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In this article, we consider the impact of finite production capacity on the optimal quality and pricing
decisions of a make-to-stock manufacturer. Products are differentiated along a quality index; depending
on the price and quality levels of the products offered, customers decide to either buy a given prod-
uct, or not to buy at all. We show that, assuming fixed exogenous lead times and normally distributed
product demands, the optimal solution has a simple structure (this is referred to as the load-independent
system). Using numerical experiments, we show that with limited production capacity (which implies
load-dependent lead times) the manufacturer may have an incentive to limit the quality offered to cus-
tomers, and to decrease market coverage, especially in settings where higher product quality leads to
higher congestion in production. Our findings reveal that the simple solution assuming load-independent
lead times is suboptimal, resulting in a profit loss; yet, this profit loss can be mitigated by constraining
the system utilization when deciding on quality and price levels. Our results highlight the importance of

the relationship between marketing decisions and load-dependent production lead times.

© 2018 Elsevier B.V. All rights reserved.

1. Introduction

With increased competition and globalization of businesses,
aligning marketing and production decisions have become es-
sential to the profitability for manufacturing firms. Indeed, the
marketing plan specifies among others the quality and price of
the offered products, and the production facility in turn needs to
fulfill the market demands resulting from the product offer. Con-
sequently, taking production limits and constraints into account is
essential to avoid an excellent marketing plan turning into a failure
(Tang, 2010). In practice, however, the production limitations are
often overlooked. For instance, Dr. Karl Kempf, Director of Decision
Technologies at Intel reports that pricing decisions are very often
taken without considering production capabilities (Pekgiin, Griffin,
& Keskinocak, 2008).

In this paper, we study the impact of finite production capacity
on the optimal quality and pricing decisions of a make-to-stock
manufacturer. We take the perspective of a centralized decision
maker, who aims to maximize the expected profit (revenue
from sales, minus material and inventory-related costs). The
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make-to-stock perspective is under-studied in the literature on
quality and pricing decisions, see also Section 2. Yet, it adds
another dimension to the production-marketing optimization
problem, as the impact of the production lead times shows up in
the inventory-related costs.

In a make-to-stock system, inventories of finished products are
reviewed periodically, and replenishment orders are sent to the
production facility. Similar to e.g., Dobson and Yano (2002) and
Jayaswal, Jewkes, and Ray (2011), we assume that the different
products share the same manufacturing facility. As price and
quality decisions affect product demands, they naturally determine
the load on the production system. This load, in turn, impacts
replenishment lead times through the congestion effect in pro-
duction. As a result, we have an integrated production/inventory
(P/I) system (Benjaafar, Cooper, & Kim, 2005): replenishment
lead times are endogenously generated by the finite-capacity
production system and, consequently, are load-dependent. Yet, this
production-marketing interaction is largely ignored in the current
literature (see, e.g., Upasani & Uzsoy, 2008 and the literature
review in Section 2).

The fact that different product types share the same opera-
tion system is not uncommon: particularly in settings with high
fixed capacity investment costs, strong scale economies promote
resource sharing as the bundling of product volumes leads to
lower fixed cost per unit produced (Van Mieghem & Allon, 2015).
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Examples of resource sharing can be found both in the high-tech
and low-tech industries. Consider for instance Barco, a world
leader in the development and production of high-tech screens.
The company assembles different screen variants on the same
finite-capacity line and has to decide on the quality of the offered
screens (which is linked to product attributes such as number of
megapixels and color intensity), their prices, and their stocking
quantities (Boute, Van den Broeke, & Deneire, 2018). Another
example is the bag manufacturer Timbuk2, which shares its
San Francisco-based production capacity between both standard
make-to-stock items and customized make-to-order items, despite
the differences in variety required (Cattani, Dahan, & Schmidt,
2010). Finally, Dobson and Yano (2002) discuss a wheel supplier
that dedicates each production line to a set of wheel types.
Evidently, the range of product types that can be produced on a
given resource depends on the resource’s flexibility; our setting
thus presumes that the production system is flexible. We make
abstraction, though, of the actual configuration of the system. In
reality, multiple types of configurations exist that offer flexibility
(e.g., manufacturing cells, job shops, flexible machining centers,
flexible assembly lines); as our goal is to study the impact of
finite production capacity, we do not model the internal operation
of the system in detail, but conceptualize it as a single-server
capacitated resource. To gain maximal insight in the dynamics of
this system, we limit the assortment to two product types and
fix the quality of one of these. In calculating the expected profit,
we assume that material and inventory-related costs per unit
increase with the quality level of the product; the extent of the in-
crease is case dependent. Analogously, the average and variance of
the product processing time increase with product quality, reflect-
ing the fact that higher quality products are often more complex to
produce.
We study the following cases:

1. load-independent optimization: in this case, the decision
maker simply ignores the impact of the finite capacity, and
decides on prices and qualities assuming a fixed exogenous
lead time. As discussed in Section 2, this assumption re-
mains common in most of the production planning literature
to date, and it might be reasonable in settings with abun-
dant capacity (Gupta & Benjaafar, 2004). Even if capacity is
limited, the complex relation between quality and price lev-
els and production lead times is often overlooked in practice,
and exogenous lead times are assumed.

2. load-dependent optimization: here, we determine optimal
quality and price levels for the case in which the rela-
tionship between quality and price levels and production
lead times can be exactly evaluated. Optimizing this system
yields the maximum possible profit, given the current ca-
pacity of the system. Load-dependent optimization, however,
can be difficult in practice given the complex relation be-
tween production congestion and demand.

3. utilization-based optimization: in this approach, the decision
maker uses the expected processing times to constrain the
utilization of the production system, and optimizes price and
quality levels with this utilization constraint. As utilization-
based optimization only requires information on the ex-
pected processing times as a function of quality levels, it
might be more practical than load-dependent optimization
in real-life settings.

We summarize our main contributions as follows:

1. We solve the load-independent optimization setting analyt-
ically, and show that the optimal solution follows a simple
structure for normally distributed product demands. This
yields several novel managerial insights for settings with

truly exogenous lead times (e.g., when inventory and pro-
duction systems belong to separate firms or when capacity
is abundant, Benjaafar et al., 2005; Gupta & Benjaafar, 2004).

2. We provide a Markov-based approach to analyze the load-
dependent optimization of quality and pricing decisions.
Using numerical experiments, we show that under load-
dependent optimization, it is optimal for the manufacturer
to limit the quality offered to customers, and to opt for a
lower market coverage, especially in settings where higher
product quality leads to higher system congestion. The sim-
ple solution assuming load-independent lead times is then
clearly suboptimal, resulting in a profit loss. We demonstrate
that this profit loss decreases when quality costs increase,
and customers are more price sensitive and/or less quality
sensitive.

3. We numerically show that utilization-based optimiza-
tion can mitigate the profit loss incurred with load-
independent optimization. Especially in settings where the
dynamic lead time behavior cannot be evaluated (i.e., load-
dependent optimization is difficult), this approach provides
a pragmatic solution that outperforms load-independent
optimization.

Our work is related to the literature on pricing and assort-
ment optimization, and the research on production planning and
scheduling with load-dependent lead times. Section 2 provides a
brief review, highlighting the novelty of our work. Section 3 pro-
vides the details of our (stylized) model, and Section 4 discusses
the analytical solution of the load-independent optimization ap-
proach. In Section 5, we consider the production/inventory system
as a queueing system and study the load-dependent optimization.
Numerical results are provided in Section 6, where we also discuss
utilization-based optimization. We conclude in Section 7.

2. Literature review

Our quality and pricing problem relates to the pricing and as-
sortment planning literature. Joint pricing and assortment plan-
ning, however, has not been studied in depth (Kok, Fisher, &
Vaidyanathan, 2015; Shin, Park, Lee, & Benton, 2015). Many arti-
cles take a retailer's perspective, and optimize prices and inven-
tory levels for a given assortment. This is referred to as the joint
inventory-pricing problem: see, e.g., the work by Federgruen and
Heching (1999), Song and Xue (2007), Li and Huh (2011), and Yang
and Zhang (2014) (for a recent review, see Chen & Simchi-Levi,
2012). Prices can be either static, meaning that they are kept un-
changed over the planning horizon, or dynamic, so they can change
from period to period (Zhu & Thonemann, 2009). Some papers also
optimize the assortment carried by the retailer (see Kok et al.,
2015 for a recent review). These articles mostly focus on horizon-
tally differentiated products (i.e., items with equivalent quality lev-
els, Pan & Honhon, 2012) and consider static pricing (see, e.g., Kok
& Xu, 2011; Maddah & Bish, 2007, and Alptekinoglu & Semple,
2016). Pan and Honhon (2012), on the other hand, consider prod-
ucts with different quality levels.

The optimal policies in all of the above articles are obtained
under the assumption of negligible replenishment lead times. As
noted by Yang and Zhang (2014), positive lead times render the
joint inventory-pricing problem extremely difficult, especially in
periodic review systems with dynamic pricing (see Pang, Chen, &
Feng, 2012 for a first attempt to partially characterize the structure
of the optimal solution to this problem, and Bernstein, Li, & Shang,
2015 for an effective heuristic).

The articles that are most closely related to our work are
those that consider quality and pricing decisions in a manufacturer
setting: unfortunately, many of these articles (see, for instance,
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Netessine & Taylor, 2007; Tang & Yin, 2010, and Rong, Chen, &
Shen, 2015) do not consider load-dependent lead times (Upasani
& Uzsoy, 2008). Those that do, mostly consider make-to-order
settings, and focus mainly on optimizing prices and lead time
quotes for a single product (see, for instance, Jayaswal et al., 2011;
Palaka, Erlebacher, & Kropp, 1998; Pekgiin et al., 2008; Ray &
Jewkes, 2004,; Hafizoglu, Gel, & Keskinocak, 2016). An exception
is Chayet, Kouvelis, and Yu (2011), who consider two products
and also optimize product quality levels. For recent reviews
of this literature, we refer to Tang (2010) and Upasani and Uzsoy
(2008).

To the best of our knowledge, our work is the first to consider
pricing and quality decisions in make-to-stock settings with load-
dependent lead times. Even in the area of production planning and
scheduling, the body of work that considers load-dependent lead
times remains relatively scarce. Usually, the common assumption
of fixed and constant planned lead times at the aggregate level
of production planning still prevails; yet, it is precisely this as-
sumption that is blamed for a variety of problems occurring in cur-
rent planning systems, such as MRP and MRPII (see, e.g., Hopp &
Spearman, 2001; Selcuk, Fransoo, & De Kok, 2006; Van Nieuwen-
huyse, De Boeck, Lambrecht, & Vandaele, 2011) As noted in the
review by Pahl, Vo, and Woodruff (2007), “although there is a
large body of literature concerning queuing models for the analy-
sis of the relationship between capacity utilization and lead times,
and another body of work on control and order release policies that
take lead times into consideration, there have been relatively few
aggregate planning models that recognize the (nonlinear) relation-
ship between the planned utilization of capacity and lead times”.
The work so far mainly focuses on approaches to either (par-
tially) avoid load-dependent lead times through job release policies
that directly control work-in-process (such as KANBAN, CONWIP
or POLCA; see, e.g., Krishnamurthy & Suri, 2009; Spearman, Hopp,
& Woodruff, 1989; Spearman, Woodruff, & Hopp, 1990) or directly
control workload (Land & Gaalman, 1996; Vandaele, Van Nieuwen-
huyse, Claerhout, & Cremmery, 2008), or on attempts to integrate
load-dependent lead times in aggregate production planning us-
ing queueing models (e.g., Lambrecht, Ivens, & Vandaele, 1998;
Zijm & Buitenhek, 1996) or clearing functions (e.g., Asmundsson,
Rardin, & Uzsoy, 2006). At this aggregate level, production lot siz-
ing has been put forward as a means to minimize the weighted
average lead time through production (see, e.g., Lambrecht et al.,
1998; Van Nieuwenhuyse et al., 2011, and Vandaele N., 2000),
in particular in settings with parallel and/or sequential process
batching.

Only few articles so far study integrated production/inventory
systems with load-dependent lead times. Alptekinoglu and Cor-
bett (2010) consider the possibility of make-to-stock production,
in addition to make-to-order. They study a setting where all
products have equal costs and production times (products are
thus horizontally differentiated), and focus on the decision which
products to produce to stock, versus to order. Wong and Naim
(2011) study a similar setting, focusing on the benefits of post-
ponement. Van Nyen, Bertrand, and Van Ooijen (2009) study
cyclical production planning in a production/inventory system
with job shop routing. Van Nieuwenhuyse, Vandaele, Rajaram,
and Karmarkar (2007) and Van Nieuwenhuyse, Mahihenni, and
Baudelocq (2014) study semi-process industry settings using a
production/inventory model, in view of optimizing allocation and
campaign sizing policies, and/or quantifying trade-offs between
capacity, inventory and customer service. Noblesse, Boute, Lam-
brecht, and Van Houdt (2014) focus on optimizing the inventory
parameters in a continuous review (s,S) inventory system. None of
these articles considers the impact of product prices and attributes
(such as quality) on system behavior.

3. Model formulation
3.1. Objective function

We consider a make-to-stock manufacturer who offers two
products ie{1, 2} with qualities f;. We assume f; to be fixed and
we optimize f, within a discrete and finite set of potential val-
ues. Our methodology can technically handle a variable f;, in both
load-independent and load-dependent settings at the expense of
extra computation time; this, however, does not yield additional
insights. In each period, the firm earns revenue by offering the
products with qualities f; at prices p; (see Section 3.2 for further
details on the customer choice model). Inventories are periodically
reviewed according to an order-up-to policy (see further details in
Section 3.3).

The decision maker seeks to determine the optimal price levels
of both products (p}), the quality of the second product (f;), and
the base-stock inventory levels (S;) to maximize the steady-state
expected profit per period:

2
=Y (- D) ~ KENS)) ~bEWS) )], ()
i=1

where D; is the random variable denoting the demand of product
i per period, and NS; is a random variable referring to the steady-
state net stock (on hand inventory minus backorder) of product i at
the end of an arbitrary period (with (X)* = max(0,X) and (X)~ =
max(0, —X)).

The first term in Eq. (1) represents the expected gross profit
per period: we assume that the unit material cost is quadratically
related to the quality of the product: ¢; =m fl.z, where m>0 is a
constant. Such a relationship is commonly assumed in the litera-
ture (e.g., Bish & Chen, 2016; Chayet et al., 2011; Heese & Swami-
nathan, 2006; Kwark, Chen, & Raghunathan, 2017; Netessine & Tay-
lor, 2007; Orsdemir, Kemahlioglu-Ziya, & Parlaktiirk, 2014), and re-
flects the fact that it is increasingly more expensive to improve
product quality; yet, this impact is mitigated for lower values of
m (Bish & Chen, 2016).

The last two terms in Eq. (1) reflect the steady-state expected
holding and backorder costs per period. The unit holding and back-
order costs are assumed to be proportional to the material cost for
each product i: b; = m,f? and h; = mp, f2, with mj, my, > 0. Equiva-
lently, Eq. (1) can be written as:

2
n=>y" [(Pi —)E(Dy) — KE((S; —10:)*) — biE((I0; — 51')*)]7
i1

(2)

where IO; is the steady state distribution of inventory on-order of
product i at the end of an arbitrary period.

3.2. Customer choice process

Depending on the price and quality levels, customers may de-
cide to buy one of the products or may choose not to purchase
at all. We use the multinomial logit (MNL) model to reflect this
choice process. As noted by Alptekinoglu and Semple (2016), this
model is popular in the price and assortment optimization lit-
erature (e.g., Du, Cooper, & Wang, 2016; Sibdari & Pyke, 2010;
Topaloglu, 2013; Van Ryzin & Mahajan, 1999), and has also been
commonly used in practice (e.g., Kok & Fisher, 2007 use it to ex-
plain customer choice at the Dutch supermarket chain Albert Heijn,
Vulcano, van Ryzin, & Chaar, 2010 successfully apply it in the air-
line industry, and Rusmevichientong, Shen, & Shmoys, 2010 use it
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Fig. 1. Sequence of events in the periodic review system.

to explain DVD sales at a large online retailer). In this model, each
customer opts for the choice that maximizes her utility. The ex-
pected utility of product i is denoted by w;: in our case u; = &5 f; +
€pp;, where g7>0 and ¢p < 0 represent the sensitivity of customers
to quality and price, respectively. Increasing the price or decreasing
the quality thus decreases the expected utility. We assume, with-
out loss of generality, that the expected utility of the nonpurchase
(i.e., not purchasing anything) is g = 0. The MNL model captures
both vertical and horizontal elements of customer choice; even if
prices are equal, some customers still buy the low-quality prod-
uct due to idiosyncratic product preferences which are unknown
to the firm (Akcay, Natarajan, & Xu, 2010; Anderson, De Palma, &
Thisse, 1992). Such a model has also been used in e.g., Dong, Kou-
velis, and Tian (2009), Davis, Gallego, and Topaloglu (2013), and
Du et al. (2016). The probability that a customer chooses product
i (commonly referred to as the market share of product i) is then
given by (Train, 2002):
eMi
14+ e’

and the nonpurchase probability is qo(p,f) =1/(1+ Y ;e),
where p and f represent the vector of prices and qualities of both
products. According to this model, increasing the price or decreas-
ing the quality of a product (while keeping everything else con-
stant) reduces its market share, while increasing both the proba-
bility that customers buy the other product, and the nonpurchase
probability.

We assume static substitution, meaning that if the chosen prod-
uct is not available, customers do not switch to another product,
but demand is backlogged. This is a reasonable assumption as we
consider a high service level and stockouts are thus negligible (Kok
& Fisher, 2007; Van Ryzin & Mahajan, 1999). Let the total num-
ber of customers per period be random, with mean A and variance
o 2. The expected demand for product i in an arbitrary period then
equals E(D;) = g;A. Assuming multiplicative demand (Song & Xue,
2007), we have Var(D;) = q?02, which implies that the coefficient
of variation of D; is independent of g; (and, thus, independent of
price and quality levels).

qi(p.f) = (3)

3.3. Inventory control system

The manufacturer manages the inventory of finished products
according to a periodic review base-stock policy with order-up-to
level S; for product i. This policy is well-studied, and has been
proven optimal in settings with exogenous lead times, zero fixed
ordering cost, and holding and shortage costs that are convex
and proportional to the volume of on-hand inventory or short-
age (Nahmias, 1997; Zipkin, 2000). In cases with endogenous (i.e.,
load-dependent) lead times, to the best of our knowledge, proofs
about the optimal policy are not yet available.

Fig. 1 illustrates the sequence of events in our model. Customer
demand observed during a period t is met at the end of the pe-
riod. After meeting the demand (unfilled demands are backlogged),
the inventory positions of both products are reviewed and orders
of size Oy and O, ; are placed to raise these up to S; and S,

respectively. The inventory position at the time of ordering thus
equals S; — D;;, where D; , is the demand of item i in period t.
Under i.i.d. demand, the order-up-to levels S; are fixed and the or-
der quantity of product i in period t equals the observed demand:
0O;¢ = D;;. Production orders delivered in period t are available to
satisfy the demands of the same period.

In the load-independent optimization model, the replenishment
lead time is assumed to be exogenous and fixed (see Section 4).
This can be reasonable when the inventory and production systems
belong to separate firms, or when capacity is abundant. In settings
with limited capacity, however, the replenishment lead times are
endogenously generated by the production system and are load-
dependent (Benjaafar et al., 2005; Gupta & Benjaafar, 2004; see the
discussion in Section 5). Our numerical experiment in Section 6 re-
veals that ignoring this load-dependent lead times can result in
suboptimal price and quality decisions.

4. Load-independent optimization

We first study the setting where the decision maker assumes
a fixed, exogenous lead time of L periods. To get closed form ex-
pressions, we assume normally distributed product demands per
period (as is common in literature, see e.g., Gaur & Honhon, 2006;
Maddah & Bish, 2007; Mayorga, Ahn, & Aydin, 2013): D; ~N(g;A,
ql.zaz). We first characterize the optimal order-up-to levels S for
arbitrary prices and quality levels (Section 4.1); this result is then
used to derive optimal prices p; for any arbitrary f, (Section 4.2),
and finally to derive the optimal quality level f; (Section 4.3).

4.1. Optimizing order-up-to levels for arbitrary prices and quality
levels

Assuming an exogenous lead time of L periods, the distribution
of I0; in Eq. (2) equals the distribution of the demand of product i
during L + 1 periods (Zipkin, 2000). Thus,

2
n=Y" [(Pi — ¢)E(D;) — hiE((S; — D)%) — biE((DF! — Si)Jr)],
i1

(4)

where Df” ~N((L+ 1g;r, (L+1)g?02). This function is concave
with respect to S;; the optimal S; can thus be obtained by the well-
known newsvendor expression:

b; m
Pr(D* <§ )=+ _—__"b
r( ! 551) b; + h; mp+my )
Assuming normally distributed demands, we have:
ko . -1 mb .
St = (L+1)gih + ® (Tmh) L1 go. 6)

where ®~1(.) is the standard normal inverse CDF. Eq. (6) reveals
that the optimal order-up-to level of product i increases linearly
with its market share g;. Hence, it increases nonlinearly with its
quality, and decreases nonlinearly in its price, see Eq. (3).
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4.2. Optimizing prices for arbitrary quality levels

Assuming normal demand, and expressing c;, b;, and h; in terms
of f;, we can expand profit function (4) as follows:

2
=Y [(pi-mfDad-mf2(Si- L+ Dai+ VI +1 qoL(z)
i=1

N N qiaL(zo], (7)

where z; = (§;— (L+1)g;A)/~/L+1q;o, and L(z) = ¢(z) —z(1 —
®(z)) is the standard normal loss function (¢ and ¢ are stan-
dard normal density and cumulative distribution functions). Using
Eq. (6), the profit function (7) simplifies to (see Appendix A):

2
N1 2. f2) =Y | (i-mfAad— (myrm) 2V L+ a0 o) |
i=1
(8)
with z; = <I>*1(mb"i”mh). For given quality levels, this profit func-
tion is in general not concave with respect to prices. Following the

MNL model in Eq. (3), we can write prices in terms of the market
shares:

pi(q1, 42) = glp(ln(q,-)—eff,-—ln(l -t — @), 9

such that the expected profit (Eq. (8)) can be written as:
2

1 g
N@.a) = Y|+ In@)ad - L figg.
i=1 =P b

—mf2qih — (my+mp) fA/L+1 Qi0¢(zc)]

1
— - In(1 =41 = @2) (1 + G2)A. (10)
p
Theorem 1. The profit function T1(qq, qy) in the load-independent
lead time setting is jointly concave in q; and q,.
Proof. See Appendix B. O

Following Theorem 1, we optimize prices indirectly by optimiz-
ing the market shares (analogous to Song & Xue, 2007 and Dong
et al., 2009). From Egs. (9) and (10), we have:

g, q2) A
g T P@a)+ o
—mffr— (my+ mh)fiz\/mO'd)(zc)
)"(ql +q2)
&1 -q - q) 11
ep(1—q1 —q2) (11)
which yields
LG = (my + my) AVI+T 0 (2c)
pi(q}. q3) = pr =mf? + b+ My ! e
qa; +q; 1 )

Ce(1-di-g) &
This leads to the following insights:

Theorem 2. In the setting with load-independent lead times, the op-
timal price of product i is always larger than its material cost (i.e.,
p;>m fl.z). The resulting optimal profit is always positive.

Proof. . All the terms in Eq. (12) are positive since £y <0 and q; +
q> <1 and, therefore, the optimal prices are always positive and
larger than the corresponding material costs. Replacing the prices
in Eq. (8) by (12), after simplification, we obtain:
A (q;+q3) —A . .
H(p*, p*) — 1 2 — —(esff]"'s”pl +esffz+spp2)’ (13)
e ep(1-qt —q3) Ep

20 ‘ ‘ ‘ ‘ -
—e—v =001
157 *Q*U:()l .-'- i
om0 =03
* u
| 101 . A
* O e
Qc ..". ///@
- /,O
S5t - o 1
- _-“
- )
| O
oe __:5/ ’g/ Py 4.__”4.——‘0’—’.’/4"
2 6 8 10

fo

Fig. 2. Optimal price difference (p3; — p}) in function of f, for different values of v
(with fi =1).

which shows that the optimal profit for arbitrary quality levels is
also always positive. O

Using Eqgs. (13) and (12), we can write the optimal prices as
follows:

H(pi.p3) 1

Foyfiy L7220 14
Pi=vfi+ — & (14)
where
v=[m+ (m,+my)op(z.)y/L+1/A] > 0. (15)

The coefficient v can be interpreted as a cost penalty for increasing
quality, and is always strictly positive. Evidently, it increases when
higher quality is more costly for the firm (higher m, m;, and my).
Note that the impact of the inventory-related costs is mediated by
the demand coefficient of variation (o /A): as this gets larger, the
inventory-related costs play a bigger role in v (conversely, as o /A
approaches zero, v approaches the material cost m and backorder
and holding costs become irrelevant). Lead time also affects the
impact of inventory-related costs: the impact becomes stronger as
lead time increases.

Combining (13) and (14), we obtain the following expression for
the profit function:

A - epT1(p3. p3)
H(p’{,pz)=8xZexp[effinvf,?Jr"i]qu ,
p

i=1

(16)

which can be solved numerically for the unknown II(p;, p3) for
any arbitrary quality values. As the left-hand side is increasing in
IT(p;, p5) while the right-hand side is decreasing, this equation
has a single solution. Once IT(pj, p3) is obtained, we can find the
optimal prices, for given quality levels, using Eq. (14).

As evident from Eq. (12), the difference between the optimal
product prices is as follows:

(mp +mp)o P (ze)VL + 1:|
* 3

(- =v(Z-7).
(17)

Fig. 2 illustrates this relationship, for different v values and f; = 1.
It is thus always optimal to sell a higher quality product at a higher
price compared to the lower quality product; if the products have
the same quality (and, thus, the same costs), their prices must be
set equal. In settings where increasing the quality is more expen-
sive (i.e., higher values of v), the optimal price difference between

p’é—pi=[m
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the products will be larger, which in turn reduces the demand
of the high-quality product and thus lowers the total inventory-
related costs. Also, as the coefficient of variation of demand de-
creases, the optimal price difference approaches the difference be-
tween material costs (i.e, p5 — p5 =mfZ —mf?2, see Eq. (17)). In
other words, in these cases, the optimal prices are characterized
by “equal profit margins” (p% — ¢, = p§ —¢1); a similar conclusion
is obtained in Maddah and Bish (2007), among others.

Theorem 3. The optimal price of the second product pj increases
with its quality level f,; the optimal price of the first product p3 first
increases with higher values of f, and then decreases, reaching a max-
imum at f = —&5/(Quéep).

Proof. See Appendix C. O

4.3. Optimizing the quality of the second product

Now that we have derived the optimal price and order-up-to
levels for both products, we optimize the quality level of the sec-
ond product. From Eq. (16) we can derive the optimal quality of
the second product (for a given fixed quality level f;). This yields:

Theorem 4. With load-independent lead times, the optimal quality of
the second product is given by:
«_ _&f

= 2ue,

(18)

Proof. See Appendix D. O

The optimal quality of the second product is thus independent
of the quality of the first product; it is lower in environments with
longer lead times, higher demand uncertainty (as measured by its
coefficient of variation o /A), or when the cost of quality is higher
(i.e., higher values of m, m,, my). Conversely, f; is higher as cus-
tomers become more sensitive to quality (i.e., higher &f) and/or less
sensitive to price (i.e., lower |ep]).

With load-independent lead times, the optimal solution thus
has a simple structure. The optimal quality level f; can be ob-
tained from Eq. (18); we can then obtain the optimal profit by nu-
merically solving Eq. (16). The optimal price levels can be readily
calculated from Eq. (14), and Eq. (6) gives the optimal order-up-to
levels.

Market coverage is defined as the portion of customers who
purchase a product; it is equal to 1 — qg, where qq is the nonpur-
chase probability in Eq. (3) (Gaur & Honhon, 2006). For the load-
independent setting, we find:

Theorem 5. The market coverage with optimal price and quality lev-
els is lower when customers are more sensitive to price (i.e., higher
lepl) or less sensitive to quality (ie., lower &), in environments with
longer lead times, or higher demand uncertainty, and in high-cost en-
vironments, (i.e., high values of m, m,, my,). In these environments,
the optimal profit levels will also be lower.

Proof. See Appendix E. O

All of the conditions in Theorem 5 result in a lower f; (see
Eq. (18)). For instance, as price sensitivity increases, f; decreases.
The optimal price levels p; and p% also decrease (see Appendix E);
yet, Theorem 5 implies that this decrease is insufficient to com-
pensate customers for the lower quality: in the optimum, the firm
will thus have lower market coverage. This confirms the observa-
tion by Li, Webster, Mason, and Kempf (2017), that market cover-
age and profit are often conflicting objectives. The other parame-
ters in Theorem 5 have the same impact on f;, and thus follow
the same argument.

5. Load-dependent optimization

In this section, we explain how to optimize price and qual-
ity levels in the load-dependent optimization model, i.e., taking
into account the impact of price and quality levels on the prod-
uct demands and the resulting production load. We first introduce
the key assumptions and notation (Section 5.1); next, we explain
how to determine the optimal order-up-to levels in the result-
ing production/inventory (P/I) system (Section 5.2). Section 5.3 ex-
plains how to numerically optimize the quality levels and the cor-
responding product prices.

5.1. Assumptions and notation

Following the periodic review policy (Section 3.3), replenish-
ment orders are sent to the production system with determinis-
tic time intervals (equal to a single period or d time units). As
both products have the same review period, each replenishment
order consists of a number of items of both products; if produc-
tion is busy, the order waits in queue (orders are processed FCFS
without setup times). As mentioned in the introduction, we make
abstraction of the actual configuration of the production system;
to capture the impact of finite capacity on production lead times,
we model the system as a single server. When the server becomes
available, all items in the replenishment order are processed one
by one. Once the whole order is finished, the items are sent to
their respective inventories. For computational reasons (see Sec-
tion 6.2 in Boute, Lambrecht, & Van Houdt, 2007), we model the
production system as a discrete manufacturing system, having dis-
crete unit production times M; for product i. M; follows a dis-
crete phase-type (PH) distribution with a mean and standard de-
viation that increase quadratically with the product quality level:
E(M;) = mpf? and /Var(M;) = CVm, f2, with CV the coefficient of
variation of the unit production times. Discrete PH distributions
can approximate any non-negative discrete distribution arbitrarily
closely and if the distribution is finite, the approximation is ex-
act (Latouche & Ramaswami, 1999). The quadratic relation between
the expected unit production time and quality presumes that it
is increasingly more time-consuming to produce a higher quality
product; yet, the impact is mitigated for lower values of m,.

As the production system is a discrete manufacturing system,
we also model the demand by a discrete distribution. More specif-
ically, we use the outcomes of the customer choice model (E(D;)
and Var(D;)) to fit a discrete phase-type distribution to the demand
of each individual product i, using the procedure in Section 6.1 of
Boute et al. (2007).

5.2. Optimizing order-up-to levels for arbitrary prices and quality
levels

To determine the expected profit in Eq. (2), we need to evaluate
the distribution of I0; (i.e., the number of units of product i queue-
ing at the production facility, or being processed). This steady state
distribution also determines the optimal order-up-to levels S;. Tak-
ing the derivative of Eq. (2), we have:

Gio;(§7) = bi/(hi + by), (19)

where Gj, is the cumulative distribution function of I0;.

As lead times are endogenous and load-dependent, I0; is given
by the amount of product i in queue prior to production, as well
as the amount of product i in service, at the end of an arbitrary
period t. Assume that the age of the order in service at time t is
equal to k periods (which implies that the order was placed k pe-
riods ago; see Fig. 3 for an example), we then have (recall that
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Age of order in service = 2d — 2 orders in the queue
10;=Djt_5 +Djy—1 +D;jy =10+ 5+ 15 =30

~ -~

Order of
period t — 1

Order of
period t

order of period t — 2 in service
age = 2d
D2 =10

Fig. 3. An example of inventory on-order at the end of period t, immediately after
sending O;. Each period equals d time units.

O;+ = Dj;, see Section 3.3):
k-1

10i; =Dj ¢y + ZDi,t—js (20)
j=0

with D;;_, the amount of product i in service at time t, and

Z’]f;(]) D;;_j the amount of product i included in the k orders
that are waiting in the production queue. The distribution of the
amount in queue can be obtained from the k-fold convolution of
the demand of product i. The distribution of the amount of prod-
ucts in service is more complex to determine: larger orders are
more likely to have longer production times, implying that the age
and the size of the order in production are correlated. We thus
need to determine the joint probability that, at the end of an ar-
bitrary period, the order in service has an age of k periods and
contains a specific amount of product i. To that end, we model the
production/inventory system as a discrete D/PH/1 queueing system,
which can handle arbitrary processing time distributions. Boute
et al. (2007) analyze such a queuing system but for a single prod-
uct, we adapt their methodology for two products, and analyze
the resulting Markov chain exactly using matrix-geometric meth-
ods (Neuts, 1981), see Online Appendix G for full details.

5.3. Optimizing prices and quality levels

In presence of load-dependent lead times, it is impossible to
obtain closed form expressions for the optimal prices and the op-
timal quality of the second product. We thus resort to numerical
techniques. Analogous to the exogenous lead time case, we opti-
mize prices by first finding optimal market shares, and then apply-
ing Eq. (9). Although the expected profit function of the P/l sys-
tem is not concave in market shares (we found examples showing
that it might be non-concave), we prefer to optimize market shares
since their feasible domain is clearly bounded (0 < q; + ¢ < 1). To
avoid exhaustive search (which is very time-consuming), we use
a neighborhood search to find the optimal market shares for each
value of f,.

The procedure starts from a point (q;, g2) and moves to the
neighboring point with the highest improvement in expected profit
(each point has 8 neighbors, the expected profit is calculated from
Eq. (2), 10; is obtained by solving the Markov chain). The search
stops when no further improvement can be found. As the profit
function might be non-concave, the neighborhood search may not
converge to the global maximum. We mitigate this issue by using
multiple starting points (this still does not guarantee global con-
vergence, but reduces the chance of getting stuck in a local opti-
mum). Based on some initial experiments and the computational
time, we opted for 5 starting points.

6. Numerical experiments

This section compares the results of load-independent and
load-dependent optimization. We demonstrate that the exogenous

lead time assumption (i.e., ignoring finite capacity) leads to subop-
timal price and quality levels in settings where production capacity
is limited, with lower profits as a result (Section 6.1). We also show
how adding a utilization constraint based on expected processing
times can mitigate this profit loss (Section 6.2). As our goal is to
demonstrate the impact of congestion on optimal quality and pric-
ing decisions, we focus on scenarios where the optimal solution
of the load-independent optimization causes notable congestion in
the production facility. As in these scenarios, the lead time L has
only a minor effect on the optimal price and quality levels in the
load-independent system (see Online Appendix H), without loss of
generality, we set L =0 periods (i.e., all orders arrive within one
period after being placed, see Fig. 1). Finally, Section 6.3 discusses
the generalizability of our observations.

Table 1 summarizes the parameter values of the base case sce-
nario. We consider a period length of one day and use minutes as
our time unit (i.e., d = 1440 minutes). In the MNL model, we set
the quality sensitivity ¢; =1 and the price sensitivity ep = —0.8,
meaning that the customers are willing to pay up to 1/0.8 = 1.25
units more for a unit increase in quality level f; (Train, 2002). In
practice, these sensitivities can be estimated by collecting data us-
ing software such as BIOGEME (Bierlaire, 2003).

We set m, = 5, indicating that it takes on average 5 minutes to
process a unit of product with quality level 1. The per unit average
processing time of product i with quality f; is thus 5 f,? minutes.
The material cost of product i is ¢; = mfi2 where we set m =0.1.
The per unit holding cost of product i per year is 20%, implying a
per unit holding cost per day of h; = 0.2¢;/365 = 0.000055ff. The
service level equals my/(my, + my,) = 0.995. Unless otherwise men-
tioned, we set the quality of the first product to f; =1 meaning
that this product is always the lower quality product.

To ensure that load-independent and load-dependent systems
are compared with the same conditions, we adopt the discrete PH
distributions for product demands in the load-independent model
as well; yet, this implies that the load-independent expected profit
(Eq. (4)) no longer has a closed form, and is evaluated numerically.

6.1. Comparison of load-independent and load-dependent
optimization

Observation 1. Load-independent optimization results in under-
pricing of the high-quality and (possibly) overpricing of the low-
quality product compared to load-dependent optimization.

Fig. 4 compares the optimal product prices in the load-
independent and load-dependent optimization models for different
values of f,: in both models p% > pj (as product 2 is the higher
quality product), but the optimal price difference between the
products is markedly larger in the load-dependent case. The rea-
son for this behavior is evident: as load-independent optimization
disregards the impact of price and quality levels on the produc-
tion load, it results in demands that are too high; in our case, de-
mand can even exceed the production capacity, see Fig. 5. In prac-
tice, such overloaded settings are not sustainable in the long run:
the company will either have to adjust capacity (for instance by
outsourcing), or will have to adjust its product offer. In the load-
dependent optimization, the system implicitly controls the conges-
tion in production by shifting demand away from the high-quality
product (which is most time-consuming to produce) to the low-
quality product. This is achieved by increasing the price of the
high-quality, while decreasing the price of the low-quality product.

Observation 2. The optimal quality level f} resulting from load-
dependent optimization is lower than that resulting from load-
independent optimization; moreover, it decreases as the (fixed)
quality of the first product (f;) is higher.
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Table 1
Parameter values in the base case scenario.
Value
Parameters
o Average and standard deviation of total demand per period (A and o) 100,10
e Quality of product 1 (f;) 1
o Quality sensitivity (&f) 1
o Price sensitivity (&p) -0.8
e Material, backorder, and holding cost coefficient (m, my, my) 0.1, 0.0109, 0.000055
o Single unit production time coefficient (m,) 5
o Coefficient of variation of single unit production time (CV) 0.5
o Time units for one period (d) 1440 minutes
o Fixed lead time of load-independent system (L) 0
Feasible domain for decision variables
e Quality of second product (f3) 1: 0.2: 8
e Market share of product i (q;) 0: 0.01: 0.999
o Feasible domain in load-independent setting q1 + g2 <0.999

o Feasible domain in load-dependent setting

q1 + g2 <0.999 and
(@A) (mpf?) + (q21) (my f2)]/d < 0.98

14
— - —pj, load-independent
= 2y ___ ps, load-independent
5 ——pj, load-dependent
—~ 101 ps, load-dependent B b
= 8r - ,
ol -
= Or J
S 4r |
8 ./_‘,,._.._.»—-/°—'*'~-/"'°"_"'",_._..-k
2

fo

Fig. 4. Optimal product prices in the load-independent and load-dependent lead
time optimization for different values of f, (f; = 1).

This is evident from Fig. 6, which shows the optimal expected
profit for different values of f,. With load-independent optimiza-
tion, the optimal quality of the second product is f; = 6.2, while
with load-dependent optimization f; = 2.8, for f; =1 (see Fig. 6).
For f; =2, f; remains the same with load-independent optimiza-
tion (see Eq. (18)); in contrast, f; reduces to 2.6 with load-
dependent optimization. Again, this behavior can be explained by
the system’s attempt to control congestion: the (high) quality level
resulting from load-independent optimization cannot be optimal
in the load-dependent setting as it would require high price lev-
els to control the congestion; such prices, in turn, result in low
market coverage and profit loss. This is evident from Fig. 7, which
shows the market coverage under optimized prices for different
values of f,. It is thus intuitive that the optimal quality of the
load-dependent model cannot exceed the optimal quality of load-
independent optimization, due to this price reaction. The impact
on optimal market coverage follows immediately:

Observation 3. The market coverage resulting from load-
dependent optimization will never exceed the market coverage
resulting from load-independent optimization.

For load-independent optimization, higher average total de-
mand (A) decreases v (i.e., the cost penalty for higher quality,
see Eq. (15)), which in turn leads to higher f; and higher market

1L --- Load-independent e
—— Load-dependent e
7 7 /
9r / 1
= d
.9 //
= 7 ’ b
<
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7
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7
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1 2 3 4 5 6 7 8

f2

Fig. 5. Utilization in production corresponding to the optimal price configuration
for different values of f, (f; =1).

coverage (see Theorems 4 and 5). This is no longer true with
load-dependent optimization:

Observation 4. With load-dependent optimization, higher average
total demand (A) may lead to lower values of f; and result in
lower market coverage.

This contrasts with Theorems 4 and 5 in the case of load-
independent optimization. Increasing average total demand in the
base case from A = 100 to A = 200, for instance, results in f; = 2.2
(versus f; =2.8 when A =100) and an optimal market coverage
of 46% (down from 50%) with load-dependent optimization; for
higher demand levels, the market coverage must indeed be de-
creased to control the congestion in production.

Observations 1-4 show that the optimal price and quality lev-
els resulting from load-independent and load-dependent optimiza-
tion differ; implementing the load-independent solution in settings
with endogenous lead times may thus substantially hurt profits.
The profit loss may be minor, though, in settings that are less
prone to congestion.

As an illustration, Table 2 shows the profit loss for the base
case scenario (see Table 1) and a number of variants (the differ-
ence with regard to the base case is shown in column 1). The
second column reports the percentage profit loss when imple-
menting the prices, quality, and order-up-to levels resulting from
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Fig. 6. Profit corresponding to the optimal prices in the load-independent and load-
dependent optimization (Fig. 4) for different values of f;.
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Fig. 7. Market coverage corresponding to the optimal price levels in the load-
independent and load-dependent lead time settings for different values of f5; fi; =
1.

load-independent optimization in the corresponding P/l system.
When this solution results in an unstable queue (as in the base
case scenario), the profit loss is reported as oc.

In settings with high cost coefficients, high price sensitivity or
low quality sensitivity, the profit loss is minor: as Eq. (18) reveals,
these conditions decrease the f; in the load-independent opti-
mization, such that the impact on utilization is minor. The same
result is observed when the average and/or variance of the per-unit

Table 2

processing time is reduced (i.e., lower mp and CV), as the impact
of f3 on system utilization is then automatically mitigated. This is
summarized in the following observation:

Observation 5. The profit loss resulting from load-independent
optimization is minor when average per unit processing times are
short, processing time variability is low, cost of quality is high, and
customers have high price sensitivity and/or low quality sensitivity.

6.2. Utilization-based optimization

The question remains how to mitigate the profit loss in settings
where it is substantial. Estimating the impact of marketing deci-
sions on replenishment lead times may be difficult in practice, as
it requires to explicitly account for congestion and variability ef-
fects. One approach is to optimize decisions subject to an explicit
utilization constraint:

[G1AE(M1) + G2AE(M)]/d < 6. (21)

where we set 6 =min(0.99, utilization of the optimal load-
independent solution). The third column in Table 2 reports the per-
centage profit loss resulting from this utilization-based optimiza-
tion, along with the value of 8. Evidently, this approach is most
effective when load-independent optimization results in high con-
gestion (as in the base case).

The advantage of this approach is that, contrary to load-
dependent optimization, it only requires insight into the relation-
ship between quality levels and the per unit average processing
times (i.e., E(M;) = mpfl?). We acknowledge that that this approach
can be further fine-tuned, as the choice for the utilization thresh-
old (§) may be improved. We hope our work may provide a step-
ping stone for researchers to help develop other pragmatic ap-
proaches for optimizing decisions in P/I systems with endogenous
lead times.

6.3. Discussion

Although some of our insights are based on numerical observa-
tions, we are confident that they are not specific to the values used
and can be generalized, as the underlying “mechanics” are ubiq-
uitous in practice: with scarce capacity, the firm needs to adjust
the price and quality levels to control the congestion in the load-
dependent system. Increasing the price of the high-quality prod-
uct dampens its demand and, consequently, decreases congestion
(as the high-quality product is more time-consuming to produce).
Lowering its quality level also decreases its demand, and addition-
ally relieves congestion by shortening the average per-unit produc-
tion time. It also lowers the per-unit backorder and holding costs,
making the impact of congestion less costly. As we have shown,
it may thus be optimal to both increase the price and decrease
the quality of the high-quality product in P/l systems with load-
dependent lead times.

Although our observations rely on several functional assump-
tions, these are not restrictive for our main insights. For instance,

Percentage profit loss with load-independent and utilization-based optimization (§ denotes the utilization threshold for utilization-based optimization).

Variant

Percentage profit loss
under load-independent
optimization

Percentage profit loss
under utilization-based
optimization

0) Base case (A =100,0 =10, m = 0.1, m, = 0.0109, m, = 0.000055, m, =5, CV =0.5, &, =-08, s =1) o0 117 (6 = 0.99)
1) High cost environment (m = 0.22, m, = 0.024, m;, = 0.00012) 1.01 0.71 (6 = 0.9)
2) High price sensitivity (¢, = —1.8) 1.05 0.7 (6 =0.9)
3) Low quality sensitivity (¢ = 0.5) 0.79 042 (6 =0.91)
4) Low average processing time per unit (m, = 0.6,CV =0.5) 2.6 2.06 (6 =0.91)
5) Low average processing time per unit with high uncertainty (m, = 0.6,CV = 0.8) 3.14 2.61 (6 =0.91)
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we opted for the Multinomial Logit model to reflect customer
choice, as it conveniently allows for modeling customers’ reaction
to price and quality. In fact, regardless of the choice model used,
ignoring congestion-related costs naturally makes decision makers
aim for higher quality levels at lower prices, as they believe that
the increase in market coverage will lead to higher expected profit.
The quadratic relation between quality and material cost (¢ = mf%
with @ = 2) is convex, as is commonly observed in practice (Jerath,
Kim, & Swinney, 2017). In fact, our insights hold for any « >1, as
the actual value of @ only impacts the extent to which quality im-
pacts costs, and has no direct impact on the congestion-related in-
sights.

We assumed that the average per unit production time in-
creases quadratically in the quality level (E(M;) =m,p fl/3 with 8 =
2). In practice, this production time might increase at a slower rate.
Even when 8 = 1, load-independent optimization may still overes-
timate the quality of the high-quality product as an excessive qual-
ity level may lead to high demands and high per-unit production
costs (see Online Appendix I for an example).

7. Conclusions

This paper has shown that the optimal prices and qualities of
the products offered by a finite-capacity make-to-stock manufac-
turer are impacted by the endogeneity of the (load-dependent)
production lead times. While the assumption of fixed, exogenous
lead times is common in current research, and in many real-life
planning systems, it results in a product offer that aims for an
excessive market coverage, resulting in profit loss due to the in-
creased congestion in the production system. Only in case of abun-
dant capacity, or when the system is not prone to congestion (e.g.,
low unit processing times in production, low quality sensitivity
in the market), assuming load-independent and fixed lead times
is justified. In that case, closed form results can be obtained for
the optimal price and quality levels. Though our insights are partly
based on numerical results, we are confident that they are general-
izable, as the main drivers of system behavior (e.g., negative price
sensitivity, positive quality sensitivity, unit processing times that
are increasing in product quality level, endogenous production lead
times) are ubiquitous in practice.
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Appendix A. Calculations for Eq. (8)

Replacing the order-up-to levels with their optimal expres-
sions Sf = (L+ 1g;A + q’”%ﬂ’iﬂh)ﬁﬂ gio, the z;=(S;— (L+
1)q;1)/~/L + 1gjc becomes z. = ®~1(-t_), Therefore, instead of

my+my
L(z;), we obtain:

L(ze) = $(z0) —2:(1 — D(z)) = p(zc) — zc(

my )
my +my ’

and we can re-write the profit function (7):

2
=Y [(pi-mfad-mf2(5; - L+ a1+ 1 golz)
i=1

2L+ 1 qich(zC)]. (22)

Expanding S}, we have:

2

N1 p2) = Y[ (pi = A2k = (my + my) f2/L+ 1qioL(z0)
i=1

—my/L+ lfizq,-azc]. (23)

Expanding L(z.) in the second term, we obtain expression (8).
Appendix B. Proof of Theorem 1
All the terms inside the summation sign in Eq. (10) are jointly

concave in g; and g,. The last term is also jointly concave because
its Hessian is negative semi-definite. Indeed,

. T T 2\
Hessian = , T=—iooo
[T T] ep(1-q1—q2)
(@1 + q2)A

—Bp(l—ch—qz)z <0asegp <0,

such that, for any real numbers x and y, we obtain

(x Y)B ﬂ@:mw)zgo.

As the sum of concave terms is concave, this proves Theorem 1.

Appendix C. Proof of Theorem 3

In this appendix we prove that dp%/0d f, > 0. Using Eq. (13) in
(14), we have:

pi = Ufi2 _ l(esffwepp’; + efrhtepnsy _ l (24)
€p €p

Using implicit differentiation, we obtain:

ap; 1 ap* o1 aps "
-2 _ B ) perfirteppt _ T 282 ) perfatepps
vf c <8p i e »Py & Er+ep 3, e P>

af2

p
(25)
After simplification, we have:
.\ 0D ap: . € .
erfateppy ) X2 _ _ 9P Lesfitepp; _ Sf sepfotepp
(1+e H)sz 20 f, afze »Pi 8pe P,
(26)
Analogously,
op; 1 o\ . .1 aps .
——— e efrhitenpi _ [ o 4 g, —F2 otrfatenh;
afr 8p< Pof AT
(27)
From Eqs. (25) and (27), it follows that
dp; _ 9p;
= -2 28
afz afz Ufz; ( )
such that Eq. (26) reduces to
(—l +65ff2+£pp’§)gil;§ _ 2Uf2 _ <2p§ _ 2Uf2> eSff1+8pP'{
2 2
¢ efrfatenp; (29)
&p ’
and thus
ap; 2uf, (] + e£ff1+8pp§) _ ?esff2+5pp§
— P
3 1 1 eSrhienh 4 gerhtephs > 0. (30)

The above expression is always positive (recall that v > 0 and
€p <0), proving that the optimal price of the second product in-
creases as its quality increases. The relationship between p} and f,
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is not monotone. From Eqs. (30) and (28), it follows that:

ap,{ B (—% — 2Uf2)ef/'f2+€pp,é <0
>0

0fr 1+ esrh+enpi 4 etrhatenps
such that the sign of dp;/df, depends on f;.

if f, > —&;/Q2uep)

if f, <—&5/Q2uegp),
(31)

Appendix D. Proof of Theorem 4

Eq. (16) can be rewritten as follows:

—&pI1(p3. p3)
A

The left-hand side is nondecreasing in T1(pj, p5); consequently,

the larger the right-hand side, the larger the value of IT(p3}, p3)

that satisfies the equation. The quality of the first product (f;) is

fixed; thus, the right-hand side reaches a maximum when ¢¢f; +

uepfz2 — 1 is at its maximum, which happens at f, = —¢7/(2vep).

—epTl(p}.p5)
e _ perfitvepfi-1 + efrfatvepfi-1

Appendix E. Proof of Theorem 5

The probability that an arriving customer doesn’t purchase any
of the products (i.e., nonpurchase probability) is given by the MNL
model (Eq. (3)):

1
1+exp(erfi +epp1) +explesfo +€pp2)’

Therefore, the expected size of the market that remains uncovered
is goA. For the optimal quality of the second product (—¢¢/(2uep)),
the optimal prices in Eq. (12) can be written as:

(32)

qo =

1
s« 2

=vff - ——,
p] fl gpqs*

&2 1
* f

- S 33

b> U<4U2812)) ey (33)

where g§* denotes the nonpurchase probability when py, py, and f,
are chosen optimally. Therefore, from Eq. (32), we have:

1
T+exp(epfi+epuf7—1/q57) +exp(—€3/(Quep) +e7/ (4vep) —1/q57)
3 1

1+exp(epfi +6pUf2 —1/q5) + exp(—s}/(4vsp) -

q% =

1/q5)" (34)

Using implicit differentiation, we calculate the derivative of gj*
with respect to v, &5, and &p and show how the optimal market
coverage (1 — q*) changes with these parameters. To simplify the
notations, let exp(u3*) = exp(esfi + zapuf12 —1/q§*) and exp(u3*)
= exp(—ejz,/(4vsp) - 1/g5"):

9 i day' "
oqy 7[<va+ @ X agp)exp(u )+(@+(qf})z x ;’Tp) exp(ys )]

dep [1+exp(ui)+exp(us)]?
8q -uf} eXP(IAT*)*W exp(u3*)
MED [1+exp(ui)+exp(us)]? +exp(u;* )/(qs*)2+exp(u;*)/(qa*)2

(35)

Thus, as ¢, decreases (higher price sensitivity), optimal market
coverage decreases (higher g§*). Analogously:

dqa* |:(f] N (q @ %i,, ) EXP(M**)+(4U% + (q 7z X (;g )exp(lm*)]

o¢; [1+exp(ui*)+exp(us)]?

_, g —frexp(uy)+ ks exp(uy’)

By T [Trep ) rexp (i P exp (a )/ (a7 exp(u) /(@52
(36)

which shows that optimal market coverage decreases as customers
become less sensitive to quality. Finally, we have:

3q6* 3 |:<epf1+(q iz X ag )EXD(M )+(4U25 +(q 7 X ;)g )EXP(M**):I

EDE [1-+exp(ui)+exp(us )2

gy —&pf7 eXp(L) — g exP(u3”) o

v T [T+exp(uy)+exp(us) P +exp(uy*)/ (a5 +exp(us)/(q5)? ~
(37)

Thus, the optimal market coverage decreases as v increases (which
occurs when lead time increases, cost coefficients increase, or the
coefficient of variation of demand increases).

Based on the above results and Eq. (33), we can readily show
that p} and p; decrease with higher |¢p| and lower &f. As v in-
creases, p3 decreases but p} may increase or decrease depending
on the fixed value of f;.

It remains to be shown that the resulting profit also decreases.
From Eq. (13), we have:

H*:-?(q}w —1>, (38)
p \ 4o
and, thus,
_ogy
JaIT* B i l 1 A agp 0
) o sk ) 2 > Y,
88P 8p qo (q )
3q**
JIT* _ )x 8af -0
88f - (q**)z ’
agy
31_[* )\, - 31?)
_— 0. 39
v &p x (q5)? = (39)

Consequently, as |ep| increases, &; decreases, or v increases, the
optimal profit drops.

Supplementary material

Supplementary material associated with this article can be
found, in the online version, at doi:10.1016/j.ejor.2018.06.013.
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