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Safe Charging for Wireless Power Transfer
Haipeng Dai, Member, ACM, Yunhuai Liu, Guihai Chen, Xiaobing Wu, Tian He, Alex X. Liu, and Huizhen Ma

Abstract— As battery-powered mobile devices become more
popular and energy hungry, wireless power transfer technology,
which allows the power to be transferred from a charger to
ambient devices wirelessly, receives intensive interests. Existing
schemes mainly focus on the power transfer efficiency but
overlook the health impairments caused by RF exposure. In this
paper, we study the safe charging problem (SCP) of scheduling
power chargers so that more energy can be received while
no location in the field has electromagnetic radiation (EMR)
exceeding a given threshold Rt . We show that SCP is NP-hard
and propose a solution, which provably outperforms the optimal
solution to SCP with a relaxed EMR threshold (1−ε)Rt . Testbed
results based on 8 Powercast TX91501 chargers validate our
results. Extensive simulation results show that the gap between
our solution and the optimal one is only 6.7% when ε = 0.1,
while a naive greedy algorithm is 34.6% below our solution.

Index Terms— Electromagnetic radiation, wireless power
transfer, optimization.

I. INTRODUCTION

AS BATTERY-POWERED mobile and portable devices
become more popular and energy-hungry, energy conser-

vation and scavenging schemes are increasingly important for
the device usability. Among all such schemes, wireless power
transfer technology [1] attracts intensive research and industry
interest due to its convenience in applications. With this tech-
nology, energy can be transferred wirelessly from an energy
storage to consuming devices such as RFIDs [2], sensors [3],
cell phones [4], laptops [5], vehicles [6] and unmanned
planes [7]. According to a recent report, the wireless power
transfer market is expected to grow to US$17.04 billion
in 2020 [8].
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In existing studies, researchers focused more on the energy
charging efficiency and ubiquitousness, targeting at the min-
imal number of active chargers with more charging cover-
age (e.g., [9]–[16]). In practice, however, this is far from
enough. Besides the charging efficiency, a more critical issue
is the safety of the electromagnetic radiation (EMR). Expo-
sure to high EMR has been widely identified as a threat to
human health. For example, Olteanu et al. [17] investigated
the harmful effect of metallic implant heating resulted from
EMR around, which may lead to impairment of issues. And
it is reported that heating of tissue that exceeds 1 degree
centigrade may interfere with behavioral and biological func-
tions [18]. Gandhi et al. [19] found that children’s heads
absorb over two times of RF than adults, and absorption
of the skull’s bone marrow can be ten times greater than
adults. Tissues of fetus, such as the central nervous system,
seem especially vulnerable to temperature rises caused by high
EMR in various time windows, particularly during organogen-
esis [20]. Changes on gene/protein expression by RF exposure
are also investigated. Leszczynskis group performed a pilot
study on volunteers and showed that mobile phone radiation
might alter protein expression in human skin cells [21].
Nittby et al. [22] found that a large number of genes were
altered at hippocampus and cortex using four exposed and
four control animals. Though no actual experiments have been
conducted concerning the potential harm to people, plenty
of clinical studies such as [23] showed an increased risk
of high EMR exposure for brain tumors. Besides, the link
between RF exposure and mental diseases has also been
confirmed. Experiments done on mice [24] showed that
EMR causes transient and cumulative impairments in spa-
tial and non-spatial memory. Concerns about adverse conse-
quences of EMR exposure have resulted in the establishment
of exposure limits. These limits are codified in Title 47 of the
Code of Federal Regulations (CFR) in the United States and
Hygienic Standard for Environmental Electromagnetic Waves
GB9175-88 [25] in China, and also contained in standards
published by the International Commission on Non-Ionizing
Radiation Protection (ICNIRP) [26] in most of Europe. For
instance, the maximum allowed power density for frequency
915 MHz, the commonly used frequency band for wire-
less power transfer, by CFR, GB9175-88 and ICNIRP are
610 μW/cm2, 40 μW/cm2 and 457.5 μW/cm2, respectively.
Consequently, a validated wireless charging scheme must
comply with these regulations and guarantee the EMR safety
in the field. No location should have the EMR value exceeding
a certain EMR safety threshold.

With this practical and critical concern, in this paper,
we propose and study the safe charging problem, attempting
to strike the best tradeoff between the charging efficiency
and EMR safety. Given a set of wireless power chargers and
rechargeable devices, we are seeking the charger scheduling
scheme so that the devices can obtain more power, while no
location exceeds the EMR safety threshold.

Safe charging is a quite challenging problem which in
general is NP-hard. The challenges are mainly due to the
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fact that the EMR constraints are imposed on every point
in the field, which inevitably results in an infinite number
of constraints. In addition, as we will show in later sec-
tions, the objective function is a non-convex one, which
prevents the classical optimization method to apply directly.
To overcome these challenges, we design constraint con-
version and reduction techniques and apply approximation
approaches, which enable us to transfer the problem to a
traditional multidimensional 0/1 knapsack problem [27] and a
Fermat-Weber problem [28], i.e., to find the optimal activation
set of chargers maximizing the overall charging power under
a limited number of constraints, and to find the point with the
maximum EMR for a given active charger set. The constraints
of the first problem are actually derived based on the outputs
of the second problem.

The main contributions of this paper are as follows:
• To the best of our knowledge, this is the first work that

considers charging efficiency under EMR safety concern.
We formulate the problem as Safe Charging Prob-
lem (SCP), and show it is NP-hard.

• To deal with the problem, we design a series of novel
techniques to transfer the problem to two traditional prob-
lems, namely a multidimensional 0/1 knapsack problem
and a Fermat-Weber problem. The techniques include
constraint conversion and reduction, bounded EMR func-
tion approximation, area discretization and expansion,
and a tailored Fermat-Weber algorithm.

• We prove that for any given small number ε, our solution
outperforms the optimal solution to SCP with a relaxed
EMR threshold (1 − ε)Rt, where Rt is the original
EMR threshold.

• To evaluate the performance of our algorithm, we build
a testbed composed of 8 Powercast TX91501 chargers.
Experimental results show that the maximal EMR in the
field is 116.7 μW/cm2, which is just below the safety
threshold of 125 μW/cm2. We also conduct comprehen-
sive simulations and the gap between our solution and the
optimal one is only 6.7% when ε = 0.1, while a naive
greedy algorithm is 34.6% below our solution.

The remainder of the paper is organized as follows.
In Section II, we briefly review related work. In Section III,
we give preliminaries and a formal definition of the
SCP problem. We introduce a near optimal solution to SCP in
Section IV based on the theoretical results of MEP computa-
tion in Section V. Section VI and Section VII present extensive
simulations and testbed experiments to verify our theoretical
results, and Section VIII concludes.

II. RELATED WORK

There is a multitude of works dedicated to wireless power
transfer technology, and we refer readers to [29]–[31] for
comprehensive surveys. First, there are some wireless charging
works regarding scenarios with stationary chargers that don’t
consider EMR safety. Recently, Intel developed the wireless
identification and sensing platform (WISP) by integrating
RFID tags with sensing and computing components. The RFID
tags can be wirelessly charged by readers. Buettner et al. [9]
explored this technology to recognize human activities in, and
highlighted applications such as elderly care in [10]. In [11],
Powercast developed a wireless power platform to work with
wireless sensor network. Their objective was to help monitor
temperature and humidity at a zoo without disrupting the
animal exhibit. This company also offered a solution for data

center environmental monitoring by constructing a network of
chargers [12]. He et al. [13] studied the energy provisioning
problem, i.e., how to deploy chargers to provide sufficient
energy to static/mobile devices in wireless rechargeable sensor
networks. Zhang et al. [32] studied the problem of charger
placement and power allocation where chargers can be placed
at a given set of points and the aggregate power supply of
chargers is bounded by a power budget. Their goal is to
maximize the overall charging utility. Wicaksono et al. [14]
considered the power interference when allocating frequency
bands to adjacent stationary chargers. Katsidimas et al. [33]
presented a more realistic model for power harvesting by
capturing the fundamental properties of the superposition of
energy fields for wireless power transfer, and studied how
to maximize the total power in the system. Unlike previous
literatures that adopt omnidirectional charging models, we pro-
posed a directional charging model where both the charging
coverage area for chargers and receiving area for devices
can be modeled as sectors, and considered ominidirectional
charging using directional chargers in [34], and the directional
wireless charger placement problem in [35].

Second, there are related works taking EMR safety into
consideration, but few of them consider scheduling issues for
wireless chargers with adjustable power. In the conference
version of this paper [36], we considered the charging utility
maximization problem by first taking the EMR safety into
consideration and assuming that chargers can only be in either
on or off status. We further extended the safe charging problem
to the scenario where the power of chargers can be continu-
ously adjusted in [37], and proposed a distributed algorithm.
Moreover, we studied the charger placement problem in [38]
and fair charging problem in [39]. In [40], we for the first
time investigated the charging task scheduling problem under
the EMR safety constraint, and proposed both centralized and
distributed algorithms with near optimal performance in terms
of the aggregate charging energy and the total charging time.
Nikoletseas et al. [41] proposed a scheme to optimize the
useful energy transferred from chargers to nodes under several
realistic constraints such as finite limited energy supplies of
chargers and finite battery capacity of nodes.

III. PROBLEM STATEMENT

In this paper, we assume all the chargers and rechargeable
devices are static and deployed in fixed, known locations.
We consider a simplified charger scheduling model in which
chargers can be only in either of the on/off status. More
complicated deployment schemes (e.g., mobile chargers) and
scheduling models (e.g., adjustable charger power) are left for
future work. Ideally, the charging scheme should on one hand
maximize the charging efficiency so that more charging energy
can be harvested by the rechargeable devices, and on the other
hand ensure the safety of the field by limiting the intensity
of EMR at every position in the field. To achieve this goal,
we will formulate the problem and propose our solutions in
the remainder of this paper. In this section, we will first give
the system and charging model, and then provide the formal
problem statement.

A. System and Charging Model

Assume there is a set of n identical stationary wireless
power chargers S = {s1, s2, . . . , sn} deployed on a two-
dimensional plane, and a set of m rechargeable devices O =
{o1, o2, . . . , om} in the field too. The devices are capable
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Fig. 1. EMR vs. received power. (a) Set of uniform cones. (b) Coordinates.

of harvesting the wireless power originated from chargers to
maintain their normal working.

In general, both the wireless charging power and the
EMR intensity are related to the energy field strength. The
received power Pr(d) by a device can be quantified by an
empirical model [13], i.e.,

Pr(d) =

⎧
⎨

⎩

α

(d + β)2
, d ≤ D

0, d > D
(1)

where d is the distance from the charger to the receiver, and
α and β are known constants determined by hardware of the
charger and the receiver and the environment. Because of the
hardware constraint, the energy field far away from the charger
will be too small to be received by a node, and we use D to
denote the farthest distance a charger can reach. In addition,
we assume the wireless power from multiple chargers to a
receiver is additive [13], and define the charging utility to be
proportional to the charging power, namely

u(oj) = c1

n∑

i=1

Pr(d(si, oj)) (2)

where d(si, oj) is the distance from the charger si to the
device oj , and c1 is a predetermined constant.

Similarly, for all rechargeable devices, a charger si can
provide charging utility as

u(si) = c1

m∑

j=1

Pr(d(si, oj)). (3)

For the intensity of EMR, we conduct field experiment studies
and show the results in Fig. 1. Apparently, the EMR is nearly
proportional to the received power, which can be modeled by
e(d) = c2 Pr(d) where d is the distance and c2 is the constant
to capture the linear relation. Assuming EMR is also additive,
the accumulated EMR at a location p is thus

e(p) =
∑

si∈S

e(d(si, p)) = c2

∑

si∈S

Pr(d(si, p)). (4)

Some symbols and notations used in this paper are summa-
rized in Table I.

B. Problem Statement

To guarantee the EMR safety, we have to examine every
point on the plane to ensure that no place will have the
EMR exceeding the hard threshold of EMR safety, which we
denote by Rt. Mathematically, we can express the decision
problem as follows

∀p ∈ R
2, c2

∑

si∈S
Pr(d(si, p)) ≤ Rt.

TABLE I

NOTATIONS

Let xi be a binary indicator that denotes whether charger
si is active or not. For an active charger set specified by xi,
the above inequality can be rewritten as follows

∀p ∈ R
2, c2

∑n

i=1
Pr(d(si, p))xi ≤ Rt.

This inequality actually serves as the constraint of our
problem. Moreover, our optimization goal is to maximize
the overall charging utility from all the chargers, namely,∑n

i=1 u(si)xi. The Safe Charging Problem (SCP) can thus
be defined as follows

(SCP) max
xi

c1

∑n

i=1
(
∑m

j=1
Pr(d(si, oj)))xi

s.t. ∀p ∈ R
2, c2

∑n

i=1
Pr(d(si, p))xi ≤ Rt

xi ∈ {0, 1} (i = 1, 2, . . . , n). (5)

In the above formulation, xi is an optimization variable.
We call a location p ∈ R

2 is “safe” if the EMR inten-
sity at this location is no more than the threshold Rt, i.e.,
c2

∑n
i=1 Pr(d(si, p))xi ≤ Rt, and is “danger” if otherwise.

We assume a single charger will never cause the SCP problem,
which indicates that α

β2 ≤ Rt, because otherwise no chargers
are allowed to be switched on and SCP becomes trivial.
Besides, it is clear that the above formulation of SCP does
NOT require that the combined charging coverage area is
connected (i.e., there is no isolated charging area formed by
a subset of chargers). Therefore, our proposed scheme can be
applied to the cases where the combined charging coverage
area is connected or not. Nevertheless, if the coverage area is
disconnected, we can decompose SCP into a few subprograms
which corresponds to different isolated charging areas, and
address them separately and obtain the same or even better
results with less computational cost.

To solve SCP, we are mainly facing the following chal-
lenges. First, the constraint in SCP is imposed on every point
on the plane. In other words, there is indeed an infinite number
of constraints, which makes the problem extremely difficult.
Second, even if we can reduce the number of constraints to a
limited number, we will show later that SCP is in the form of
a multidimensional 0/1 knapsack problem, which is NP-hard.

Theorem 1: SCP is NP-hard.
Proof: We sketch the proof here due to space limitation.

As the constraints of SCP are non-linear, SCP is thus a
non-linear program. According to [42], non-linear program-
ming problems are generally NP-hard. Therefore, SCP is
NP-hard. �
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Fig. 2. An illustrative example of constraint conversion. For the set of
active chargers s1 and s2, there will be a maximal EMR point (MEP) located
between s1 and s2, and a corresponding constraint. Different active charger
sets will have different MEPs.

Fig. 3. SCP workflow.

In the remainder of this paper, we show how to solve
SCP with a near optimal solution.

IV. A NEAR OPTIMAL SOLUTION

In this section, we introduce our solution to SCP and show
that the algorithm has near optimal performance. We first
depict the roadmap of our solution, and then present the
techniques we applied individually in details.

A. Principles and Solution Workflow

As we mentioned before, the major challenge of SCP is that
SCP has an infinite number of constraints when optimizing the
objective function. To overcome this challenge, we propose
two techniques, namely constraint conversion and constraint
reduction, to reduce the number of constraints to a limited
and tractable number. By this means, SCP will be reduced to
a typical multidimensional 0/1 knapsack problem.

The constraint conversion is based on a simple observa-
tion. Given a set of active chargers, there will be one point
having the maximal EMR intensity, which we call Maximal
EMR Point (MEP) (if there is a set of points with the same
maximal EMR intensity, we can arbitrarily pick one of them
without affecting the correctness of our solution). When the
MEP does not exceed Rt and is safe, other locations will
be safe too. If the MEP is danger, the constraint is already
violated. For the example in Fig. 2, suppose there are three
chargers s1, s2, and s3. Consider the active charger set of
s1 and s2 (i.e., s3 is inactive). The MEP will be somewhere
in between, say location p. For this case, we only need
to check whether p exceeds Rt and derive a corresponding
constraint. Note that different active charger sets will have
different MEPs, and thus for SCP we shall check all the
possible combinations of the active charger sets, compute the
MEPs under the active chargers, and rewrite the constraints
accordingly. With n chargers, there will be 2n MEPs and
2n constraints, which is sufficient. Nevertheless, concerning
the practical reasons, we find that the number of effective con-
straints can be significantly reduced, which will be introduced
in a later subsection.

Fig. 3 depicts the workflow of our solution. Given an
instance of SCP, we first apply the constraint reduction to

Fig. 4. Active charger set listing.

list all effective active charger sets (Section IV-B), compute
the MEP under the charger set and derive the correspond-
ing constraint (Section IV-C). Then, we employ constraint
reduction approach to reduce the number of obtained con-
straints (Section IV-C). As such SCP is reformulated to a typ-
ical multidimensional 0/1 knapsack problem (MDK), we will
give the approximation algorithm for MDK in Section IV-D.
Since the computation of MEP is quite complex, we skip it in
this section and describe it separately in Section V.

B. Active Charger Set Listing

In the active charger set listing, the input is n chargers and
their locations, and the output is a list of active charger sets
used to derive constraints. Intuitively, each possible charger
set will have its MEP and each MEP will lead to a corre-
sponding constraint. In the worst case, for n chargers, there
will be 2n active charger sets and thus 2n constraints as well.
This is, however, neither practical nor necessary for further
processing.

As shown in Fig. 4, since every MEP must lie in the covered
region of a certain charger, we only have to investigate the
covered region for each charger. For example, for the disk
region covered by s1 with radius D, which is the farthest
distance that a charger can reach in Eq. 1, an MEP within it
can only be charged by chargers with distance less than D.
In other words, only the chargers with distance to s1 less
than 2D, i.e. s2 and s3, are able to reach the MEP. The number
of these chargers is at most ρπ (2D)2, where ρ is the charger
deployment density. By enumerating all possible active charger
sets for the covered region of each charger, we obtain in total
O(n24ρπD2

) constraints. We note that ρ can be interpreted
as the maximum charger density when we analyze the time
complexity and consider the worst case performance. If the
density is relatively uniform across the network, which is
implicitly assumed in our time complexity analysis, then ρ is
a constant determined by the coverage radius of chargers D,
the number of chargers n, and the field size. After all, we stress
that the purpose of setting ρ is only for convenience of time
complexity analysis for our algorithm.

C. Constraint Derivation, Reduction and MDK

For each possible active charger set, we can derive the
constraint based on its MEP. In Section V, we will show how
to compute an MEP based on a given active charger set. Here
we use the results directly.

Let Γ denote the lightweight list of effective active charger
sets we obtained in the last subsection, and S ∈ Γ be an active
charger set in Γ. Suppose the MEP of S is at the location p.
The constraint associated with S is

c2

∑

si∈S
Pr(d(si, p))xi ≤ Rt. (6)

The obtained constraints by this method can be reduced by
removing the following two types of constraints: (i) trivial



DAI et al.: SAFE CHARGING FOR WIRELESS POWER TRANSFER 3535

Algorithm 1 Approximation Algorithm for SCP
INPUT A set of n chargers si ∈ S, i = 1, . . . , n, and a set of

m rechargeable devices oj ∈ O, j = 1, . . . , m
OUTPUT Binary indicator xi ∈ {0, 1}, i = 1, . . . , n
1: for all charger si do
2: Let A be the disk area centered at si with radius 2D;
3: Identify all chargers within A;
4: for all active charger set S of chargers in A do
5: Compute MEP with error threshold ε/2 based on the

active charger set S;
6: Derive constraint based on the MEP using Eq. 6;
7: end for
8: end for
9: Conduct constraint reduction;

10: Reformulate SCP based on Eq. 7 and modify the EMR
threshold Rt to (1 − ε/2)Rt;

11: Use Algorithm 1 in [43] with error threshold ε/2 to
compute the solution x1, . . . , xn of the reformulated SCP.

constraints that can be always satisfied, which means its
corresponding active charger set should never lead to an EMR
exceeding Rt; (ii) redundant constraints that can be safely
removed if at least one of the subsets of its corresponding
active charger set leads to an EMR exceeding Rt. For exam-
ple, if active charger set of s1 and s2 has already violated
EMR safety, it is needless to include the constraint of its
superset of s1, s2 and s3.

With the reduced constraints set Γ, SCP is reformulated as

(SCP) max
xi

c1

∑n

i=1
(
∑m

j=1
Pr(d(si, oj)))xi

s.t. ∀S ∈ Γ, c2

∑

si∈S
Pr(d(si, p))xi ≤ Rt

xi ∈ {0, 1} (i = 1, 2, . . . , n). (7)

This is a typical MDK problem [27]. When the number
of constraint |Γ| ≥ 2, there does not exist an FPTAS unless
P = NP [27]. We here apply an algorithm proposed in [43]
to obtain an approximation solution.

D. Algorithm Description and Results

Algorithm 1 presents the pseudo-code of the approximation
algorithm. The input of our algorithm is the set of chargers,
devices and their locations. The output of the algorithm is
the binary indicator xi to control whether a charger should
be active or not. The following theorem describes the perfor-
mance of Algorithm 1.

Theorem 2: The time complexity of Algorithm 1 is
O(n4(ε−2+ε−3/2n)+n(n

ε )|Γ|). The output of Algorithm 1 is a
feasible solution of SCP, and outperforms the optimal solution
to SCP with a smaller EMR threshold (1 − ε)Rt.

Proof: By Theorem 14, the overall time complexity
for computing one single constraint in SCP is O(ε−2n3 +
ε−3/2n4). Moreover, according to analysis in Section IV-B,
we have to compute at most O(n24ρπD2

) = O(n) constraints.
The whole time complexity for computing constraints is thus
O(n4(ε−2 + ε−3/2n)). Besides, by [43, Th. 3.2], the time
complexity to compute the solution at Step 11 in Algorithm 1
is O(n(n

ε )|Γ|)). To sum up, the overall time complexity of
Algorithm 1 is O(n4(ε−2 + ε−3/2n) + n(n

ε )|Γ|).

Next we analyze the performance of Algorithm 1.
By Theorem 14, the output p# of the MEP approximation
algorithm applied at Step 5 of Algorithm 1 satisfies

(1 − ε

2
)c2

∑

si∈S
Pr(d(si, p))xi

≤ c2

∑

si∈S
Pr(d(si, p

#))xi. (8)

We then let

c2

∑

si∈S
Pr(d(si, p

#))xi

= (1 − εi)c2

∑

si∈S
Pr(d(si, p))xi (9)

where εi is an unknown constant and is subject to
0 ≤ εi ≤ ε/2. Then SCP can be reformulated as follows

(SCP) max
xi

c1

∑n

i=1
(
∑m

j=1
Pr(d(si, oj)))xi

s.t. ∀S ∈ Γ, c2

∑

si∈S
Pr(d(si, p

#))xi ≤ 1
1−εi

Rt

xi ∈ {0, 1} (i = 1, 2, . . . , n).

As εi is unknown, we turn to seek the solution to a
reformulated problem at Step 10 of Algorithm 1:

(SCP-R) max
xi

c1

∑n

i=1
(
∑m

j=1
Pr(d(si, oj)))xi

s.t. ∀S ∈ Γ, c2

∑

si∈S
Pr(d(si, p

#))xi

≤ (1 − ε

2
)Rt

xi ∈ {0, 1} (i = 1, 2, . . . , n).

Because 1
1−εi

Rt ≥ (1 − ε
2 )Rt, any feasible solution to

SCP-R is also feasible to SCP. Furthermore, because
(1 − ε/2) ≤ 1−ε/2

1−εi
≤ 1, the optimal solution to SCP-R

should outperform the optimal solution to SCP with a smaller
EMR threshold (1 − ε/2)Rt. As there is no optimal solution
to SCP-R, we use a near optimal algorithm proposed in [43].
Nevertheless, our approximation solution is still feasible
to SCP-R, and thus feasible to SCP. More importantly, though
additional error may be introduced, the applied algorithm with
error threshold ε/2 at Step 11 of Algorithm 1 gurantees to
obtain a solution outperforming the optimal solution to SCP-
R with the constant in the right side of each linear constraint
being reduced by a factor (1− ε/2). Consequently, the output
of Algorithm 1 should outperform the optimal solution to SCP
with a smaller EMR threshold (1 − ε/2) ∗ (1 − ε/2)Rt, and
thus outperforms the optimal solution to SCP with threshold
(1 − ε)Rt. This completes the proof. �

V. MEP COMPUTATION

In this section, we compute MEP for a given active charger
set. This is a major but difficult problem when solving SCP.
The main challenges are as follows. First, the objective func-
tion e(p) in Eq. 4 is non-convex, and thus there is no standard
solution to be global optimal. Second, the search space of
MEP is continuous, but the output is a single point. In what
follows, we first give the main results, and then present our
approximation algorithm.

A. Algorithm Overview

The key idea of MEP computation is to approximate the
non-convex EMR function e(p) by a set of convex functions
so that the problem can be transformed into the traditional
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Fig. 5. Piecewise linear approximation.

Fermat-Weber problem [28]. The workflow of our algorithm
is as follows. We first use a piecewise linear function ε(d)
to approximate e(d) (Section V-B), and thereby, the covered
area of a charger is partitioned to many subareas. Subareas
of different chargers will overlap to further partition the area,
and each partitioned subarea has a convex objective function
(Section V-C). Nevertheless, shapes of some subareas may
become non-convex, which is difficult to be tackled. We thus
expand the subareas to convex ones with performance guaran-
tee in the third step (Section V-D). By these means, the MEP
computation problem can be transformed into the traditional
Fermat-Weber problem with norm constraints (Section V-E).
The MEP of the whole area is then among these subarea MEPs
and easy to find.

For better understanding these procedures, we present
the formal definition of the Fermat-Weber problem with
norm constraints. Then, we present the detailed steps of the
MEP computation algorithm in the following subsections.

Definition 3 (Fermat-Weber Problem With Norm
Constraints (FWNC)): Let S = {s1, s2, . . . , sn} be a
set of points in R

2, the Weber-Fermat problem is a facility
problem that aims to find the point p such that

min
p

∑

i∈n

wid(si, p)

s.t. d(si, p) ≤ Ci, i = 1, 2, . . . , n. (10)

where wi and Ci are constants.

B. Piecewise Linear Approximation of e(d)
Essentially, we use multiple piecewise linear segments

ε(d) to approximate the EMR function e(d) (recall e(d) =
c2 Pr(d)), and meanwhile, try to bound the approximation
error ε(d) − e(d) and the computational overhead.

The basic idea of the approximation ε(d) is illustrated
in Fig. 5. Let the vector L = {�0, �1, . . . , �K} be the end points
of K linear segments in an increasing sequence. The parameter
K is the number of segments that controls the approximation
error. In the example of Fig. 5, K is equal to 3. Basically,
a larger K will result in a smaller approximation error but
introduce more computation overhead.

Definition 4: Setting �0 = 0 and �K = D, the piecewise
approximation function ε(d) can be defined as

ε(d) =
{−wkd + φk, �k−1 ≤ d ≤ �k (k = 1, . . . , K)

0, d > D

(11)

where φk = e(�k)�k+1−e(�k+1)�k

�k+1−�k
(φk > 0) and wk =

− e(�k+1)−e(�k)
�k+1−�k

(wk > 0) when k ≤ K; otherwise
φk = wk = 0.

Definition 5: To bound the approximation error, we set
�k+1 (if the obtained �k+1 ≥ D, set K = k + 1, �k+1 = D)

Fig. 6. Illustration of proof for Theorem 6.

sequentially based on �k (�0 = 0) in Eq. 11 as

�k+1 =
1
4
(3x0 − 2�k + β

+
√

(3x0 − 2�k + β)(3x0 + 6�k + 9β)) − β (12)

where β is a constant in Eq. 1, and x0 is one of the roots to
the following cubic equation

1 − ε

(�k + β)2
(x0 + β)3 − 3x0 + 2�k − β = 0

that satisfies x0 > �k.
By these definitions, we have
Theorem 6: Setting �k+1 by Eq. 12, we have the approxi-

mation errors as e(d) ≤ ε(d) ≤ e(d)
1−ε .

Proof: We prove the theorem by showing that given the
above approximation error requirement, the maximum value
of �k+1 should be subject to Eq. 12.

As shown in Fig. 6, suppose the extended line of the
approximation line segment intersects the horizontal axis at
point xis. Suppose there is a line passing through xis and being
tangent to the curve e(d) at point x0, and its corresponding
function is f(d). We claim that the error function ε(d)−e(d)

ε(d)

for �k ≤ d ≤ �k+1 exactly maximizes at point x0, and
is equal to ε. To see this, suppose there is another point
x1 (�k ≤ x1 ≤ �k+1, x1 �= x0), and its corresponding value
on the line f(d) is f(x1), then it is clear that

ε(x1) − e(x1)
ε(x1)

<
ε(x1) − f(x1)

ε(x1)
=

ε(x0) − e(x0)
ε(x0)

. (13)

Note that the last equation is a straightforward geometric
observation.

As f(d) is tangent to e(d) at point x0, f(d) is given by
f(d) = c2α

(x0+β)2 − 2c2α
(x0+β)3 (d − x0). Further, as the line f(d)

passes through point (�k, (1 − ε) · e(�k)), we have f(�k) =
(1 − ε) · e(�k), and therefore,

1 − ε

(�k + β)2
(x0 + β)3 − 3x0 + 2�k − β = 0.

Though there are three roots to this cubic equation, we can
pick out the proper root x0 since x0 > �k.

Next, since the line f(d) passes through point xis, which
means f(xis) = 0, and thus xis = 3

2x0 + 1
2β. Moreover,

as the three points (�k, e(�k)), ((�k+1, e(�k+1))) and (xis, 0)
are collinear, we have e(�k+1) = e(�k) − �k+1−�k

xis−�k
e(�k), and

therefore

2(�k+1 + β)2 − (2x0 − 2�k + β)(�k + �k+1 + 2β) = 0. (14)

Solving this quadratic equation we obtain

�k+1 =
1
4
(3x0 − 2�k + β

+
√

(3x0 − 2�k + β)(3x0 + 6�k + 9β)) − β, (15)

which is exactly the value defined in Eq. 12. �
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Theorem 7: If ε → 0, the number of linear segments K is
subject to
√

3
4 (1 − 1

(1+D/β)2 )ε−1/2 < K <
√

3
4 ((1 + D/β)2 − 1)ε−1/2.

(16)

In other words, we have K = Θ(ε−1/2).
Proof: Given ε → 0, x0 − �k (see Definition 5)

also approaches 0 according to the proof for Theorem 6.
By using two order approximation of Taylor expansion,
the cubic equation of x0 can be approximated as

1 − ε

(�k + β)2
(x0 + β)3 − 3x0 + 2�k − β

=
1 − ε

(�k + β)2
(1 +

x0 − �k

�k + β
)3 · (�k + β)3 − 3x0 + 2�k − β

≈ (1 − ε)(1 + 3
x0 − �k

�k + β
+ 3(

x0 − �k

�k + β
)2) · (�k + β) − 3x0

+ 2�k − β

≈ 3
(x0 − �k)2

�k + β
− ε(�k + β)

= 0.

Hence, we have x0 ≈ �k +
√

3
3 (�k + β)ε1/2, and,

�k+1

=
1
4
(3x0 − 2�k + β +

√
(3x0 − 2�k + β)(3x0 + 6�k + 9β))

− β

=
1
4
(3x0 − 2�k + β + 3

√

(1 + 3
x0 − �k

�k + β
)(1 +

1
3

x0 − �k

�k + β
)

· (�k + β)) − β

≈ 1
4
(3x0 − 2�k + β + 3(�k + β)(1 +

5
3

x0 − �k

�k + β
)) − β

= 2x0 − �k

≈ �k +
2
√

3
3

(�k + β)ε1/2.

Therefore, the length of projection of the linear segment at
the horizontal axis is Δx = �k+1 − �k = 2

√
3

3 (�k + β)ε1/2.
Its minimum value Δxmin = 2

√
3

3 βε1/2 is achieved at
�k = 0, and the maximum value Δxmax = 2

√
3

3 (β+D)ε1/2 is
achieved at �k ≈ D, as Fig. 7 shows. Accordingly, the length
of projection of the linear segment at the vertical axis is

Δy ≈ Δx · e′(�k) =
4
√

3c2α

3(�k + β)2
ε1/2. (17)

Likewise, the minimum and maximum values of Δy are
Δymin = 4

√
3c2α

3(D+β)2 ε1/2 and Δymax = 4
√

3c2α
3β2 ε1/2, respec-

tively. Since the whole length of vertical projection of curve
e(d) is e(0) − e(D), we can bound the number of linear
segments K based on Δymin and Δymax, namely

e(0) − e(D)
Δymax

< K <
e(0) − e(D)

Δymin
, (18)

that is,√
3

4
(1 − 1

(1 + D/β)2
)ε−1/2 < K

<

√
3

4
((1 + D/β)2 − 1)ε−1/2. (19)

Thus, we have K = Θ(ε−1/2). This completes the proof. �

Fig. 7. Illustration of proof for Theorem 7.

Fig. 8. Charging area discretization.

C. Discretizing Solution Space

By using piecewise linear segments ε(d) to approximate
e(d), the covered area of a charger s, denoted as As, is par-
titioned to K concentric subareas denoted as As(k), k =
1, . . . , K . Given the active charger set S, there will be at most
K|S| concentric subareas which may overlap with each other.
According to the classical results in [44], |S| chargers will
partition the whole plane to at most Z subarea faces where

Z ≤ (K|S|)2 − K|S| + 2 ≤ K2|S|2.
An illustration of such subarea faces with three chargers is
depicted in Fig. 8. Note that we do not consider the area not
covered by any chargers as obviously there has no EMR and
MEP cannot be there.

By such partition, MEP for a given active charger set
becomes to find MEP from each subarea face, and among these
MEPs to find the one with the largest EMR. As the second
step is straightforward, we here focus on the first step. Denote
a subarea face overlapped by several chargers as F(κ) =
∩si∈SAsi(ki) where κ = (k1, k2, ...k|S|) is a vector indicating
the index of concentric subarea that shape the face. In Fig.8,
the face is shaped by s1’s second subarea, s2’s second subarea,
and s3’s third subarea, and thus it can be expressed as
F(κ) = As1(2) ∩ As2(2) ∩ As3(3) where κ = {2, 2, 3}. The
accumulated EMR approximation for a location p in F(κ) is

ε(p) =
∑

si∈S
(−wkid(si, p) + φki), p ∈ F(κ). (20)

Note wki and φki defined in Eq. 11 are both constants within
the concentric subarea Asi(ki). Therefore, maximizing ε(p)
is equivalent to minimizing

∑
si∈S wkid(si, p). Thus, MEP of

an active charger set can be reformulated as

max
∀F(κ)

{ε(p)|p = min
p∈F(κ)

∑

si∈S

wkid(si, p)}. (21)

D. Area Expansion

In the last subsection, MEP is reformulated with a convex
objective function

∑
si∈S wkid(si, p). However, the subarea

face ∩si∈SAsi(ki) may become non-convex (see the example
in Fig. 8), which makes traditional optimization methods
infeasible. We deal with this issue in this subsection. We first
propose an area expansion technique to transform non-convex
areas to convex ones, and then prove its performance.
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Fig. 9. Area expansion.

Definition 8: Denoting by Ωsi(ki) the minimal enclosing
disk of Asi(ki), Ωsi(ki) is indeed the union of all concentric
subareas no more than ki, i.e., Ωsi(ki) = ∪k≤kiAsi(k). Then
the expanded area Λ(κ) for a subarea face F(κ) is defined as

Λ(κ) = ∩si∈SΩsi(ki) = ∩si∈S(∪k≤kiAsi (k)) (22)

where κ = (k1, . . . , k|S|).
Fig. 9 illustrates an example of area expansion based on the
example in Fig. 8. After area expansion, the solution to MEP
will not change, as the following theorem indicates.

Theorem 9: Suppose p∗ and p∗ are optimal solutions to the
reformulated MEP defined in Eq. 21 before and after area
expansion for each subarea, then ε(p∗) = ε(p∗).

Proof: The key idea of our proof is to prove ε(p∗) ≥ ε(p∗)
and ε(p∗) ≤ ε(p∗), then we have ε(p∗) = ε(p∗).

First of all, as the subarea F(κ) is expanded to Λ(κ)
(mathematically, we have F(κ) = ∩si∈SAsi(ki) ⊆
∩si∈S(∪k≤kiAsi(k)) = Λ(κ)), we accordingly extend the
domain of definition of the original aggregate EMR computa-
tion function in F(κ) to Λ(κ), and use εext(p) to denote the
new function, i.e.,

εext(p) =
∑

si∈S
(−wkid(si, p) + φki), p ∈ Λ(κ). (23)

Note that εext(p) = ε(p) for p ∈ F(κ). We thus have
maxp∈Λ(κ) εext(p) ≥ maxp∈F(κ) ε(p), and then,

εext(p∗) = max
κ∈κ

max
p∈Λ(κ)

εext(p) ≥ max
κ∈κ

max
p∈F(κ)

ε(p) = ε(p∗).

(24)

Note that κ is the set of all vectors κ, and |κ| = Z where
Z is the number of subarea faces.

We proceed to show that ε(p∗) ≤ ε(p∗). As the union
of all expansion areas is exactly the area on the 2D plane
that is covered by at least one charger, which is in turn
formed by all original partitioned subarea faces. Thus, we have
∪κ∈κΛ(κ) = ∪κ∈κF(κ). Consequently, Λ(κ) can be rewritten
as Λ(κ) = (∪κ′∈κΛ(κ′)) ∩ Λ(κ) = (∪κ′∈κF(κ′)) ∩ Λ(κ) =
∪κ′∈κ(F(κ′) ∩ Λ(κ)) where κ′ = (k′

1, . . . , k
′
|S|).

Next, we attempt to examine the EMR for each charger si

in region F(κ′) ∩ Λ(κ), i.e., the overlapping area of F(κ′)
and Λ(κ). Suppose F(κ′) ∩ Λ(κ) �= ∅, otherwise the case is
trivial. First, we have

F(κ′) ∩ Λ(κ) = (∩si∈SAsi(k
′
i)) ∩ (∩si∈S(∪k≤kiAsi(k)))

= ∩si∈S(Asi(k
′
i) ∩ ∪k≤kiAsi(k)) �= ∅,

which indicates that Asi(k′
i) ∩ ∪k≤kiAsi(k) �= ∅. This result

implies ki ≥ k′
i, and therefore subarea face F (κ′) must lie in

the same concentric ring or an inner one compared with F (κ)
w.r.t. charger si. Hence, the EMR originated from charger
si for any point p ∈ F(κ′) ∩ Λ(κ) is −wk′

i
d(si, p) + φk′

i
,

p ∈ F(κ′), while that provided by the extended function from
region F(κ′) to Λ(κ) is −wkid(si, p) + φki , p ∈ Λ(κ).

As ε(d) is a monotonic decreasing and convex function and
ki ≥ k′

i, we claim that −wk′
i
d(si, p) + φk′

i
≥ −wkid(si, p) +

φki , p ∈ F(κ′) ∩ Λ(κ). We use Fig. 10 to illustrate this
claim. Since ki ≥ k′

i, if we extend the domain of definition of
the linear function in the ki-th subarea to the k′

i-th subarea.

Fig. 10. Illustration of proof for Theorem 9.

For the same distance d(si, p), the value of the extended
function must be smaller than that of the function in the
k′

i-th subarea.
Therefore, we have εext(p) =

∑
si∈S(−wkid(si, p) +

φki) ≤ ∑
si∈S(−wk′

i
d(si, p) + φk′

i
) = ε(p) for p ∈ F(κ′) ∩

Λ(κ). Note that the sufficient condition for εext(p) = ε(p) is
κ = κ′. Consequently, we have

max
p∈Λ(κ)

εext(p) = max
p∈∪κ′∈κ(F(κ′)∩Λ(κ))

εext(p)

= max
κ′∈κ

max
p∈F(κ′)∩Λ(κ)

εext(p)

≤ max
κ′∈κ

max
p∈F(κ′)∩Λ(κ)

ε(p)

≤ max
κ′∈κ

max
p∈F(κ′)

ε(p)

= ε(p∗). (25)

Since κ is an arbitrary vector in κ, it follows that

εext(p∗) = max
κ∈κ

max
p∈Λ(κ)

εext(p) ≤ ε(p∗). (26)

Combining Inequality 24 with Inequality 26, we obtain
ε(p∗) = εext(p∗). Furthermore, we claim that ε(p∗) =
εext(p∗). If not, we must have ε(p∗) > εext(p∗). We thus
choose the extended function in subarea face κ′, say εext′(p),
which satisfies εext′(p∗) = ε(p∗) > εext(p∗). A contradiction
arises, then we have ε(p∗) = ε(p∗). �

With all above, we reformulate MEP in each subarea as

min
∑

si∈S

wkid(si, p)

s.t. d(si, p) ≤ �ki , i = 1, 2, . . . , |S|. (27)

Note that the above constraints stem from the definition of
expanded area Λ(κ). In the next subsection, we will show how
to solve it by a modified Fermat-Weber problem algorithm.

E. Fermat-Weber Problem With Norm Constraints

Comparing MEP defined in Eq. 27 and the Fermat-Weber
problem with norm constraints (FWNC) defined in Eq. 10,
we find that they are exactly the same. The (weighted)
Fermat-Weber problem, also known as the geometric median
problem, is to find a point in R

n that minimizes the weighted
sum of Euclidean distance from n given points [45]. It is
also classified as a special version of the traditional facility
problem [46]. Though the Fermat-Weber problem appears
rather simple, so far no exact solution to the problem is
known, even in the real RAM model of computation [47].
More discouraging, it has been proved even for 5 points,
the coordinates of the optimal solution may not be presentable
even if we allow radicals, and it is also impossible to construct
the optimal solution by means of ruler and compass [48].
Motivated by this observation, [49] dedicated to compute an
approximate solution using ellipsoid method, such that its
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Fig. 11. Illustration of skew coordinates. (a) Set of uniform cones. (b)
Coordinates.

weighted sum is at most a (1+ε)-factor larger than the cost of
the optimal solution. A more efficient approximation algorithm
achieving the same result was reported in [47]. To the best of
our knowledge, [49] and [47] are two main approximation
algorithms to the Fermat-Weber problem until now.

FWNC is a traditional problem that has been studied
before [28]. There is, however, no effective solution for the
problem. For instance, [28] presents optimal solutions to
several special cases of FWNC, which cannot be applied
to address our considered problem in this paper. Therefore,
we tailor the approximation algorithm to unweighted Fermat-
Weber problem constrained to a polyhedron in [47] to our
case. Unlike the algorithm in [47] simply uses a binary
search to find the optimal solution on the line segments of
boundaries, our algorithm searches all the boundary arcs and
adopts Lagrange multiplier method to optimize the objective
function. Essentially, our algorithm is a fully polynomial time
approximation scheme (FPTAS). We first introduce the fol-
lowing two key techniques extended from the techniques used
in [47]. We make necessary adjustments and novel theoretical
analysis for our case.

1) Coordinate System Transformation: The first technique
is to transform 2D rectangular coordinates to a series of skew
coordinates such that the distance for any query point q to
the chargers can be approximated. We build a skew coordinate
system formed by a set of uniform cones C = {c1, c2, . . . , ck}
that are defined by directions {0, 2π/k, 4π/k, . . . , 2π(k −
1)/k}. Fig. 11(a) shows an example where the number of
cones, k, is set to 6, and therefore the angle of each cone
is θ = π/3. Furthermore, as shown in 11(b), we use vector
tx(x) to denote the coordinates of point x in cone ci, and
notation dk(x, y) to denote the distance between any pair of
points x and y. Denote by ||x|| the sum

∑2
j=1 x[j] for vector

x, dk(x, y) can be expressed as dk(x, y) = ||ti(y)||− ||ti(x)||.
We use dk(x, y) as the approximation for distance between
any pair of points x and y, whose accuracy is bounded by the
following lemma.

Lemma 10: For any pair of points x, y ∈ R
2, d(x, y) ≤

dk(x, y) ≤ 1/ cos(π/k) · d(x, y), where d(x, y) is the Euclid-
ean distance from x to y [47].

For any given error threshold, the following lemma bounds
the number of cones k.

Lemma 11: For any given positive constant ε (ε → 0),
in order to guarantee d(x, y) ≤ dk(x, y) ≤ (1+ε) ·d(x, y) for
any pair of points x, y ∈ R

2, it suffices to set k ≈
√

2
2 πε−1/2.

Proof: We use two order approximation of Taylor expan-
sion to rewrite the result of Lemma 10 as follows

1/ cos(π/k) · d(x, y) ≈ 1/(1 − 1/2 ∗ (π/k)2) · d(x, y)
≈ (1 + 1/2 ∗ (π/k)2) · d(x, y). (28)

To guarantee that d(x, y) ≤ dk(x, y) ≤ (1 + ε) · d(x, y),
we set ε = 1/2 ∗ (π/k)2. Hence k ≈

√
2

2 πε−1/2. �

Accordingly, the objective for the weighted Fermat-Weber
problem is changed to be

min F (p) =
n∑

i=1

wjdk(p, si) (29)

for any considered point p. By Lemma 11 this yields an
approximation of the original weighted sum of distance which
is accurate to within a factor of ε.

By similar analysis in [47], we can rewrite Eq. 29 as

F (p) =
k∑

j=1

(
n∑

i=1

wj ||tj(si)|| · [tj(p) ≤ tj(si)]

− ||tj(p)||
n∑

i=1

wj · [tj(p) ≤ tj(si)]), (30)

note that tj(y) ≤ tj(x) means point x dominates y in the
coordinate system cj (i.e., tj(y)[1] ≤ tj(x)[1] and tj(y)[2] ≤
tj(x)[2]), and we adopt Kenneth Iverson’s notation where
[X ] equals 1 if the predicate X is true and 0 otherwise [50].

2) Range Tree Construction: To facilitate the calculation of
Eq. 30, we build 2D range trees for fast dominance queries.

The 2D range tree on a set of points is a recur-
sively defined 2-level balanced binary search tree. Let
tj(s′1)[1], tj(s′2)[1], . . . , tj(s′n)[1] be a sequence of the first
coordinates of chargers in increasing order. A 1D range
tree on tj(s′1)[1], tj(s′2)[1], . . . , tj(s′n)[1] is a complete binary
search tree whose leaves correspond to the intervals
[tj(s′1)[1], tj(s′2)[1]), [tj(s′2)[1], tj(s′3)[1]), . . . , [tj(s′n−1)[1],
tj(s′n)[1]]; each internal node stores the largest value contained
in its left subtree. A 2D range tree consists of a primary
1D range tree on the set tj(s′1)[1], tj(s′2)[1], . . . , tj(s′n)[1], and
each node v of this tree contains a pointer to a secondary
1D range tree that contains all points tj(si) such that tj(si)[1]
belongs to the interval of v, and builds on their second
coordinate tj(si)[2].

Different from traditional range trees that are used to find
the set of points that lie inside a given interval, or that used
in [47], the purpose for our 2D range tree is to report directly
the evaluations of

∑n
i=1 wj ||tj(si)|| · [tj(p) ≤ tj(si)] and∑n

i=1 wj · [tj(p) ≤ tj(si)], two crucial terms in Eq. 30. For
this reason, we associate with each node in every secondary
1D range trees attached in our 2D range tree two additional
parameters, which corresponds to the above two terms respec-
tively. Note that we have to construct k number of 2D range
trees for all cones to evaluate Eq. 30.

Lemma 12: Given a set S of n points in R
2, S can be

preprocessed in O(kn log n) time and space so that for any
query point p, the objective function (29) can be evaluated in
O(k log n) time.

3) Description of Approximation Algorithm: We show our
approximation algorithm for the Fermat-Weber problem in
Algorithm 2. Let P be the set of all lines that compose skew
coordinate systems. As the first step, we add for each charger
si a copy of each line in P and partition the whole area
into pieces Γ = {Γ1, Γ2, . . . , ΓnΓ}. Fig. 12(a) visualizes an
instance where the whole 2D plane is divided into 57 cells
given 4 chargers and k = 6. It follows from the definition of
F (p) that F (p) is a convex function on R

2 and each cell of
the plane Γi is a linear piece. Subsequently, F (p) should be
minimized at a vertex of Γ, and a simple yet efficient prune-
and-search algorithm is adopted to find the minimum point
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Algorithm 2 Approximation Algorithm for the Fermat-Weber
Problem With Maximum Distance Constraint
Input: The chargers set S = {s1, s2, . . . , sn}, the associated

weights w1, w2, . . . , wn, error threshold ε.
Output: The maximum EMR point p∗.
1: Transform the 2D rectangular coordinates to k number of

skew coordinates under error threshold ε;
2: Build k number of 2D rang trees to store skew coordinates

for each charger, and provide fast evaluation for two terms
in Eq. 30;

3: Employ prune-and-search algorithm to find the uncon-
strained Weber center p∗(1);

4: if p∗(1) locates in the constrained area Λj then
5: p∗ = p∗(1);
6: else
7: Consider the convex arc chain q̃1 q2 on the boundaries

of Λj which is visible from the minimum point p∗(2),
apply method of Lagrange multipliers in each cell Γi

that contains any part of the convex arc chain q̃1 q2 to
find the local minimum point, then pick the minimum
point p∗ among those local minimum points.

8: end if

Fig. 12. Illustration of searching algorithm. (a) Plane division. (b) Search
on an arc chain.

in R
2 [47]. The corresponding time to compute such point is

O(k2n + kn log n).
As the feasible region for F (p) is indeed constrained,

we need to evaluate the feasibility of the obtained minimum
point. In Fig. 12(a), if the minimum point, labeled as p∗(1),
lies exactly in the feasible region, say Λj , then we are done.
Otherwise, we need to consider the convex arc chain on
the boundaries of Λj which is visible from the minimum
point p∗(2) [28]. In Fig. 12(b), the arc chain is composed
by 2 consecutive arcs, namely q̃1 q3 and q̃3 q2. The number
of intersection points of Γ and q̃1 q2 is at most 2kn, and thus
the number of arcs is at most 2kn + 1. This is because there
are kn lines on the plane and the arc chain is convex.

To find the minimum point p∗ on the arc chain, we need to
analyze each arc segment to find its local minimum point and
then pick out the global minimum point among them. Each arc
segment lies in different cells, and therefore our task finally
boils down to find the minimum point on a linear 2D plane
constrained by an arc segment. This problem can be addressed
by method of Lagrange multipliers [51]. We omit the details
here to save space.

Theorem 13: For any given small number ε, our algo-
rithm to FWNC can achieve (1 − ε) approximation ratio in
deterministic O(ε−1n + ε−1/2n2) time and O(ε−1/2n log n)
space.

Proof: Please see Appendix for the detailed proof. �

F. Theoretical Analysis

Theorem 14: For any given small number ε, the solution
p# obtained by our algorithm and the optimal solution p∗
satisfy (1−ε)e(p∗) ≤ e(p#) ≤ e(p∗). The computational time
complexity is O(ε−2n3+ε−3/2n4), and the space requirement
is O(ε−1/2n log n), where n is the number of chargers in the
input active charger set.

Proof: Please see Appendix for the detailed proof. �
VI. SIMULATION RESULTS

A. Evaluation Setup

We assume that there are 12 chargers uniformly deployed
over a 100 m × 100 m 2D square area and 100 devices
randomly deployed in the area too. We set α = 105, β = 40
and D = 60 for the charging model, and c1 = 1 for the
EMR model. For the utility model, we simply set c2 = 0.001.
Moreover, the error threshold of the SCP algorithm is
ε = 0.12, and the EMR threshold is Rt = 150. Note that
the result is averaged by 100 instances with different random
seeds and device deployments.

B. Baseline Setup

In Section VI-C1, we compare the MEP algorithm to the
particle swarm optimization (PSO) [52] with the number
of particles set to be 20 and the loop count be 200. In
addition, we use a fine-grained exhaustive search method to
find the MEP on the plane, and take its output as the optimal
solution.

The first is the optimal solution obtained by enumerating
all possible activations of chargers in SCP. Note that here
the constraints in SCP are outputs of the optimal solution
for MEP used in Section VI-C1. The second is the near
optimal solution. It is identical to the optimal solution except
that its EMR threshold is set to be (1 − ε)Rt. The third is
a greedy algorithm for SCP whose constraints are derived
based on our approximation algorithm for MEP. Particularly,
the greedy algorithm turns on the charger that yields the max-
imum overall additional utility for all devices while does not
violate the EMR safety requirement at each step. Such process
repeats until no further activation is possible in terms of
EMR safety.

C. Performance Comparison

In this subsection, we examine the performance of our
approximation algorithm for MEP in terms of approximation
threshold ε, and that for SCP under various designs with dif-
ferent system parameters including the threshold ε, the charger
number and the EMR threshold Rt.

1) Impact of MEP Threshold ε: To show the efficiency of
our MEP algorithm, we consider 50 chargers and 100 devices
uniformly deployed over a 500 m×500 m 2D square area, and
investigate the performance of our approximation algorithm
for MEP and other two baseline algorithms in terms of the
MEP threshold ε. As illustrated in Fig. 13, the outputs of the
optimal solution and the PSO are 170.2 and 161.9 respectively
and remain constant. The maximal EMR computed by our
algorithm decreases with an increasing ε. It is always greater
than that of the PSO and is at most 4% smaller than that of
the optimal solution for 0.12 ≤ ε ≤ 0.3. This indicates that
the approximation bound (1 − ε) strictly holds.
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Fig. 13. Maximal EMR vs. MEP Threshold ε.

Fig. 14. Overall Utility vs. SCP Threshold ε.

Fig. 15. Overall Utility vs. Charger Number n.

Fig. 16. Overall Utility vs. EMR Threshold Rt.

2) Impact of SCP Threshold ε: We proceed to examine
the influence of the SCP threshold ε on the overall utility
and plot the results in Fig. 14. As can be seen, the overall
utility of the optimal solution is constant and equal to 12. Our
SCP algorithm always outperforms that of the near optimal
solution, and the performance gap with the optimal solution
diminishes when ε decreases and is equal to 6.7% when
ε = 0.1. This observation is consistent with our intuition
that higher error leads to low accuracy, and validates our
theoretical findings. In addition, the greedy algorithm has the
worst performance, which is overall roughly 34.6% below that
of our SCP algorithm.

3) Impact of Charger Number n: We are also interested in
the impact of the charger number on overall utility. Fig. 15
shows that all algorithms have the same performance when
the charger number is 4. This is because the activation of all
4 chargers will never damage the EMR safety and thus there is
no room for improvement. Besides, the overall utility of every
algorithm increases smoothly with the number of chargers,
and our SCP algorithm performs better than the near optimal
algorithm, and the performance difference from the optimal
one is at most 9.3%. The gap between the SCP algorithm and
the greedy algorithm can be as large as 26.4%.

4) Impact of EMR Threshold Rt: We study the effect of
the EMR threshold Rt to the overall utility in this subsection.
As shown in Fig. 16, not surprisingly, the overall utility of

Fig. 17. Overall Utility vs. Charging Distance D.

Fig. 18. Overall Utility vs. Device Number m.

all considered solutions grows with an increasing Rt. The
performance of our SCP algorithm also outperforms the near
optimal solution. Overall, the optimal solution is nearly 7.7%
higher than that of our SCP algorithm, which in turn enjoys an
average performance gain of 14.9% over the greedy algorithm.
Furthermore, when Rt exceeds 240, the activation of all
12 chargers is allowed for the sake of EMR safety, and thereby
the overall utility of the optimal solution reaches the maximum
18.4 and remains constant from then on. The same situation
occurs to the other three algorithms when Rt exceeds 270.

5) Impact of Charging Distance D: We study the impact
of charging distance D on the overall utility, and illustrate
the results in Fig. 17. We can see that the utility for all
the four algorithms steadily increases until D reaches 110 m,
and from then on become relatively stable. The achieved
utility for our SCP algorithm is almost the same as that of
the optimal solution, and it outperforms the near optimal
solution and greedy algorithm by on average 20.1% and
29.7%, respectively. Moreover, when the charging distance
exceeds 110, each charger can cover most of the deployed
area, and therefore, increasing D provides negligible perfor-
mance gain to the overall utility and the utility keeps nearly
unchanged.

6) Impact of Device Number m: Fig. 18 shows how the
overall utility changes when the device number m increases
from 20 to 200. Obviously, the utility for all the four algo-
rithms are nearly proportional to the number of device number.
The reason is that the devices are uniformly distributed in
the considered area and every data point is obtained by
averaging the results of 100 instances, therefore, the schedul-
ing schemes given different number of devices are nearly
the same, and the overall utility is thus determined by the
density of devices, or the number of devices. On average,
the achieved utility of SCP outperforms the near optimal and
greedy algorithms by 16.5% and 24.5%, respectively, and
is 7.1% inferior compared with the optimal solution.

D. Insights

In this section, we explain why our proposed scheme can
obtain a high overall utility gain. We conduct a simulation and
observe the utility of each of 50 devices, as shown in Fig. 19.
Since the charging utility of a device is proportional to the
EMR there (please refer to their definitions in Section III-A),
the utility distribution of devices actually reflects the EMR
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Fig. 19. Utility of devices for four solutions.

Fig. 20. Illustration of field experiment. (a) Testbed. (b) Sensor node. (c)
RF field strength meter.

distribution for the locations of devices. Intuitively, if all
the EMRs at the locations of devices are quite close to
the EMR threshold Rt, which means that the EMRs are
balanced among these locations, the overall utility will be
high. From the top two sub-figures of Fig. 19, we can see
that the utility of all 50 devices are nearly uniform, and close
to 150 and 132 respectively, which are the theoretical max-
imum utility constrained by their EMR safety requirements.
As for the bottom two sub-figures, the greedy algorithm has
utility distribution with a higher variance. This is because the
greedy algorithm is conducted in such a way that it totally
overlooks the balance of EMR distribution. The EMRs at
certain points on the plane shall rise much quickly than others
during the greedy process of activating new chargers, and soon
approach Rt and disable further charger activation. Hence, its
overall achieved utility is low. Conversely, our SCP solution
performs in a reasonable manner so that the utility is balanced
among devices and thus is improved significantly. Note that
our SCP solution is essentially a conservative algorithm in
that all the constraints obtained by the MEP algorithm are
actually more rigorous than that in the optimal solution, thus
its maximum individual utility of devices is relatively smaller
than that of the optimal solution. So does the greedy algorithm.

VII. EXPERIMENTAL RESULTS

Fig. 20(a) shows the indoor experimental testbed. We utilize
8 chargers (TX91501 transmitters produced by Powercast [3])
which are deployed on the vertices and middle points of edges
of a 2.4 m ∗ 2.4 m square area. In addition, we place one
wireless rechargeable sensor node (see Fig. 20(b)) at the center
of the square area, and the other to the right side of the
first one with distance 0.4 m. We use an RF field strength
meter (see Fig. 20(c)) to measure the intensity of EMR.
It is noteworthy that all the chargers are actually directional.
With reasonable precision, we model their charging region
as a sector with angle 60◦ and radius 4, whose bisector is
perpendicular to the charger. Further, the fitting EMR function

Fig. 21. Utility vs. Rt.

Fig. 22. An EMR distribution example.

in the sector is 41.93
(d+0.6428)2 (D = 4, refer to Eq. 1 if needed).

The orientation of chargers should thus greatly impact the
EMR distribution of the space. Suppose the chargers are
numbered from top to bottom and from left to right as shown
in Fig. 20(a). We rotate chargers from 1 to 8 such that the
angles between their orientation and the positive horizontal
line are 296.56◦, 296.56◦, 243.44◦, 26.56◦, 153.44◦, 63.44◦,
116.56◦ and 116.56◦, respectively, in order to enhance the
charging efficiency in the square area. The computer controls
the power supply through a power manager. The sensor nodes
record their received power and send the information to an
access point (AP) connecting to the computer. The AP then
reports the data to the computer for analysis and decision.

We make the following adaptations to our SCP algorithm
considering real situations. First, we adjust our SCP algorithm
to the case under directional chargers. This can be done by
modifying our MEP algorithm. We omit the details to save
space. Second, to alleviate the error incurred by modeling of
directional chargers, environmental variation, etc., we let the
two sensors sample the charging power from each charger at
the beginning of the algorithm. Then we perform our SCP
algorithm based on the sampled values.

As Fig. 21 illustrates, we compare the computed utility
based on sampling with real utility under three different values
of Rt. Note that Node 1 refers to the node located at the center
of the area and Node 2 refers to the other. We can see that
the computed utility of both nodes is always larger than the
real utility, but the difference between them is quite small
and no more than 7.5%. This observation supports the power
additivity assumption and the effectiveness of our sampling
approach. Furthermore, the gap between these two solutions
tends to increase when the utility grows. This is likely due to
the charging property of the capacitors in sensors. Suppose the
EMR threshold Rt is 125 μW/cm2, we turn on charger 2, 4, 5,
6, 7 and 8 according to the output of our adapted algorithm.
Then we measure the EMR values at 9 ∗ 9 grid points of
the square region, and plot them in Fig. 22 to visualize the
EMR distribution of the area in an approximation manner.
We observe that the EMR peaks at the location of charger 5
and is equal to 116.7 μW/cm2 and thus less than Rt. This
fact confirms the correctness of our SCP algorithm.
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VIII. CONCLUSIONS

In this paper, we have studied the problem of maximizing
the charging utility under the constraints of EMR safety.
Considering the complexity of the original problem, we broke
it down into two related subproblems, i.e., SCP and MEP. For
MEP, we proposed a series of novel techniques to transform it
into a classical problem FWNC. These techniques combined
with our tailored approximation algorithm for FWNC form
a (1 − ε) solution. Based on the powerful results of MEP,
we presented a near optimal solution to SCP. To evaluate the
effectiveness of our solution, we conducted both extensive sim-
ulations and field experiments. All of their results corroborated
our analytical findings. This solution could be incorporated
into many systems to harness the detrimental impact of EMR.

There are some future promising research directions as far
as I am concerned. The first direction is to explore for more
precise and elegant but less computational demanding methods
than the area discretization techniques adopted in this paper.
The second is to consider charging tasks dynamically gener-
ated by rechargeable devices rather than one-time optimization
of aggregate utility for devices to cater to the needs of real
applications. The third is to adopt more realistic charging
models such as directional charging models and practical
energy superposition models. The fourth is to assume that
chargers and/or devices have some degree of capability to
move around, such as move within a disk area, and thereby
consider the charging utility optimization problem.
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