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In this paper, the problem of interfacial stresses in RC beams strengthened with bonded composite

laminates is analyzed using linear elastic theory. It explicitly considers the interface slip effect on the
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structural performance by including both the effect of the adherend shear deformations and the time-

dependent deformations (such as shrinkage and creep). This new method needs only one differential

equation to determine both shear and normal interfacial stress whereas the others solutions need two

differential equations. Closed-form solutions are derived for plated RC beams simply supported at both

ends and verified through direct comparisons with existing results. A parametrical study is carried out

to show the effects of some design variables, e.g., thickness of adhesive layer and FRP plate.

& 2010 Elsevier Ltd. All rights reserved.
1. Introduction

Engineering of modern composite materials has had a
significant impact on the technology of design and construction.
The main objective of using or selecting any material in
construction is to make use of its properties efficiently for best
performance and durability of the structure. The merits of a
material are based on factors such as availability, structural
strength, durability, and workability. Advanced composite mate-
rials, e.g. fibre-reinforced polymers (FRP), have found new
applications in the rehabilitation of reinforced concrete structures
[1,2]. The transferring of stresses from concrete to the FRP
reinforcement is central to the reinforcement effect of FRP-
strengthened concrete structures. This is because these stresses
are likely to cause undesirable premature and brittle failure. In
strengthening reinforced concrete beams with FRP strips, differ-
ent failure modes have been observed [3–8]. One of the important
failure modes is the plate end debonding of the soffit plate from
concrete beam, which depends largely on the interfacial shear and
normal stress concentration at the cut-off points of the plate.
Many studies have been conducted, either analytically, numeri-
cally or both, to predict interfacial stresses, see, for example, those
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by Vilnay [9], Roberts [10], Roberts and Haji-Kazemi [11], Taljsten
[12], Malek et al. [13], Maalej and Bian [14], Teng and coworkers
[15–18], Tounsi and Benyoucef [19], Cai et al. [20], and Benachour
et al. [21].

Based on the solution of Tsai et al. [22], Tounsi [23] proposed a
solution by incorporating effects of interface shear stress on
deformation in adherends, which were ignored by Smith and Teng
[15] when they uncoupled a coupled governing equation.
Combining the shear deformable bi-beam theory with a linear
elastic interface model, Wang [24] obtained the stress distribution
and fracture along the interface. Recently, Tounsi et al. [25], and
Qiao and Chen [26] provided an improved solution and a more
accurate prediction compared to the above models.

In this study, an improved theory is developed to predict the
interface stress distributions in a plated beam by including the
shear-lag effect of adherends. It explicitly considers the interface
slip effect on the structural performance. Comparatively to those
of the cited methods above, the computed interfacial stresses are
considerably smaller than those obtained by other models which
neglect adherend shear deformations. Hence, the adopted im-
proved model describes better actual response of FRP–RC hybrid
beams and permits the evaluation of interfacial stresses, the
knowledge of which is very important in the design of such
structures. Another important issue in this study is the time-
dependent analysis of interfacial stresses distribution in RC beams
bonded with FRP plates. Indeed, in concrete structures, stresses
and strains strongly depend on the rheological properties of
concrete mainly creep and shrinkage. The adopted model
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describes better the actual response of the FRP–RC hybrid beam
and permits the evaluation of time-dependent interface stresses,
the knowledge of which is very important in the design of such
structures.
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Fig. 2. Forces in infinitesimal element of a soffit-plated beam.
2. Analytical model for bonded repair considering interface
slip

Consider a concrete beam (adherend 1) reinforced by a soffit plate
(adherend 2) through a thin adhesive layer with the geometry
parameters as shown in Fig. 1. As aforementioned, adherends are
modelled as two Euler–Bernoulli (E–B) beams with the width of bf

and thickness of tb and tf, respectively, and they are bonded by an
interface of thin adhesive layer with the width and thickness of bf and
ta, respectively. Adherend 1 can be primarily made of conventional
materials (e.g., reinforced concrete (RC) or wood material); while
adherend 2 can be either a thin steel or FRP strengthening plate but
not limited to these two types of materials. Three basic assumptions
are made: (a) the shear stress in the interface is proportional to the
shear slip; (b) the two bonded adherends have the same bending
curvature at the same section; and (c) since the thickness of the
adhesive is small, both the shear and peeling stresses in the adhesive
are assumed constant across its thickness.

2.1. Shear stresses along the adhesively bonded interface

The assumption (a) results in

tðxÞ ¼ kasSðxÞ ð1Þ

where S(x) is the shear slip in the interface between the two
bonded adherends, t(x) the interfacial shear stress, and kas the
shear stiffness of adhesive which is given by

kas ¼
Ga

ta
ð2Þ

where Ga is the shear modulus of adhesive.
The real deformed cross-section of each adherend is nonlinear,

which deviates from the linear one assumed by Tsai et al. [22] and
Tounsi [23]. Recently, Tounsi et al. [25] provided an improved
solution and a more accurate prediction compared to the above
models. In this respect, the present study expects to have higher
accuracy and produces equivalent results as in high-order
theories. Based on this recent work [25], the shear-lag effect of
adherends is taken into account in assessing the shear slip S(x),
which is expressed as

SðxÞ ¼ uf ðxÞ�
tf

2
�

dwf ðxÞ

dx

� �� �

� ubðxÞþ
tb

2
�

dwbðxÞ

dx

� �� �
�

tb

4Gb
þ

5tf

12Gf

� �
tðxÞ ð3Þ

where ui(x) and wi(x) are, respectively, the longitudinal middle
plane displacements and the vertical displacements of beams
(adherends) i (i¼b, f), and Gi the shear modulus of adherend i.
Lp
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Fig. 1. Simply supported beam strengthened with bonded FRP plate.
A typical infinitesimal isolated body of the plated beam is
shown in Fig. 2, and the following equilibrium equations are
established:

dNbðxÞ

dx
¼�bf tðxÞ,

dNf ðxÞ

dx
¼ bf tðxÞ, ð4aÞ

dMbðxÞ

dx
¼ VbðxÞ�bf

tb

2
tðxÞ,

dMf ðxÞ

dx
¼ Vf ðxÞ�bf

tf

2
tðxÞ, ð4bÞ

dVbðxÞ

dx
¼�rðxÞ�q,

dVf ðxÞ

dx
¼ rðxÞ, ð4cÞ

VbðxÞþVf ðxÞ ¼ VT ðxÞ ð4dÞ

where Nb(x) and Nf(x), vb(x) and Vf(x), Mb(x), and Mf(x) are the
internal axial forces, transverse shear forces, and bending
moments in adherends 1 and 2, respectively, vT(x) the total
applied transverse shear force, t(x) the interface shear stress, and
r(x)¼bfs(x) the normal force per unit length between adherend 1
and adherend 2 (s(x) is normal stress in the interface).

The assumed curvature compatibility between the two bodies
gives the curvature f as

f¼
Mb

EbIb
¼

Mf

Ef If
ð5Þ

where Ei and Ii are the Young’s modulus and the moment of
inertia of adherend ‘‘i’’ (i¼b, f), respectively.

Solving Eqs. (4) and (5) yields

df
dx
¼

VT�bf dctðxÞ
EbIbþEf If

ð6Þ

where dc¼(tb+tf)/2.
According to the Euler–Bernoulli beam theory, the stresses and

displacements of individual adherend can be related as

NbðxÞ ¼ EbAb
dubðxÞ

dx
�aTb

� �
, Nf ðxÞ ¼ Ef Af

duf ðxÞ

dx
,

MiðxÞ ¼�EiIi
d2wiðxÞ

dx2
ð7Þ
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where Ai is the cross-sectional area of adherend ‘‘i’’(i¼1, 2). a, Tb,
and aTb are a linear coefficient of thermal expansion, the
temperature distribution, and the shrinkage strain, respectively.

Differentiating Eq. (3) with respect to x once and combining
with Eqs. (4), (6) and (7) yields

dSðxÞ

dx
¼

Nf ðxÞ

Ef Af
�

NbðxÞ

EbAb
�aTb�dcfðxÞ�

tb

4Gb
þ

5tf

12Gf

� �
dtðxÞ

dx
ð8Þ

Using Eq. (1), the above equation becomes

dSðxÞ

dx
¼ gs ¼

K

kas

Nf ðxÞ

Ef Af
�

NbðxÞ

EbAb
�aTb�dcfðxÞ

� �
ð9Þ

where gs is the shear slip strain and K is given by

K ¼
1

1
kas
þ

tb

4Gb
þ

5tf

12Gf

� � ð10Þ

Taking a derivative with respect to x in Eq. (9) and then
considering Eqs. (4a) and (6), the differential equation of slip
displacement S is derived as

d2SðxÞ

dx2
¼ l2SðxÞ�yVT ð11Þ

l2
¼ Kbf

1

EbAb
þ

1

Ef Af
þ

d2
c

EbIbþEf If

� �
ð12Þ

y¼
K

kas

dc

EbIbþEf If
ð13Þ

For simplicity, the general solutions presented below are
limited to loading, which is either concentrated or uniformly
distributed over part or the whole span of the beam, or both. For
such loading, d2VT(x)/dx2

¼0, and the general solution to Eq. (11) is
given by

SðxÞ ¼ B1 coshðlxÞþB2 sinhðlxÞþm1VT ðxÞ ð14Þ

where

m1 ¼
y
l2

ð15Þ

We note that in the above equations, Eb¼Eb(t) and Gb¼Gb(t)
are the time-dependent tangent modulus of elasticity and the
shear modulus of the concrete beam, respectively, given by Trost
and Wolff [27]

EbðtÞ ¼
Ebl

1þwjðt,tbÞ
and GbðtÞ ¼

EbðtÞ

2ð1þuÞ
ð16Þ

where Ebl is the tangent modulus of elasticity of the beam at time tbl,
w an aging coefficient depending on strain development with time,
and t0b¼tbl�tbc (tbc is the time of casting of beams and tbl the time at
initial loading of beams), j(t, tb) the creep coefficient related to the
elastic deformation at t0b days, which is defined as [28]

jðt,tbÞ ¼fRHbðfcmÞbðtbÞbcbðt�tbÞ ð17Þ

where fRH, b(fcm), and b(tb) are factors depending on the relative
humidity, the concrete strength, and the concrete age loading,
respectively, which are defined as

fRH ¼ 1þ
1� RH

100

0:10
ffiffiffiffiffi
h0

3
p ð18Þ

bðfcmÞ ¼
16:8ffiffiffiffiffiffiffi

fcm

p ð19Þ

bðtbÞ ¼
1

0:1þtu0:20
b

ð20Þ

where RH is the relative humidity of the ambient environment in %,
h0¼2Ab/pb is the notional size of the beam in mm, Ab the area of the
beam cross section, pb the beam perimeter in contact with the
atmosphere, and fcm the mean compressive strength of concrete in
N/mm2 at the age 28 days. Moreover, bcb(t�t0b) in Eq. (17) is a
coefficient for the development of creep with time, which is
estimated from

bcbðt�tbÞ ¼
t�tub

bHþt�tub

� �0:3

ð21Þ

where bH is a coefficient depending on the relative humidity RH,
given as

bH ¼ 1:5ð1þð0:012RHÞ18
Þh0þ250r1500 ð22Þ

The temperature Tb in Eq. (7) is given by

Tb ¼
esbðt�tbcÞ

a ð23Þ

where esb(t�tbc), the shrinkage strain is calculated from

esbðt�tbcÞ ¼ esbðfcmÞbRHbsbðt�tbcÞ ð24Þ

where esb(fcm), bRH are factors depending on the concrete strength
and the relative humidity, respectively, which are defined as

esbðfcmÞ ¼ ½160þbscð90�fcmÞ�10�6
ð25Þ

bRH ¼
�1:55ð1�ðRH=100Þ3Þ, for 40%rRHr99%ðstored in airÞ

þ0:25ð1�ðRH=100Þ3Þ, for RHZ99%ðimmersed in waterÞ

(

ð26Þ

where bsc is a coefficient depending on the type of cement.
Moreover, bsb(t�tbc) in Eq. (24) is a coefficient for the develop-
ment of shrinkage with time, which is estimated from

bsbðt�tbcÞ
t�tbc

0:035h2
0þt�tbc

" #0:5

ð27Þ

Having derived the general solutions for the slip displacement
S (Eq. (14)), B1 and B2 are constant coefficients determined from
the boundary conditions. In the present study, a simply supported
beam is investigated which is subjected to a uniformly distributed
load. By substituting the expression for the shear force in a simply
supported beam subjected to a uniformly distributed load into
Eq. (14), the general solution for the slip displacement for this
load case can be found as

SðxÞ ¼ B1 coshðlxÞþB2 sinhðlxÞþm1q
L

2
�x�a

� �
ð28Þ

where q is the uniformly distributed load and x, a, L, and Lp are
defined in Fig. 1. The constants of integration need to be
determined by applying suitable boundary conditions. Consider-
ing the boundary conditions:
(1)
 Due to symmetry, the slip displacement S at mid-span is zero,
i.e.

S
LP

2

� �
¼ B1 cosh l

LP

2

� �
þB2 sinh l

LP

2

� �
þm1VT

LP

2

� �
¼ 0 ð29Þ

At the end of the FRP plate, the longitudinal force
(2)

[Nb(0)¼Nf(0)] and the moment Mf(0) are zero. As a result,
the moment in the section at the plate curtailment is resisted
by the beam alone and can be expressed as

Mbð0Þ ¼
qa

2
L�að Þ ð30Þ
Applying the above boundary condition in Eq. (9)

gðx¼ 0Þ ¼ �m2Mbð0Þ avec m2 ¼
K

kas

dc

EbIb
þ

aTb

Mbð0Þ

� �
ð31Þ



Table 1
Comparison of peak interface shear and normal stresses.

Theory t (MPa) s (MPa)

Smith and Teng [15] 2.740 1.484

Tounsi [23] 1.474 0.861

Tounsi et al. [25] 1.602 0.928

Present model 1.603 0.859
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From the above three equations,

B2 ¼
�m2qa

2l
ðL�aÞþ

m1

l
q ð32Þ

B1 ¼�B2 tanh
lLp

2

� �
ð33Þ

For practical cases lLp/2410and as a result tanh(lLp/2)E1.
So the expression for B1 can be simplified to

B1 ¼�B2 ð34Þ

Substitution of B1 and B2 into Eq. (14) gives an expression for
the interfacial shear stress at any point

SðxÞ ¼
m2a

2
ðL�aÞ�m1

� � qe�lx

l
þm1q

L

2
�a�x

� �
0rxrLp ð35Þ

Using Eq. (1), the interfacial shear stress is given by

tðxÞ ¼ kasSðxÞ ð36Þ

2.2. Normal stresses along the adhesively bonded interface

The normal force r(x) in the interface is regarded as a
distributed load for adherend 2 and can thus be calculated
considering Eqs. (4–6) as

rðxÞ ¼ kasbf

tf

2
�dc

Ef If

EbIbþEf If

� �
gsðxÞ ð37Þ

Physically, both the shear force and the bending moment at
the end of adherend 2 (free-end of the bonded plate) should be
zero. However, since the shear interface stress t is not zero at this
point, the boundary condition of Vf¼0 at this point cannot be
fulfilled. In addition, for adherend 2 to maintain the same
curvature as adherend 1, Mf¼0 at this free-end cannot be satisfied
either. To correct this boundary condition, these non-zero values
can be calculated and equal and opposite forces can be applied to
the ends of FRP plate. The vertical force at the end of FRP plate can
be derived by equilibrium

Vf ð0Þ ¼
Ef If

EbIbþEf If
VTþkasbf

tf

2
�dc

Ef If

EbIbþEf If

� �
Sð0Þ ð38Þ

From Eq. (5), the non-zero moment of FRP plate at the end of
plate is calculated as

Mf ð0Þ ¼
Ef If

EbIb
Mbð0Þ ð39Þ

The shear force in Eq. (38) and the moment in Eq. (39) are
applied back to the ends of FRP plate to correct the incompatible
boundary conditions. Assume that the section dimensions of
concrete beam are much larger than those of FRP plate (such as in
the case of beams repaired with thin plates) and these correction
forces are relatively small, the deformation of concrete beam due
to these correction forces is then negligible and assumed to be
rigid in this calculation. The calculation model will then be
reduced to a beam (FRP plate) on an elastic foundation (adhesive)
with vertical spring stiffness kan. Using the theory of a beam on an
elastic foundation, we have the vertical displacement of FRP plate
as

w¼
e�w

kan
2bsVbð0ÞcosðwÞ�2b2

s Mbð0ÞðcosðwÞ�sinðwÞÞ
h i

ð40Þ

where

w¼ bsx ð41Þ

bs ¼
kan

4Ef If

� �1=4

ð42Þ
kan ¼
Eabf

ta
ð43Þ

where Ea is the elastic modulus of adhesive.
The total normal stress s in the interface (from both the

external vertical force and the boundary correction forces) is
derived as

sðxÞ ¼ rþkanw

bf
: ð44Þ

3. Results and discussions

An RC beam bonded with a CFRP soffit plate is being
considered. The beam is simply supported and subjected to a
uniformly distributed load. The span of The RC beam is 3000 mm,
the distance from the support to the end of the plate is 300 mm,
and the uniformly distributed load q¼50 KN/m.

On the basis of the presented analytical method, a computer
program has been written.

3.1. Comparisons with existing models

As a verification of the present solution, comparisons of the
present model with typical existing analytical solutions [15, 23,
and 25] are made without the shrinkage and creep effect. As an
example, a reinforced concrete (RC) beam strengthened by a CFRP
plate studied by Smith and Teng [15], Tounsi [23], and Tounsi
et al. [25] is investigated.

The results of the peak interface stresses at the plate end for
the two load cases are summarized in Table 1. The solutions of the
peak interface shear stress at the plate end by Smith and Teng
[15] are larger than the one from the present solution; while the
one by Tounsi [23] is smaller compared to the present prediction.
Our results agree reasonably well with those reported by Tounsi
et al. [25].

The interface stress distributions obtained by the present
study and the solution presented by Tounsi et al. [25] are shown
in Fig. 3 for an RC beam bonded with CFRP plate under uniformly
distributed load (UDL). It is apparent that the agreement is good.

3.2. Theoretical parametric study

In this section, numerical results of the present solutions are
presented to study the effect of various parameters on the time
development of the edge interfacial stresses. The influence of
creep and shrinkage on edge interfacial stresses is taken into
account. These results are intended to demonstrate the main
characteristics of edge interfacial stress in these strengthened
beams.

The following data have been used for the following numerical
results: concrete C25/30, fcm¼25 MPa, RH¼40%, tb¼28 days,
Ebl¼Ec28¼30 GPa and bSC¼5 (normal or rapid hardening cement).
The width and the depth of the RC beam are, 200 and 300 mm,
respectively. The geometric and material properties of both CFRP
bonded plate and the adhesive layer, are given in Table 2.
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Table 2
Geometric and material properties.

Material E (GPa) G (GPa) u Width (mm) Depth (mm)

CFRP plate [016]S 140 5 0.28 bf¼200 tf¼4

Adhesive layer 3 0.35 bf¼200 ta¼2
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In Fig. 4 the time development of the edge interfacial stresses is
presented. From the obtained results we can conclude that the edge
interfacial stresses exhibit the lower value at 28 days. After this time,
these stresses take peak value during the first months and begin to
decrease until they become almost constant at very large time.

Peak shear and peeling stresses for various thicknesses of the
FRP plate appear in Figs. 5 and 6, respectively. The results reveal
that thickness of the FRP plates significantly increases the edge
peeling and shear stresses. This relation is an outcome of the local
bending effects in the FRP plate governed by the flexural rigidity
of the plate. Thus any increase in the flexural rigidity leads to an
increase in the magnitude of the edge stresses.

Figs. 7 and 8 show the effects of the thickness of the adhesive layer
on the time development of interfacial edge stresses. The interfacial
edge stresses increase as the thickness of FRP plate decreases.
However, design of properties and thickness of the adhesive is a
difficult problem. An optimization design of the adhesive is expected.

The numerical results in Figs. 9 and 10 show that the property
of the adhesive hardly influences the level of the interfacial edge
stresses. The stress concentrations at the end of the plate increase
as the Young’s modulus of the adhesive increases.
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Fig. 9. Effects of adhesive moduli on time development of interfacial edge shear

stresses for an RC beam with a bonded CFRP soffit plate (q¼50 kN/m).
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Fig. 10. Effects of adhesive moduli on time development of interfacial edge

normal stresses for an RC beam with a bonded CFRP soffit plate (q¼50 kN/m).
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To supply information on the contribution of adherend shear
deformations to interfacial stresses, the relative difference
between the edge interfacial stress solutions (s, t) and (ss, ts) is
examined. ss and ts are normal stress and shear stress in the
interface between the two bonded adherends, respectively, with
neglecting adherend shear deformations effect. It is obvious that a
greater solution difference percentage implies a more important
adherend shear deformations effect on the interfacial stresses.

In Figs. 11 and 12, the solution difference percentage of the edge
interfacial stresses during time is presented. From the obtained
results we can conclude that the adherend shear deformations effect
is less important at 28 days. After this time, this effect becomes very
significant during the first months and begins to decrease until they
become almost constant at very large time.
4. Concluding remarks

The present study has developed a relatively simple procedure
for predicting the performance of two bonded solid bodies using a
simple beam theory and equilibrium conditions while considering
explicitly the interface slip, the adherend shear deformations and
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the rheological properties of concrete mainly creep and shrinkage.
The solutions were then modified to satisfy the boundary
conditions by applying derived correction forces back to the ends
of the repairing plate through a beam-on-elastic-foundation
approach. The present study showed that interfacial stresses take
a peak value during the first months and begin to decrease until
they become almost constant after a very long time. In addition,
interfacial stresses are influenced by geometry parameters such as
thickness of the FRP plate and adhesive layer in the range of
different degrees. The solutions can be used as benchmark for
other numerical methods and also the experimental results.
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