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1. Introduction

Whether investors’ risk preferences determine their choice between Option Based Portfolio Insurance (OBPI) and Constant
Proportion Portfolio Insurance (CPPI) remains a controversial question among researchers, who, in the quest for an answer,
have employed a wide range of criteria.

The most popular criterion, expected utility maximization,! does not give a clear ranking of OBPI and CPPI2. Bernard and
Kwak (2016) and Pézier and Scheller (2013) showed that CPPI is the optimal strategy for hyperbolic absolute risk aversion
(HARA) investors, while El Karoui et al. (2005) demonstrated that OBPI is optimal for constant relative risk aversion (CRRA)
investors. Furthermore, Grossman and Vila (1992) proved that CPPI is optimal in the framework of long-term risk-sensitive
portfolio optimization. Nevertheless, when the guarantee constraint is exogenous, the optimal strategy has been shown to
be OBPI?

Stochastic dominance (SD) criterion, which is linked to investors’ risk preferences through the order of SD*, does not
discriminate between OBPI and CPPI. Bertrand and Prigent (2005) documented no first-order SD between OBPI and CPPI,

* Corresponding author.
E-mail address: dima.tawil@esc-rennes.com
1 Expected utility theory assumes investors are risk averse at all wealth levels.
2 The ranking produced by this criterion crucially depends on utility specification.
3 These sutdies assumed the risky asset follows a geometric Brownian motion.
4 The first-order SD corresponds to increasing utility, the second-order to a concave utility, meaning risk aversion and the third order to a convex utility,
meaning risk seeking. See Levy (1992) for more details.
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and Annaert et al. (2009) noted no second-order SD; however, Maalej and Prigent (2016) showed that CPPI can dominate
OBPI at the third-order, but only when the implied volatility is high relatively to the empirical volatility.

Dierkes et al. (2010) and Dichtl and Drobetz (2011) adopted a different comparative approach to portfolio insurance (PI)
strategies that assumes investors behave according to Tversky and Kahneman’s (1992)) cumulative prospect theory (CPT).
However, although their results explained the popularity of PI strategies versus uninsured investment strategies, they did
not define a dominant PI strategy for CPT investors.

This paper contributes to the previous literature in the following ways. First, it provides a simple unifying approach to
identifying the portfolio insurance strategy (OBPI or CPPI) that corresponds to the type of investor preferences without using
formal preference functions to describe the investor’s behavior. It is sufficient that the investor defines her risk preferences,
including risk aversion, risk seeking, or risk neutrality in general terms, and adapts her comparison criterion accordingly.
Second, this paper considers different types of preferences, and covers a broader set of investors than in any previous work
on this subject.

Partial-moments-based risk-adjusted performance measures and, in particular, the Farinelli and Tibiletti (2008) ratio are
used to compare OBPI and CPPI. This ratio uses the upper partial moment (UPM) of order p as a measure of return and
the lower partial moment (LPM) of order q as a measure of downside risk. Two reasons lie behind choosing this ratio: first,
it is a ratio of the expected upside gain above a certain reference point L relatively to the risk measured by the expected
loss below L. It is therefore suitable for describing both the upside participation and the downside protection profiles of
PL. Second, this ratio can be easily adapted to suit investors’ risk preferences through the orders of partial moments (p and
q) as well as the reference point L5 A wide range of preferences, including expected utility and prospect utility investors’
preferences, can be modeled. This method can be quite noteworthy, especially for individual investors who may prefer the
simplicity and the flexibility it provides and who are the main buyers of PI in practice (See Fodor et al. (2013)).

As a first step, I derive analytical solutions for the UPM and the LPM of OBPI and CPPI under the geometric Brownian
motion (GBM). Then, I analyze the relation between investors’ risk preferences (described by the parameters p, q, and L) and
their choice between OBPI and CPPI. I also analyze the sensitivity of the results to market conditions, and using real market
data, I provide a robustness check. The results demonstrate that investors preferences in the gain domain, rather than in the
loss domain, play a determinant role in defining their choice of a PI strategy.

This paper’ s results include a generalization of Bertrand and Prigent’ s (2011)) comparison of OBPI and CPPI, which they
performed using the Omega ratio introduced by Keating and Shadwick (2002) and Kazemi et al. (2004). The Omega ratio is,
in fact, a special case of the Farinelli and Tibiletti (2008) ratio, where (p = q = 1).” This set of parameters implies that all
deviations from the reference point are equally weighted to their original value and reflects a risk-neutral behavior in gains
and losses.

The reminder of this paper is organized as follows: in Section 2, the properties of the Farinelli & Tibiletti ratio and those
of OBPI and CPPI are recalled, and analytical solutions for the LPM and the UPM of OBPI and CPPI under the GBM are
derived. In Section 3, the impact of the risk preferences of investors on their choice of a specific PI strategy is analyzed,
and a sensitivity analysis of the results to market conditions is also provided. A robustness check using real market data is
presented in Section 4, and Section 5 offers a general conclusion.

2. Risk-adjusted performance measurement of PI strategies
2.1. The Farinelli and Tibiletti (2008) Ratio

Denoted hereafter by(®;q), the Farinelli and Tibiletti (2008) ratio is defined as follows:

_ JUPM,(L)  YE[x-L]?
©YIPM (L)  YEIL—x]T

Where x is a series of portfolio returns, L is a reference point that separates the gains above L from the losses below L.
The order of the UPM and the LPM is p > 0 and q > 0, respectively. The ratio ®,4 can be adapted to fit the risk preferences
of investors through two main elements: the reference point L and the orders of partial moments (p and q).

The ratio &4 is a decreasing function w.r.t L which is usually defined exogenuously. Unser (2000) demonstrated that
the level of L varies according to investors’ preferences and increases with risk aversion.®

The parameters p and g, on the other hand, respectively reflect the desired relevance given to the magnitude of positive
and negative deviations from L. The higher the value of q (withq > 1), the higher the investor’s risk aversion to large losses
and lower values q < 1 reflect a risk-seeking behavior in the loss domain. Similarly, p < 1 reflects risk aversion in the gain
domain, while p > 1 reflects risk-seeking. Consequently, risk-averse expected utility investors can be modeled by ¢ > 1 and

(1)

p.q

5 CPT states that investors are risk averse in the gain domain, above a specific reference point and risk seeking in the loss domain below the reference
point.

6 Zakamouline (2014) established an explicit link between partial-moments-based performance measures and investor’s utility function.

7 For p=1 and q = 2, 3, we get the Kappa measures introduced by Kaplan and Knowles (2004).

8 For an investor buying P, it is logical to think that the minimum value of L corresponds to the insured capital at maturity.
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p < 1. Prospect theory investors, who are risk-seeking below and risk-averse above L, can be modeled by ¢ < 1 and p < 1.
The type of investors analyzed in Markowitz (1952), risk-averse below and risk-seeking above L,° can be modeled by q > 1
and p > 1, and risk-seeking investors can be modeled by ¢ < 1 and p > 1 (See e.g. Zakamouline (2011)).

2.2. the ratio ®pq for the OBPI strategy

2.2.1. The OBPI strategy

Leland and Rubinstein (1976) introduced the OBPI strategy, which consists of purchasing j shares of a risky asset S covered
by j shares of a European put option written on it. The option’ s strike price K corresponds to the insured capital at the
maturity date T whatever the value of Sr. The value of the OBPI portfolio at maturity, V8!, is given by 10:

VP = j(Sr + (K= Sp)™) = j(K + (St = K)™). (2)
And the value the OBPI portfolio at any time t < T, VOB is:
VOBl = j (S + P(t, St K)) = j(Ke™"T=0 4+ C(t, S¢. K)). (3)

Where C(t, S¢, K) and P(t, S;, K) are respectively the time t Black-Scholes prices of European call and put options written
on S with a maturity T and a strike price K. Eq. (3) shows for all dates t < T, the value of the OBPI portfolio can not fall
below the deterministic level jKe="(T—t),

In general, investors seek to recover a percentage « of their initial investment Vj at maturity. In this case, the following
relation must be verified:

aVo = aj[Ke™ +C(0,5.K)] = jK. (4)

2.2.2. Computation of the LPM and the UPM of the OBPI strategy

Proposition 1. The lower partial moment of order n of the OBPI strategy, LPMO8P!, is given by:

L (n i [ o i
LPMO™ = 3" (1) DL | GRONC-dos) + B(IS0) [N(dn) = N-dio) || (5)
i=0
And the upper partial moment of order n of the OBPI strategy, UPMB is given by:
n n P . .
UPM™ = Zo (l. (=D"™'L"B(iSo)'N(dirj)- (6)
i=

_In(So/X)+(u—02/2)T+io>T

Where (’;’) = ﬁ B = exp(ipLT + %(i2 - i)oZT) and d; x 7

Proof. The expression of the LPMY"! can be written as follows:

LPM! = E(L — VO%P1)",

_ 202 (Tll) (_1)iLn—iE(VT(_)BPI)i]]{VT[JBP,SL}_ (7)

Where (7) =" _and 1;

-1
i i e i
E(V—IQBPI) H{VTUBP'SL} = E((JK)IH{STSK} * H{stL}) —+ E((]ST)I]I{ST>K} * H{ISTSL})’
= E(K) s, <k) + EGST) Tis, <15y — EGST) s, =iy (8)
Knowing that, under the GBM:
i ; . 1,, .

E(Sr)'Iis,<x) = Sh exp(mT + j(lz - l)ozT)N(—d,;x), 9)

Where:

_ In(So/X) + (u—0%/2)T +icT
- oNT ‘

dix (10)

9 Markowitz (1952) introduced this utility function to explain why people simultaneously buy insurance and lottery tickets.

10 Duye to the call-put parity, this strategy is equivalent to purchasing, at t = 0, j shares of a European call option written on S with a strike price K and a
maturity T and investing an amount jKe~'" in a risk-free asset.

11 The indicator Ijjk<ry is equal to 1 as L is always set to a higher value than the insured capital at maturity (jK).
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The expression of the LPM98™ in Eq. (7) can be written as follows:
n
n . . -y . .
LPMOP = 3 (:) (L | KON (=dose) + B(iS0) [ N(=ds) = N=dio) ||
i=0
Where f = exp(iuT + 3 (i — i)oT).
Following a similar procedure, we derive the expression of the UPM98! as follows'?:

UPME! = B (VOBP — 1",

=> <’,’> (D" LB (iS0) N(dizy5)- (1n)
i=0
O

2.3. the ratio ®p,q for the CPPI strategy

2.3.1. The CPPI strategy

Black and Jones (1987) introduced the CPPI strategy,'> which consists in managing a dynamic portfolio of a risky and
risk-free assets over time. To implement the CPPI, the investor selects a floor below which she does not want the portfolio
value to fall at maturity. The floor is defined as a percentage « of the initial investmentV, and grows at a constant rate r:

Fr =OtV0, (12)

F =Fe 00 = qVpe"T-0, (13)

To achieve this guarantee, the investor allocates an amount called the exposure to a risky asset, such as a market index,
and the remaining amount to a risk-free asset that evolves according to the constant rate r. The exposure must be continu-
ously adjusted to a constant multiple m of the difference between the portfolio value and floor. This difference is called the
cushion C;

G = max{VtCP”’ —F, O}. (14)

If the cushion becomes very small, the exposure becomes very small too preventing the portfolio value from falling
below the floor. For all m > 1, the payoff function of the CPPI portfolio is a convex function w.r.t S;. The higher the multiple,
the more convex the payoff function is."*

If the underlying risky asset follows the GBM, the time t value of the cushion is given by:

2~2
G =Coexp|:<m(ur)+r mza >t+mawf},

= Co exp(urt + orWh). (15)

Where w is a constant drift, o is the volatility of the underlying risky asset, W; is the standard Brownian motion, /i, =
m(u—r)+r— # and o, = mo.

2.3.2. Computation of the LPM and the UPM of the CPPI strategy

Proposition 2. The lower partial moment of order n of the CPPI strategy, LPMSP™!, is given by:

LPMCPP! — an (’:) (—1)ia"™ B'CIN(~d; o). (16)
i—0
And the upper partial moment of order n of the CPPI strategy, UPMSPP! is given by:
UPM,™ = Z (?) (—=1)"a"B'CN(djq). (17)
i=0
Where a=L—F, B’ =exp(ipT + 3 (i2 —i)o?T) and d;q = InCo/@)+purTiorT

O'r\/T

12 Detailed proofs of the expressions of UPMS®" and UPMS™ are available at request.
13 See also Perold and Sharpe (1988) and Black and Perold (1992).
14 Many extensions of the standard CPPI method are proposed in practice. See e.g. Lee et al. (2011), Hamidi et al. (2014) and Ameur and Prigent (2014).
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Fig. 1. ®,, as function of p and q for &« = 0.9 and L = 102.

Proof. The expression of the LPMS! can be written as follows:
PPl _ CPP\"
LPME™ = E(L - V™),
=E(L-F -G,

= Z (?) (71)ia"’iIE(C%]I{Cl_Sa}) (18)
i=0

Where a = L — Fr and E(CiIic,—q)) is given by Eq. (9).
The final form of the LPMSP™! can be written as follows:
n
LPMSP = 3 (?) (—1)'a"™ B'CIN(~d; ). (19)
i=0
Where 8" = exp(iw, T + 3 (2 — )0 T).
Following a similar procedure, we derive the expression of the UPMS™ as follows:

UPMEPP! = (VPP — L)i (20)

5 (0) e wanan
i=0
O

3. OBPI Versus CPPI

In order to compare OBPI and CPPI, the two strategies are assumed to have the same initial portfolio value (VB = VP!
and to provide the same guarantee («Vy = jK = F;) at maturity T. The second assumption implies that Fy = jKe~'T, and
thus, the initial value of the cushion Cy is equal to the call price C(0, Sy, K). The underlying risky asset of both strategies is
supposed to evolve according to the GBM with the following base parameters: T =1 year, u = 8%, 0 = 20%, So = 100, and
r = 3%. Different values of the insured percentage at maturity are considered, and CPPI strategies with different levels of the
multiple are compared.

3.1. The impact of investors’ preferences

3.1.1. The parameters p and q

For an insured percentage o = 0.9 and a reference point L = 102, an investor with moderate gain preferences (risk aver-
sion in the gain domain with p < 1) will prefer the OBPI to the CPPI, regardless of the investor’s preferences in the loss
domain (q > 1 or g < 1). These sets of parameters correspond to expected utility and prospect utility investors, respectively.
Increasing the value p to p > 1 leads to an inverse ranking. CPPI strategies start to dominate the OBPI strategy when p is
around 1. For p > 1 and q > 1, an investor who is risk seeking in gains and risk averse in losses will prefer the CPPI strategy.
However, no absolute dominance is observed when p > 1 and q < 1, which is risk seeking in both gains and losses. In this
case, the OBPI dominates the CPPI unless the value of the multiple m is relatively small (m = 4) (see Fig. 1).

Increasing the level of guarantee favors CPPI strategies (see Fig. 2). For a = 1, CPPI strategies dominate OBPI for almost
all values of p and g; this result also holds true for all values of the multiple m. For this numerical example, CPPI strategies
with a lower value of m dominate those with higher values of this parameter.

3.1.2. The reference point L

Investors with different reference points L (with L > «Vj) are considered. The values of L are incorporated with selected
sets of the parameters p and q in order to reflect investors’ preferences. ®q5 (5 is used for prospect utility investors, ®45 g5
for risk seeking investors, @5, 15 for risk-averse expected utility investors and ®;5 15 for Markowitz (1952) investors.
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Fig. 5. @, as function of the volatility o for @ = 0.9 and L = 102.

For o = 0.9, increasing the value of L, which indicates higher risk aversion, favors the OBPI strategy, see Fig. 3. For all
ratios @4, the gap between the curves of OBPI and CPPI diminishes when L increases. Neither strategy dominates the other
for all values of L except for @5 15 where the CPPI dominates.'> The multiple m plays a determinant role in the ranking of
OBPI and CPPI. CPPI strategies with high values of m are dominated by OBPI for almost all values of L. This result holds for
Do, 05 P15, 05 and Pgs5 15. CPPI strategies intersect each other at high values of L (around 103). Higher values of m are
preferred when high reference points, relatively to the initial investment, are considered. Increasing the insured percentage
to o = 1 favors the CPPI strategies, which strongly dominate the OBPI, especially for small values of L. However, the OBPI
strategy still dominates for high values of L, see Fig. 4.

3.2. The impact of market conditions

In order to analyze the impact of market conditions on the relative risk-adjusted performance of OBPI and CPPI, different
levels of the volatility of the underlying (between 10% and 40%) are considered. Fig. 5 shows that all ®,q ratios are de-
creasing functions w.r.t the volatility o. For « = 0.9 and L = 102, neither strategy dominates the other for all volatility levels
except for @15 15 where the CPPI dominates. In all other cases, the OBPI dominates CPPI strategies with high values of the

15 This result is in line with the results of Bertrand and Prigent (2011).
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Table 1
Summery statistics of CAC40 returns for the period from 3/1/2000 to
30/12/2016.

CAC40 statistics

Mean (Annualized) —-1.12%
Standard deviation (Annualized) 23.48%
Skewness —0.034
Kurtosis 7.8033
p-value autocorrelation (Ljung-Box test) 0.000
p-value autocorrelation (Ljung-Box test squared returns)  0.000
p-value heteroscedasticity (Engle’s ARCH test) 0.000

multiple (m = 6 and m = 9). Regardless of the value of g, the OBPI strategy dominates for moderate to high volatility levels
(between 20% and 40%) when p < 1. This shows that, under all market conditions, the preferences in the gain domain (risk
aversion when p < 1) have a more significant impact on the ranking of OBPI and CPPI than those in the loss domain.

CPPI strategies dominate the OBPI for almost all volatility scenarios when o = 1. However, when p < 1, the OBPI starts
to dominate high multiple CPPI strategies at volatility levels (o > 20%), see Fig. 6.

4. Robustness check

The moving block bootstrap method was used to simulate a series of OBPI and CPPI portfolio returns using French market
data. This method preserves the dependence and the autocorrelation features of the original data. To begin the simulations,
a random starting date is drawn with replacement. The performance of OBPI and CPPI is simulated over the 252 days that
follow the starting date. This procedure is then repeated 10000 times and the ratios ®,q are computed on this 10000 OBPI
and CPPI yearly returns.

The initial investment of the OBPI and the CPPI portfolios is allocated between a risky asset (the CAC40 index) and a risk-
free asset that evolves according to the Euribor 12-month rate prevailing at the first day of the management period. The
price data used for the underlying risky asset consist of CAC40 daily closing prices, realized within the period from January
3, 2000 to December 30, 2016. This period is of particular importance because it shows different market conditions, includ-
ing the financial market crisis of 2008. The statistics of CAC40 log-returns, presented in Table 1, show the non-normality
of these returns. For this period, the CAC40 has a negative annual mean return (—1.12%), an annualized standard deviation
(23.48%), a small negative skewness of (—0.034) and a high kurtosis (7.8033). The results of Ljung-Box test detects signifi-
cant serial correlation between the returns of the CAC40 index within this period, and significant heteroscedasticity is also
detected. For the OBPI strategy, option prices are calculated according to Black-Scholes option pricing formula. The volatility
input that is used to price the OBPI's call options corresponds to the annualized standard deviation calculated on the 252
daily index returns prior to the starting date of the management period. The CPPI strategy rebalanced on monthly basis. The
initial floor value is computed with the one year Euribor rate prevailing at the starting date of the management period. The
same rate is used to calculate option prices.

Simulation results, presented in Table 2, show that the investors who are risk averse in the gain domain, expected utility
(®os, 15) and prospect utility (®g5, o5) investors, shall prefer the OBPI strategy to the CPPI. This result is particularly true
for higher values of the reference point L and lower insured percentages «. This result holds also for investors who show
a risk-seeking behavior in gains and losses (®15 o5). However, investors who are risk averse in losses and risk seeking in
gains ($q5 15) shall prefer the CPPI strategies especially for lower values of L and a higher values of a.

5. Conclusion

This paper analyzed the relation between the risk preferences of investors and their choices between PI strategies (OBPI
and CPPI). For this purpose, the Farinelli and Tibiletti (2008) ratio, which can be easily adjusted to fit the type of investor
preferences, was used as a risk-adjusted performance measure. The analysis proved that different risk preferences imply
different ranking of OBPI and CPPI. This result is particularly true for low levels of guarantee «. In this case, where o = 0.9,



Table 2
The ratios @, for OBPI and CPPI strategies.

Dos05 D505 Pos15 D515
OBPI CPPI OBPI CPPI OBPI CPPI OBPI CPPI
ak% m=4 m=6 m=8 m=4 m=6 m=38 m=4 m=6 m=8 m=4 m=6 m=38
L=1%
90 094 068 050 053 227 232 106 210 032 032 028 031 066 093 100 106
92 098 074 049 046 236 249 208  2.08 032 034 028 028 068 099 102 111
94 104 082 050 041 248 277 218  2.08 034 037 029 026 070 108 107 115
96 114 099 056 040 265 329 244 217 036 042 031 026 074 124 117 121
98 124 139 072 046 285 457 313 255 039 055 038 029 079 165 144 140
100 135 3.49 140 0.80 3.09 11.2 6.09 4.55 0.41 115 0.66 0.46 0.84 3.52 2.68 241
L=2%
90 075 044 038 042 190 166 163 173 038 024 024 026 059 074 084 081
92 077 044 035 035 195 167 157 165 038 024 022 023 060 075 085 083
94 080 044 033 029 201 169 153 156 039 024 021 021 061 077 083 083
96 086 042 031 026 209 169 150 147 030 024 021 019 063 078 083 080
98 0.90 039 0.29 0.23 218 1.67 149 140 0.31 0.23 0.20 0.18 0.66 0.82 0.84 0.79
100 093 038 027 022 227 162 145 137 032 025 020 018 068 088 090 093
L=3%
90 060 030 029 034 159 120 130 143 024 019 023 023 053 060 071 079
92 060 028 026 028 160 114 120 132 024 018 020 020 053 058 069 079
94 061 025 023 023 161 105 11 119 025 017 017 018 053 056 065 076
9% 063 021 020 018 164 091 098 104 025 016 016 015 054 053 061 070
98 063 017 016 016 164 071 081 086 025 014 014 014 054 046 054 062
100 0.61 013 013 013 1.63 048 0.58 0.65 0.25 012 012 012 0.54 0.35 0.44 0.51
L=4%
90 048 021 024 028 132 088 105 119 021 016 017 020 047 049 061 069
92 047 019 020 023 130 078 094 108 021 015 016 018 047 047 058 068
94 046 016 017 018 128 067 081 094 021 013 014 015 046 045 053 063
96 0.45 0.14 015 015 1.26 0.53 0.67 0.77 0.21 012 012 013 0.45 0.36 0.46 0.56
98 043 012 013 0.3 121 036 050 058 020 o011 012 012 044 028 038 046
100 0.39 0.10 0.11 0.11 113 0.20 0.30 0.38 0.19 0.10 0.11 0.11 0.43 0.18 0.26 0.32

81-01 (810Z) b Stana] youpasay adupuld /IMpL "

The underlined numbers are the ones where OBPI dominates CPPI.

L1
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investors’ preferences in the gain domain were more relevant in describing the choice between OBPI and CPPI. OBPI was
the preferred strategy for expected utility and prospect utility investors who are risk averse in the gain domain and, CPPI
provided a higher risk-adjusted performance for investors who are risk seeking in gains and risk averse in losses; However,
no absolute dominance between OBPI and CPPI is observed for risk seeking investors. Increasing the insured percentage
o was always in favor of the CPPI which was shown to be preferred for all types of investors when o = 1. However, the
gap between the risk-adjusted performance of OBPI and CPPI diminished when the reference point increased and when the
market was more volatile.
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