18, 396

Code rate 0.897 0.896 0.9 0.905
Freq. (MHz) 200 166 166 200
Gate count 410k 620k 520k 926k

Area (mm2) 1.44 1.75 2.56 4.19
Throughput

1.83 0.77 1.58 4.25(Gbps)
∗NT (Gbps) 0.305 0.096 0.263 0.531

∗NTGR
0.744 0.155 0.506 0.574(Mbps)

∗NT = Throughput/Iterations, ∗NTGR = NT/Gate count.

VI. CONCLUSION

In this paper, we propose the code construction method
and decoder architecture of a (18300, 16470) DA-LDPC code.
The code construction method can flexibly be applied to
NAND flash applications of long code length and high code
rate. Ultilizing the structure of DA-LDPC codes, the barrel
shifters are not required any more, and, hence, the issue of
routing congestion is solved without sacrificing error correc-
tion performance. Furthermore, masking techniques [10] and
postprocessing algorithms of VNU calculation [7], [18] can
be adopted to eliminate trapping sets and suppress error floor
in future works.
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