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Reinforced concrete beams can resist applied vertical loads through the development of compressive arch
action (CAA) when adequate horizontal restraints are provided at the ends. However, at the frame level,
CAA tends to push adjoining columns outwards and may induce premature flexural or shear failure to the
columns. Therefore, under CAA, flexural and shear resistances of the connecting columns need to be
examined. This paper describes an analytical study on the behaviour of reinforced concrete frames sub-
ject to CAA. In the study, lateral and rotational stiffness of reinforced concrete columns is determined
based on a rigid-plastic assumption. CAA of reinforced concrete frames is investigated through an analyt-
ical model, in which deformations of columns are taken into consideration. Besides, shear force and bend-
ing moment in the column are calculated from equilibrium to shed light on the possible failure mode of
columns under CAA. Parametric studies are also conducted to investigate the dominant parameters on
the behaviour of columns. Finally, recommendations are provided for the design of reinforced concrete
columns against CAA in the connecting beam.

� 2017 Elsevier Ltd. All rights reserved.
1. Introduction tion as well. To date, the effects of axial and rotational restraints,
When restrained against horizontal movements, reinforced
concrete beams and slabs can develop significant net axial com-
pression force and arch action between compression zones, which
in turn enhances the load resistance of beams and slabs. Park pro-
posed a rigid-plastic model for estimating the compressive arch
action (CAA) of reinforced concrete slabs [1]. It was assumed in
the model that tensile reinforcement has yielded and compressive
concrete attains its ultimate strain. Besides, flexural deformations
of the beam are concentrated at the plastic hinges at the beam
ends, whereas the beam segment itself remains rigid. Thereafter,
shortening of the beam induced by axial compression force was
introduced to the model [2,3]. The effects of imperfect boundary
conditions, such as rotation of supports and connection gaps in
horizontal restraints, were also incorporated in the model by Guice
et al. [4] and Yu and Tan [5]. The rigid-plastic model was further
extended to the elastic stage of the deformed beam by determining
the strain profile across the beam end sections according to
compatibility [6], in which strain-hardening behaviour of high-
performance fibre-reinforced concrete was taken into considera-
beam span-depth ratio and reinforcement ratio on the CAA of
beams have been well investigated [5]. Furthermore, pseudo-
static resistance of beams was calculated based on the energy-
balance method proposed by Izzudin et al. [7]. It was concluded
that development of CAA increases the quasi-static load capacity
but reduces the ductility of beams, thereby enhancing the
pseudo-static resistance marginally [6].

However, focus of previous analytical studies was primarily
placed on the CAA of reinforced concrete beams with fairly rigid
boundary conditions, in which stocky column stubs with sufficient
flexural and shear resistances were provided at the ends of beams
[8–13]. Limited effort was made to evaluate the behaviour of com-
paratively slender columns when subject to CAA in the adjoining
beams. Experimental results of reinforced concrete frames demon-
strate that columns may exhibit shear failure as a result of addi-
tional shear force in the beam-column joints [14–16]. Therefore,
it is imperative to assess the resistances of side columns and
beam-column joints under CAA in the connecting beams.

This paper presents an analytical study on the behaviour of
reinforced concrete frames with realistic columns adjoining to
bridging beams. An analytical model for CAA of reinforced concrete
frames is introduced. In the model, the compatibility condition for
bridging beams developed by Yu and Tan [5] is adopted in the
study. To determine the strains and forces in steel reinforcement
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and concrete, the method proposed by Kang and Tan [6] is utilised,
and lateral and rotational stiffness of columns is considered. A
rigid-plastic model is also derived to determine the stiffness of
reinforced concrete columns. The analytical model for CAA is vali-
dated against experimental results of Kang and Tan [14,17], Yu [18]
and Sadek et al. [15] and reasonably good agreement is achieved.
Finally, parametric studies are conducted to investigate the domi-
nant parameters on potential flexural and shear failure of columns.
Special attention is paid to the shear force in beam-column joints
and bending moment acting on columns, endeavouring to gain
insight into the potential failure mode of columns subject to CAA
in adjacent beams.

2. Analytical model for compressive arch action

For an exterior reinforced concrete frame, which comprises of a
bridging beam, a middle joint and two side columns and is simply-
supported at the inflection points of the columns, development of
CAA is accompanied by net axial compression force in the beam.
Due to insufficient lateral and rotational stiffness of the columns,
side beam-column joints are pushed outwards by a horizontal dis-
placement of t as a result of beam axial compression force. Mean-
while, hogging moment at the side joint face generates a rigid-
body rotation of H in the side joints. Fig. 1 shows the deformed
geometry of the frame. Thus, in deriving the analytical model for
CAA, deflection of the column and rotation of the joint need to
be considered.

2.1. Compatibility condition

Due to symmetry, the single-span beam, middle and side joints
are isolated from the prototype frame. Fig. 2 shows the compatibil-
ity condition of the beam. The horizontal distance between points
A and B can be determined from the movement and rotation of the
support as well as the deformed geometry of the beam, as
expressed in Eq. (1). Accordingly, vertical displacement d at the
middle joint can be calculated from Eq. (2).

lþ 0:5ebhc þ t � 0:5h tanH ¼ ðlð1� ebÞ þ ðh� c1Þ tanðu�HÞ
� c2 tanuÞ cosu ð1Þ

d ¼ ðlþ 0:5ebhc þ t � 0:5h tanHÞ tanu ð2Þ
where l is the clear span of the beam; eb is the axial compressive
strain of the beam; hc and h are the depths of the column and the
beam, respectively; t is the horizontal movement of the side joint
caused by beam axial force; c1 and c2 are the neutral axis depths
at And 12;u is the rotation of the beam;H is the rotation of the side
joint; and d is the vertical displacement of the middle joint.

Besides the whole beam, compatibility at Sections 1 and 2 has
also to be satisfied. It is assumed that the strain of top longitudinal
δ

t tφ φ

ΘΘ

Fig. 1. Deformed geometry of a reinforced concrete frame.
reinforcement is zero at the inflection point of the beam and varies
linearly along the beam length, as shown in Fig. 2. Correspond-
ingly, deformations of top reinforcement at Sections 1 and 2 can
be determined from the summation of steel strains between the
inflection point and end sections, as expressed in Eqs. (3) and (4).
Lengths of beam segments l1 and l2 can be quantified from bending
moments at Sections 1 and 2.

Dl1 ¼ ðh� c1 � as1Þ tanðu�HÞ ¼ 0:5es1l1 ð3Þ

Dl2 ¼ ðc2 � a0s2Þ tanu ¼ 0:5e0s2l2 ð4Þ
where as1 is the spacing between the extreme tension fibre of the
beam and the centroid of tensile reinforcement at Section 1; a0

s2 is
the spacing between the extreme compression fibre of the beam
and the centroid of compressive reinforcement at Section 2; es1
and e0s2 are the respective strains of reinforcement at Sections 1
and 2; and l1 and l2 are the distances between the inflection point
of the beam and Sections 1 and 2, respectively.

2.2. Equilibrium condition

Besides compatibility, equilibrium of the deformed beam can be
established from the free-body diagram, as shown in Fig. 3. At a
vertical displacement d of the middle joint, vertical load P on the
middle joint is equilibrated by bending momentsM1 andM2, beam
compression force N and self-weight q of the beam. Eq. (5)
expresses the equilibrium of the beam. Net axial compression force
in the beam is correlated to its axial strain via Eq. (6).

P ¼ 2ðM1 þM2 � Nd� ql2=2Þ
l

ð5Þ

N ¼ bhEceb ð6Þ
whereM1 andM2 are the bending moments at Sections 1 and 2, cal-
culated from internal forces (see Fig. 2); N is the beam axial com-
pression force; q is the self-weight of the beam; P is the vertical
load on the middle joint; b is the beam width; and Ec is the elastic
modulus of concrete.

2.3. Constitutive models for concrete and steel reinforcement

To determine the forces sustained by concrete and steel rein-
forcement, constitutive models for concrete and reinforcing bars
have to be defined. Previous analytical studies assumed that
extreme compression concrete fibre attains its ultimate strain
and equivalent rectangular concrete stress block was used to calcu-
late the compression force [1,5,19]. However, it leads to substantial
overestimation of vertical load before the CAA capacity is attained.
To accurately predict the ascending branch of the vertical load,
stress-strain model for concrete proposed by Mander et al. [20] is
utilised in the analytical model instead of equivalent compressive
stress block. Compression force in concrete is calculated through
integration of compressive stress across the compression zone.
Similar approach is also used to compute the contribution of con-
crete compression force to bending moment. Besides, a bilinear
stress-strain relationship is employed for tensile steel reinforce-
ment. For compressive reinforcing bars, a linear unloading branch
is defined, with its stiffness identical to the elastic modulus of steel
reinforcement.

2.4. Solution procedures

Prior to analysis, material and geometric properties and bound-
ary conditions of reinforced concrete frames need to be deter-
mined. With compatibility, equilibrium and constitutive models
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for concrete and steel reinforcement, a set of solution procedures is
proposed for the analytical model as follows.

Step 1: Provide a rotation u of beam and calculate l1 and l2 from
bending moments at Sections 1 and 2 that are determined
from previous step. For the first step, it can be assumed
that l1 is equal to l2.

Step 2: Assume a neutral axis depth c1 at Section 1.
Step 3: Assume a bending moment M1 at Section 1 and calculate

rotation H of the side joint; thereafter, compute strain
es1 of the tensile reinforcement from Eq. (3). Strain profile
at Section 1 is determined based on plane-section assump-
tion. Correspondingly, net axial force and bending moment
M1 can be calculated. Once the calculated bending
moment is equal to the assumed value, equilibrium at Sec-
tion 1 is satisfied.

Step 4: Assume a neutral axis depth c2 at Section 2 and determine
strain e0s2 of the compressive reinforcement from Eq. (4).
Similarly, strain profile, axial compression force and bend-
ing moment at Section 2 can be quantified. If net axial
forces at Sections 1 and 2 are equal to one another, equilib-
rium of the beam is satisfied.

Step 5: Calculate axial strain eb of the beam from Eq. (6); there-
after, check the compatibility of the beam through Eq.
(1). When it is satisfied, vertical load P and associated dis-
placement d can be determined from Eqs. (5) and (2),
respectively.

3. Determination of column stiffness

As a prerequisite of the analytical model for CAA, lateral and
rotational stiffness of reinforced concrete columns needs to be
determined experimentally or analytically. In experimental tests,
the stiffness of columns can be quantified from the lateral load-
displacement relationship and bending moment-rotation relation-
ship of columns. When axial compression force in the beam and
bending moment at the beam end cannot be obtained from exper-
imental results, analytical study is necessary to evaluate the stiff-
ness of columns. In this study, the rigid-plastic assumption is
also used for determining the lateral and rotational stiffness of
columns.

3.1. Rigid-plastic model for column

It is assumed that a beam-column joint is located at the mid-
height of a simply-supported column, namely, lt is equal to lb, as
shown in Fig. 4. Besides, the beam-column joint remains rigid
and flexural deformations of the column are concentrated at the
column-joint interfaces. When subject to a point load P at the
beam-column joint, the column develops a horizontal deflection
of dc at the joint and the extreme concrete fibre is compressed by
Dlc (see Fig. 4(a)). From compatibility of the column, Dlc can be
computed from neutral axis depth c at the joint face, as expressed
in Eq. (7).

Dlc ¼ c tan hc ¼ c tan
dc
lt

� �
ð7Þ

where c is the neutral axis depth at the joint interface; hc is the rota-
tion of the column segment relative to the joint; dc is the lateral dis-
placement at the column-joint interface; and lt is the length of the
column segment above the joint.

Under a bending moment Mc , the joint experiences a rigid body
rotation of hr , as shown in Fig. 4(b). Horizontal deflection of the col-
umn at the joint face can be determined as:

dc ¼ 1
2
h sin hr ð8Þ

where hr is the rotation of the joint.
Thus, rotation hc of the column section relative to the joint face

is calculated from Eq. (9).

hc ¼ dc
lt
þ 2dc

h
ð9Þ

In calculating the strain ec of extreme compression concrete
fibre, a linear strain profile is assumed between the pin support
and the joint face, as shown in Fig. 4(a and b). Correspondingly,
Dlc and ec are correlated through Eq. (10). Thereafter, strain profile
at the column-joint interface can be determined from the plane-
section assumption.



Fig. 4. Rigid-plastic model for reinforced concrete column.
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Dlc ¼ ltec
2

ð10Þ

where ec is the strain of extreme compression concrete fibre at the
joint face.

Forces sustained by steel reinforcement and concrete can be
calculated from the strains and associated stress-strain models.
Other than equivalent rectangular concrete stress block, compres-
sion force carried by concrete is determined by integrating the con-
crete stress across the compression zone. When the calculated
axial force in the column is equal to the applied value, bending
moment at the joint face can be quantified. Accordingly, horizontal
force or bending moment acting on the joint can be calculated in
accordance with the force equilibrium of the column.

3.2. Verification of rigid-plastic model

To evaluate the accuracy of the rigid-plastic model, four rein-
forced concrete columns tested by Soesianawati [21] and Watson
and Park [22] are simulated through the model. Table 1 sum-
marises the material and geometric properties of the columns. In
the tests, the height and cross section of the columns were kept
constant. Compression forces with axial load ratios ranging from
0.1 to 0.3 were applied to the columns. Load capacities of the col-
umns are calculated through the analytical model, as included in
Table 1. The average ratio of the analytical to experimental peak
loads is 0.95, indicating that the rigid-plastic model yields reason-
ably good predictions of the load capacity of reinforced concrete
columns. Furthermore, envelope curves of load-displacement
response can also be obtained through the model, as shown in
Fig. 5. The analytical load-displacement curves are in good agree-
ment with the experimental results.

As different axial load ratios were used for reinforced concrete
column units 1 and 2, lateral load-displacement curves of the col-
umns are greatly different from one another, as shown in Figs. 5(a
and b). Thus, it is necessary to evaluate the effect of axial compres-
sion force on the load-displacement relationship of columns. Fig. 6
shows the lateral load-displacement curves of unit 4, with a range
of axial load ratios from 0.1 to 0.3. With increasing axial compres-
sion force, the column develops greater initial stiffness and higher
load capacity. However, the ductility is reduced as a result of
crushing of concrete in the compression zone. A further increase
in the axial load ratio may result in crushing of compressive con-
crete prior to yielding of tensile reinforcement. Therefore, the
rigid-plastic model for columns is capable of simulating the effect
of axial compression force on the load-displacement curve of the
column.
3.3. Prediction of column stiffness

Lateral and rotational stiffness of reinforced concrete columns
can be calculated based on the rigid-plastic model. Experimental
and analytical results suggest that the stiffness of columns
decreases gradually with increasing lateral load and bending
moment prior to attaining the load capacity. In this study, the
secant stiffness of columns corresponding to yielding of tensile
reinforcement is used. Besides, experimental values of the column
stiffness are also quantified from the lateral load-deflection and
bending moment-joint rotation curves. Table 2 shows the compar-
isons between analytical and experimental stiffness of precast con-
crete frames tested by Kang and Tan [14,17]. It is noteworthy that
an axial load ratio of 0.3 was used for all columns. Generally, lateral
and rotational stiffness of the columns is overestimated by around
25% through the rigid-plastic model. It is possibly due to the exis-
tence of concrete interface between precast concrete column and
cast-in-situ joint which reduced the stiffness of columns.

Besides the stiffness of reinforced concrete columns, effective
moment of inertia can also be determined from the model, as
included in Table 3. When columns with an axial load ratio of 0.3



Table 1
Comparison between analytical and experimental load capacities.

Columns Column height (mm) Column section (mm) Concrete strength (MPa) Axial force ratio ca Rebar m Peak load (kN)

Cal. Exp. Cal./Exp.

Unit 1 3600 400 � 400 47 0.1 12T16 446 388 402 0.96
Unit 2 44 0.3 530 562 0.94
Unit 3 44 531 560 0.95
Unit 4 40 501 523 0.96
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Fig. 5. Lateral load-displacement curves of reinforced concrete columns (the lateral load and displacement can be determined from Eqs. (7) and (10), respectively).
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are subject to bending moment at the joint, the effective moment
of inertia calculated from the rigid-plastic model agrees well with
that recommended by ACI [23] and Paulay and Priestley [24]. How-
ever, under lateral load, the value is around 30% smaller than the
recommended ones. Hence, utilisation of the recommended effec-
tive moment of inertia results in an overestimation of the lateral
stiffness of columns.
4. Estimation of compressive arch action

CAA of precast concrete frames is estimated through the analyt-
ical model. Fig. 7 shows the vertical load-displacement curves of
frames tested by Kang and Tan [14,17]. Column stiffness calculated
from experimental tests is used in the model. The analytical results
agree well with the experimental ones prior to fracture of bottom
steel reinforcement at the joint interface. However, strains of ten-
sile reinforcement at the beam ends are underestimated due to the
linear assumption of strain profile between the inflection point and
end sections of the beams. As a result, rupture of reinforcement
cannot be simulated in the model. Axial compression force in the
beam can also be predicted by the model, as shown in Fig. 8. At
the initial stage, beam axial force is underestimated significantly
before cracking of the column, as the stiffness of the column used
in the model is much less than that of the uncracked column. After
cracking of the column, the analytical axial force-displacement
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curves are in good agreement with experimental results. However,
due to premature diagonal shear cracking of side beam-column
joints, vertical displacement associated with the maximum axial
compression is overestimated in frames EF-B-0.88-0.59 and EF-B.

Reinforced concrete frames reported by Yu [18] and Sadek et al.
[15] are also simulated by the model. As limited information on the
stiffness of columns is available, the rigid-plastic model for col-
umns is used to estimate the lateral and rotational stiffness of
the columns. Table 4 summarises the CAA capacity and maximum
axial force in the beam. Beam axial forces in IMF and SMF were not
measured in the tests, and thus only analytical results are included.
Comparisons between analytical and experimental results indicate
that the analytical model is capable of predicting the CAA capacity
of frames with reasonably good accuracy. The average ratio of ana-
lytical to experimental CAA capacities is 0.99, with a coefficient of
variation of 4%. Compared to the experimental result, the analytical
axial compression is slightly overestimated, with an average ratio
of 1.02 and a coefficient of variation of 15%. However, for IMF
and SMF, the maximum axial compression forces in the beam are
substantially greater than the numerical values provided by Lew
et al. [25], possibly as a result of neglecting the slippage of column
footing in the analytical model.
5. Parametric studies

Through the analytical model, the effects of column height, col-
umn section and beam depth on the CAA and axial compression
force in the beam are investigated. Besides, shear force and bend-
ing moment in the side beam-column joint are evaluated based on
Table 2
Stiffness of reinforced concrete columns.

Specimen Column
height (m)

Column
section (mm)

Rebar L

C

Kang and Tan [17] EF-B-0.88-0.59 2.34 250 � 250 8T13 1
EF-L-0.88-0.59

Kang and Tan [14] EF-B
EF-L
EF-B-S 300 � 300 2
EF-L-S

Mean value
Coefficient of variation
equilibrium of the column. Frame EF-B-S tested by Kang and Tan
[14] is selected as the control specimen. Table 5 summarises the
geometry and stiffness of reinforced concrete columns. In the para-
metric studies, the lateral and rotational stiffness of columns is cal-
culated through the rigid-plastic model for columns.

5.1. Effect on vertical load and beam axial force

Fig. 9 shows the vertical load-displacement curves and beam
axial force-displacement curves of reinforced concrete frames with
various column heights. It is notable that negative values of the
axial force represent compression. By shortening the column
height from 3.34 m to 1.34 m, CAA capacity of the frame is
increased by 27% (see Fig. 9(a)). Likewise, axial compression force
in the beam is increased from 47.6 kN to 267.8 kN, as shown in
Fig. 9(b). However, vertical displacements associated with the
CAA capacity and peak compression force are reduced. The
increases in the vertical load and beam axial force derive from
higher lateral and rotational stiffness provided by a shorter col-
umn. When the column height is reduced from 3.34 m to 1.34 m,
lateral and rotational stiffness of the column is increased by 25
and 2.5 times, respectively, as included in Table 5.

Similar results can be obtained in the analytical model by
enlarging the cross section of the column, as shown in Fig. 10.
When the column section is 250 mm square, approximately the
same flexural action and CAA capacities, 73.8 kN and 75.4 kN,
respectively, are obtained for the frame, even though axial com-
pression force of 71.6 kN develops in the beam. Increasing the
cross section of the square column from 250 mm to 400 mm leads
to an increase of CAA capacity by 23% from 75.4 kN to 92.7 kN,
whereas the flexural action capacity of the frame remains nearly
identical (see Fig. 10(a)). Meanwhile, the net compression force
in the beam is increased by 125.9 kN from 71.6 kN to 198.5 kN,
as shown in Fig. 10(b). Nonetheless, vertical displacements associ-
ated with the CAA capacity and maximum compression force are
reduced due to greater lateral and rotational stiffness of the col-
umn with larger cross section. Thus, reducing the column height
or increasing the cross section is beneficial to the development of
CAA in the adjacent beam.

Furthermore, the effect of beam depth on the CAA of the beam is
investigated analytically. For a given longitudinal reinforcement
ratio, reinforced concrete beams with greater depth are capable
of developing higher sagging and hogging moment capacities,
and the flexural action capacity is increased, as shown in Fig. 11
(a). Besides, lateral and rotational stiffness of the columns with
identical height is slightly increased by an increase in beam depth
(see Table 5). Fig. 11 shows the effect of beam depth on the CAA
capacity and maximum compression force in the beam. As beam
depth increases, both CAA capacity and axial compression force
in the beam are increased. Compared to that of 250 mm depth
(with CAA capacity of 59.9 kN), the CAA capacity of the 400 mm
deep beam is increased by around 119% to 130.9 kN and vertical
ateral stiffness (kN/m) Rotational stiffness (kN.m/rad)

al. Exp. Cal./ Exp. Cal. Exp. Cal./ Exp.

.17 � 104 8.8 � 103 1.33 1.36 � 104 7.7 � 103 1.77
9.5 � 103 1.23 8.3 � 103 1.64
9.0 � 103 1.3 1.44 � 104 0.94
1.12 � 104 1.04 1.56 � 104 0.87

.28 � 104 1.75 � 104 1.30 2.72 � 104 2.51 � 104 1.08
2.02 � 104 1.13 2.28 � 104 1.19

1.22 1.25
9% 30%



Table 3
Effective moment of inertia of columns.

Effective moment of inertia Column under
lateral load

bending
momentColumn under

Rigid-plastic
model

250 � 250 0:49Ig 0:64Ig
300 � 300 0:46Ig 0:67Ig

ACI [23] 0:70Ig
Paulay and Priestley [24] 0:67Ig
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Fig. 7. Comparison between analytical and experimental vertical load-middle joint displ
and (2), respectively).
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displacement corresponding to the CAA capacity is also larger, as
shown in Fig. 11(a). It is noteworthy that the enhancement of
CAA to flexural action is also substantially increased. Additionally,
the beam develops 138.1 kN greater axial compression force by
enlarging the beam depth to 400 mm. However, associated vertical
displacement does not vary significantly (see Fig. 11(b)). Analytical
results indicate that increasing the beam depth is also an effective
way to mobilise greater CAA in the beam.
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acement curves (the vertical load and displacement can be calculated from Eqs. (5)
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Fig. 8. Comparison between analytical and experimental beam axial force-middle joint displacement curves (the axial force and displacement can be calculated from Eqs. (6)
and (2), respectively).
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5.2. Effect on shear force and bending moment in the joint

Under CAA, net compression force in the beam increases the
bending moment at the column-joint interface and shear force in
the beam-column joint in comparison with that under flexural
action. As a result, shear failure of reinforced concrete columns
were observed in the experimental tests [14,16,25]. In this study,
the effects of column height, column section and beam depth on
the bending moment and shear force in the column are also eval-
uated in the analytical model.

Fig. 12 shows the equilibrium of a column subject to CAA. Hor-
izontal forces Ts1 and Cc1 þ Cs1 are obtained from the analytical
model for CAA. It is assumed that compression force Cc1 þ Cs1 acts
at the centroid of compressive reinforcement. Based on equilib-
rium of the column, reaction forces Rt and Rb at the top and bottom
pin supports can be calculated from Eqs. (11) and (12).



Table 4
Comparisons between analytical and experimental results.

Specimen Beam
section (mm)

Rebar* CAA (kN) Beam axial compression (kN)

Analytical
result Pa

Experimental
result Pe

Pa
Pe

Analytical
result Na

Experimental
result Ne

Na
Ne

Kang and Tan [17] EF-B-0.88-0.59 150 � 300 3T13 (top); 2T13 (bottom) 67.6 67.9 1.00 56.2 45.0 1.25
EF-L-0.88-0.59 63.0 65.9 0.96 50.5 53.9 0.94

Kang and Tan [14] EF-B 2T16 + T13 (top); 2T13 (bottom) 74.6 75.1 0.99 57.7 58.3 0.99
EF-L 69.7 74.4 0.94 57.0 49.8 1.14
EF-B-S 79.0 80.1 0.99 100.1 86.2 1.16
EF-L-S 73.5 71.0 1.04 94.6 94.8 1.00

Yu [18] F3-CA-NS-EX 150 � 250 3T13 (top); 2T13 (bottom) 46.1 45.9 1.00 40.9 48.9 0.84
F4-CA-WS-EX 46.1 50.1 0.92 39.9 48.0 0.83

Sadek et al. [15] IMF 711 � 508 4#8 (top); 2#9 (bottom) 286.9 296 0.97 1383.7 – –
SMF 864 � 660 7#8 (top); 6#8 (bottom) 933.2 900 1.04 3487.8 – –

Mean value 0.99 1.02
Coefficient of variation 4% 15%

* T13 and T16 represent high yield-strength deformed bars with diameters of 13 mm and 16 mm, respectively. #8 and #9 denote steel reinforcement of 25.4 mm and 28.7
mm nominal diameters.

Table 5
Geometry and stiffness of reinforced concrete columns.

Parameter Column
section (mm)

Column
height (mm)

Column
Reinforcement

Beam section
(mm)

Beam reinforcement Lateral stiffness
(kN/m)

Rotational stiffness
(kN.m/rad)

Column height 300 � 300 1340 8T13 150 � 300 3T13 (top); 2T13 (bottom) 1.82 � 105 6.07 � 104

2340 2.3 � 104 2.72 � 104

3340 0.7 � 104 1.75 � 104

Column section 250 � 250 2340 1.2 � 104 1.36 � 104

300 � 300 2.3 � 104 2.72 � 104

350 � 350 4.0 � 104 4.97 � 104

400 � 400 6.4 � 104 7.64 � 104

Beam depth 300 � 300 150 � 250 2.1 � 104 2.58 � 104

150 � 300 2.3 � 104 2.72 � 104

150 � 350 2.5 � 104 2.87 � 104

150 � 400 2.7 � 104 3.04 � 104
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Fig. 9. Effect of column height on CAA and beam axial force.
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Rt ¼ ðCs1 þ Cc1Þðlb þ a0s1Þ � Ts1ðlb þ h� as1Þ
lt þ lb þ h

ð11Þ
Rb ¼ ðCs1 þ Cc1Þðlt þ h� a0s1Þ � Ts1ðlt þ as1Þ
lt þ lb þ h

ð12Þ

where Rt and Rb are the reaction forces in the top and bottom lateral
restraints, respectively; Cs1 and Cc1 are the compression forces sus-
tained by steel reinforcement and concrete at Section 1; Ts1 is the
tension force sustained by reinforcement; lb is the column length
below the joint; and a0s1 is the distance between the centroid of
compressive reinforcement and extreme compression concrete
fibre at Section 1.

Under flexural action, axial compression force in the beam is
zero and compression force Cs1 þ Cc1 sustained by compressive
reinforcement and concrete is equal to tension force Ts1 in tensile
reinforcement. Accordingly, Eqs. (11) and (12) can be simplified
as:
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Fig. 10. Effect of column cross section on CAA and beam axial force.
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Fig. 11. Effect of beam depth on CAA and beam axial force.
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Rt ¼ Ts1ða0
s1 þ as1 � hÞ

lt þ lb þ h
ð13Þ

Rb ¼ Ts1ðh� a0s1 � as1Þ
lt þ lb þ h

ð14Þ

Bending moment Mb at the joint face and shear force Vs in the
joint can be determined from Eqs. (13) and (14), respectively.

Mb ¼ Rblb ð15Þ

Vs ¼ Ts1 þ Rt ð16Þ
where Mb is the bending moment at the column-joint interface and
Vs is the shear force in the joint, as shown in Fig. 12.

Fig. 13(a) shows the effect of column height on the shear force
in the beam-column joint. When the column height is 3.34 m,
maximum shear force in the joint is 280.8 kN, only 12% greater
than that under flexural action. By reducing its height from
3.34 m to 1.34 m, the shear force is considerably increased to
358.4 kN, about 56% greater than the value generated by flexural
action. In the meantime, corresponding vertical displacement is
reduced from 222.4 mm to 98.3 mm. On the contrary, if flexural
action is considered, shear force in the joint is reduced from
258.4 kN to 230.0 kN when the column is shortened from 3.34 m
to 1.34 m, as included in Table 6. Hence, CAA in the beam signifi-
cantly increases shear force in the joint, in particular when the col-
umn height is comparatively short. If shear reinforcement in the
joint is designed in accordance with the shear force under flexural
action, shear failure of the joint may occur when CAA develops in
the connecting beam.

Besides shear force in the beam-column joint, bending moment
at the joint face is also calculated in the model. Fig. 13(b) shows the
variations of bending moment with various column heights. By
reducing the column height from 3.34 m to 1.34 m, bending
moment at the joint face is increased from 68.8 kN.m to
105.9 kN.m, even though the distance between the bottom pin
support and joint is reduced. The increase in bending moment
results from the increased axial compression force in the beam.
Comparisons are also made between the calculated bending
moment and the moment capacity of the column. Under an axial
load ratio of 0.3, the moment capacity of the column is calculated
as 118.9 kN.m (see Table 6), around 12% greater than the maxi-
mum bending moment of the 1.34 m high column subject to
CAA. Therefore, for the range of column heights in the study, flex-
ural failure of the column will not occur.

It is well known from statics that shear force in the joint and
bending moment at the column-joint interface do not vary with
column section, as shown in Table 6. However, when CAA is taken
into consideration, increasing the cross section of column will also
lead to an increase in the joint shear force, as shown in Fig. 14(a).



Fig. 12. Equilibrium of reinforced concrete column.
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Fig. 13. Effect of column height on shear force and bending moment in column.
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For instance, by enlarging the cross section from 250 mm to
400 mm, the maximum shear force is almost linearly increased
by roughly 22% from 283.7 kN to 345.9 kN and associated vertical
displacement is reduced from 209.8 mm to 127.4 mm. As the col-
umn section is enlarged, average shear stress in the joint needs
to be examined to estimate the potential failure mode of the joint.
Table 6 shows the average shear stress in the beam-column joint,
calculated as the joint shear force divided by the cross sectional
area of the column. It turns out that when the column section is
250 mm, shear force in the joint is 4.5 MPa, close to the stress limit

specified by ACI [23], i.e., 1:0
ffiffiffiffi
f 0c

q
. It indicates that shear failure is

likely to occur when the column section is small. Joint shear stress
is reduced by increasing the column section, even though shear
force is increased. Thus, shear failure of the joint can be prevented
in columns with relatively greater cross section. Furthermore,
bending moment at the joint face is increased by 71% from
69.6 kN.m to 134.7 kN.m when the column section is increased
from 250 mm to 400 mm (see Fig. 14(b)). Nevertheless, moment
capacity of the column is also increased by 121% from 77.8 kN.m
to 238.4 kN.m, as included in Table 6. Therefore, flexural failure
of the column will not take place by enlarging the column section.

Fig. 15 shows the effect of beam depth on the shear force and
bending moment in the joint. Under flexural action, shear force
in the joint decreases as the beam depth increases. On the contrary,
as a result of the development of CAA, shear force in the joint is
increased from 288.8 kN to 336.1 kN, as shown in Fig. 15(a), when



Table 6
Shear force and bending moment in column.

Parameter Column section
(mm)

Column height
(mm)

Beam section
(mm)

Shear force in the joint
(kN)

Shear stress
under CAA (MPa)

Bending moment at
joint face (kN.m)

Moment capacity
(kN.m)

Flexural action CAA Flexural action CAA

Column height 300 � 300 1340 150 � 300 230.0 358.4 4.0 26.8 105.9 118.9
2340 250.3 306.2 3.4 28.9 95.5
3340 258.4 280.8 3.1 29.8 68.8

Column section 250 � 250 2340 250.3 283.7 4.5 28.9 69.6 77.8
300 � 300 306.2 3.4 95.5 118.9
350 � 350 328.2 2.7 118.9 171.8
400 � 400 346.3 2.2 138.2 238.4

Beam depth 300 � 300 150 � 250 256.2 288.8 3.2 23.1 62.1 118.9
150 � 300 250.3 306.2 3.4 28.9 95.5
150 � 350 244.3 321.4 3.6 34.4 123.9
150 � 400 238.4 336.1 3.7 39.6 151.1
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Fig. 14. Effect of column cross section on shear force and bending moment in column.
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Fig. 15. Effect of beam depth on shear force and bending moment in column.
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the beam depth is increased from 250 mm to 400 mm. There are
minor differences between corresponding vertical displacements.
Besides, the difference between joint shear forces under flexural
action and CAA becomes increasingly greater, as shown in Table 6.
Nearly the same effect is observed on the bending moment at the
joint face and associated vertical displacement (see Fig. 15(b)). By
increasing the beam depth from 250 mm to 400 mm, bending
moment at the joint face is increased by 129% from 62.1 kN.m to
151.1 kN.m. Comparison between the calculated bending moment
and the moment capacity of column section shows that flexural
failure of the column will occur when the beam depth is increased
to 400 mm.

Parametric studies on the effects of column height, column
cross section and beam depth suggest that relatively short rein-
forced concrete columns with small cross section are favourable
to the development of significant CAA in the connecting beam with
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greater depth. However, flexural or shear failure of columns may
occur as a result of increased shear force in the joint and bending
moment at the joint face. Therefore, additional shear force and
bending moment generated by CAA in the beam have to be consid-
ered in the design of columns and beam-column joints.

6. Conclusions

In this paper, an analytical model for CAA in reinforced concrete
frames is introduced, in which flexural and rotational stiffness of
columns is taken into consideration. Besides, similar rigid-plastic
assumption is used for quantifying the stiffness of columns. The
analytical model is validated against experimental results and rea-
sonably good accuracy is obtained in terms of the load capacity and
axial compression force in the beam. Moreover, parametric studies
are carried out to investigate the effects of column height, column
section and beam depth on the CAA of beams. Focus is placed on
the shear force in the beam-column joint and bending moment
at the joint face, as they are increased by the CAA in the beam.
The following conclusions can be drawn from the analytical
studies.

(1) Increases in horizontal and rotational stiffness of side col-
umns, such as reducing the column height, enlarging the col-
umn section or increasing the beam depth, result in
increases in the CAA capacity and beam axial compression
force. Therefore, relatively stiff column and deep beam are
preferred to mobilise significant CAA in the beam.

(2) Compared to flexural action, shear force in the side beam-
column joint and bending moment at the joint face are con-
siderably increased with the development of significant CAA
in the beam. As a result, shear or flexural failure of the col-
umn is likely to occur, in particularly when the column
height is comparatively short, the column section is small
and the beam depth is great.

Generally, development of CAA increases the resistance of the
beam if adequate lateral and rotational restraints are provided
for the beam. However, it may lead to premature shear or flexural
failure of the connecting column due to the presence of axial com-
pression force in the beam. Thus, in the design of columns, special
attention has to be paid to the flexural and shear resistances when
CAA develops in the adjacent beams.

Acknowledgements

The authors gratefully acknowledge the financial support pro-
vided by the National Natural Science Foundation of China (No.
51608068), Fundamental and Frontier Research Project of Chongq-
ing (No. cstc2016jcyjA0450) and China Postdoctoral Science Foun-
dation (2016M590863).
References

[1] Park R. The ultimate strength and long-term behaviour of uniformly loaded,
two-way concrete slabs with partial lateral restraint at all edges. Mag Concr
Res 1964;16:139–52.

[2] Welch RW, Hall WJ, Gamble WL. Compressive membrane capacity estimates in
laterally edge restrained reinforced concrete one-way slabs. UILU-ENG-99-
2009. Department of Civil and Environmental Engineering, University of
Illinois at Urbana-Champaign; 1999.

[3] Park R, Gamble WL. Reinforced concrete slabs. John Wiley & Sons, Inc; 2000.
[4] Guice LK, Slawson TR, Rhomberg EJ. Membrane analysis of flat plate slabs. ACI

Struct J 1989;86:83–92.
[5] Yu J, Tan KH. Analytical model for the capacity of compressive arch action of

reinforced concrete beam-column sub-assemblages. Mag Concr Res
2013;66:109–26.

[6] Kang S-B, Tan KH. Analytical model for compressive arch action in
horizontally-restrained beam-column sub-assemblages. ACI Struct J
2016;113:813–26.

[7] Izzudin BA, Vlassis AG, Elghazouli AY, Nethercot DA. Progressive collapse of
multi-storey buildings due to sudden column loss – Part I: simplified
assessment framework. Eng Struct 2008;30:1308–18.

[8] FarhangVesali N, Valipour H, Samali B, Foster S. Development of arching action
in longitudinally-restrained reinforced concrete beams. Constr Build Mater
2013;47:7–19.

[9] Su Y, Tian Y, Song X. Progressive collapse resistance of axially-restrained frame
beams. ACI Struct J 2009;106:600–7.

[10] Kang S-B, Tan KH. Behaviour of precast concrete beam-column sub-
assemblages subject to column removal. Eng Struct 2015;93:85–96.

[11] Kang S-B, Tan KH, Yang E-H. Progressive collapse resistance of precast beam-
column sub-assemblages with engineered cementitious composites. Eng
Struct 2015;98:186–200.

[12] Yu J, Tan KH. Experimental and numerical investigation on progressive
collapse resistance of reinforced concrete beam column sub-assemblages.
Eng Struct 2013;55:90–106.

[13] Yu J, Tan KH. Structural behavior of RC beam-column subassemblages under a
middle column removal scenario. J Struct Eng 2013;139:233–50.

[14] Kang S-B, Tan KH. Robustness assessment of exterior precast concrete frames
under column removal scenarios. J Struct Eng 2016;142:04016131.

[15] Sadek F, Main JA, Lew HS, Bao Y. Testing and analysis of steel and concrete
beam-column assemblies under a column removal scenario. J Struct Eng
2011;137:881–92.

[16] Choi H, Kim J. Progressive collapse-resisting capacity of RC beam-column sub-
assemblage. Mag Concr Res 2011;63:297–310.

[17] Kang S-B, Tan KH. Progressive collapse resistance of precast concrete frames
with discontinuous reinforcement in the joint. J Struct Eng 2017.

[18] Yu J. Structural behaviour of reinforced concrete frames subjected to
progressive collapse. Singapore: Nanyang Technological University; 2012.

[19] Keenan WA. Strength and behavior of restrained reinforced concrete slabs
under static and dynamic loading. Technical Report R-621. Port Hueneme,
CA: Naval Civil Engineering Laboratory; 1969.

[20] Mander JB, Priestley MJN, Park R. Theoretical stress-strain model for confined
concrete. J Struct Eng 1988;114:1804–26.

[21] Soesianawati MT. Limited ductility design of reinforced concrete
columns. New Zealand: University of Canterbury; 1986.

[22] Watson S, Park R. Simulated seismic load tests on reinforced concrete columns.
J Struct Eng 1994;120:1825–49.

[23] ACI. Building code requirements for structural concrete. ACI 318-
11. Farmington, MI: American Concrete Institute; 2011.

[24] Paulay T, Priestley MJN. Seismic design of reinforced concrete and masonry
buildings. John Wiley & Sons; 1992.

[25] Lew HS, Bao Y, Sadek F, Main JA, Pujol S, Sozen MA. An experimental and
computational study of reinforced concrete assemblies under a column
removal scenario. NIST Technical Note 1720. Gaithersburg, MD: National
Institute of Standards and Technology; 2011.

http://refhub.elsevier.com/S0141-0296(17)30948-3/h0005
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0005
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0005
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0010
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0010
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0010
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0010
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0015
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0020
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0020
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0025
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0025
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0025
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0030
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0030
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0030
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0035
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0035
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0035
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0040
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0040
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0040
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0045
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0045
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0050
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0050
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0055
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0055
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0055
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0060
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0060
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0060
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0065
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0065
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0070
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0070
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0075
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0075
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0075
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0080
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0080
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0085
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0085
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0090
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0090
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0095
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0095
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0095
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0100
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0100
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0105
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0105
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0110
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0110
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0115
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0115
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0120
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0120
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0125
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0125
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0125
http://refhub.elsevier.com/S0141-0296(17)30948-3/h0125

	Analytical study on reinforced concrete frames subject to compressive arch action
	1 Introduction
	2 Analytical model for compressive arch action
	2.1 Compatibility condition
	2.2 Equilibrium condition
	2.3 Constitutive models for concrete and steel reinforcement
	2.4 Solution procedures

	3 Determination of column stiffness
	3.1 Rigid-plastic model for column
	3.2 Verification of rigid-plastic model
	3.3 Prediction of column stiffness

	4 Estimation of compressive arch action
	5 Parametric studies
	5.1 Effect on vertical load and beam axial force
	5.2 Effect on shear force and bending moment in the joint

	6 Conclusions
	Acknowledgements
	References


