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Abstract—Interfacing machine models in either nodal analysis-
based (EMTP-like) or state variable-based transient simulation
programs play an important role in numerical accuracy and com-
putational performance of the overall simulation. As an advanta-
geous alternative to the traditional qd models, a number of ad-
vanced phase-domain (PD) and voltage-behind-reactance machine
models have been recently introduced. However, the rotor-position-
dependent conductance matrix in the machine–network interface
complicates the use of such models in EMTP. This paper focuses
on achieving constant and efficient interfacing circuit for the PD
synchronous machine model. It is shown that the machine conduc-
tance matrix can be formulated into a constant submatrix plus a
time-variant submatrix. Eliminating numerical saliency from the
second term results in a constant conductance matrix of the pro-
posed PD model, which is a very desirable property for the EMTP
solution since the refactorization of the network conductance ma-
trix at every time step is avoided. Case studies demonstrate that
the proposed PD model represents a significant improvement over
other established models used in EMTP while preserving the accu-
racy of the original/classical PD model.

Index Terms—Constant conductance matrix, EMTP, G matrix,
phase-domain (PD) model, qd model, saliency elimination, syn-
chronous machine, voltage-behind-reactance (VBR) model.

NOMENCLATURE

Throughout this paper, bold font is used to denote matrix and
vector quantities, and italic nonbold font is used to denote scalar
quantities.
vabcs ,vqdr Stator and rotor voltage vectors.
iabcs , iqdr Stator and rotor current vectors.
λabcs ,λqdr Stator and rotor flux linkage vectors.
Rs ,Rr Stator and rotor diag. resistance ma-

trices.
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Ls(θr ),Lr Stator and rotor self-inductance matri-
ces.

Lsr (θr ),Lrs(θr ) Stator and rotor mutual-inductance
matrices.

θr Rotor position angle.
Δt Discretization time step.
Rpd

eq ,Geq Equivalent resistance and conduc-
tance matrices.

epd
h , ipd

h Equivalent history voltage and current
sources.

epd
sh , epd

rh Stator and rotor equivalent history
sources.

Z ′′
q , Z ′′

d Equivalent q- and d-axis subtransient
impedances.

Zmq , Zmd Equivalent q and d-axis magnetizing
impedances.

Zlj , j = kq1, . . . kqM, Equivalent field and damper winding
impedances.fd, kd1, . . . kdN

Z ′′′
q PD model modified q-axis subtran-

sient impedance with added damper
winding.

RkqM +1 , LlkqM +1 Added damper winding resistance and
leakage inductance.

ZlkqM +1 Added damper winding impedance.
τQM +1 Added damper winding pole time con-

stant.
ffit Fitting frequency.
Lcritical Critical leakage inductance for the

added damper winding.

I. INTRODUCTION

MACHINE models for studying the power systems tran-
sients are generally based on the qd-axes model formu-

lation. Such models have received extensive attention in the
literature and are widely available in many nodal analysis-based
electromagnetic transient programs (i.e., EMTP-type [1]) and
state variable-based (e.g., Simulink [2]) simulation packages as
built-in library components that are extensively used by many
practicing engineers and researchers in industry and academia.
Since such general purpose machine models are widely used,
improving their numerical efficiency and accuracy can have sig-
nificant impact and improve many simulation packages.
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To improve the interface between the machine model and the
external power system network, which is typically represented
in physical abc phase coordinates, the so-called phase-domain
(PD) [3]–[6] and voltage-behind-reactance (VBR) [7]–[9] mod-
els have been introduced. For numerically efficient interfacing
of induction and synchronous machine models in state-variable
transient simulation programs, a unified constant parameter
RL-branch equivalent circuit has been recently proposed in [10].

Improving the numerical efficiency and accuracy of the syn-
chronous machine models for the EMTP-type programs has
been attractive for a long time. Numerous machine models have
been proposed and implemented in various software packages
including MicroTran [11], ATP/EMTP [12], PSCAD/EMTDC
[13], and EMTP-RV [14], where the qd models are typically
used. The main advantage of these methods is that they result
in a constant machine conductance submatrix [18]. However,
predicting relatively fast electrical variables introduces inter-
facing errors that significantly reduce the numerical accuracy
of such models, and may potentially cause convergence prob-
lem [5], [8], [9]. In EMTP implementation, the advantages of
PD and VBR synchronous machine models generally come at
the price of having a rotor-position/speed-dependent machine
conductance submatrix, which generally requires refactoriza-
tion of the entire network conductance G matrix at every time
step as the rotor position changes. A PD and VBR induction
machine models that achieve constant conductance submatrix
have been recently proposed by the authors in [15]. Achieving
the same property for the VBR synchronous machine is very
challenging due to the saliency and structure of equations [8].
Instead, the main focus and goal of this paper is to propose a
new PD synchronous machine model that also achieves a con-
stant conductance submatrix in EMTP solution, which, to the
best of the authors’ knowledge, has not been proposed before.
Interested reader will find particularly useful the related work
summarized in [8], [10], and [15]. The properties of the pro-
posed PD model and the additional contributions of this paper
are summarized as follows.

1) This paper shows that an equivalent resistance submatrix
of the discretized PD synchronous machine model can be
expressed as a constant plus a rotor-position-dependent
term.

2) This property is used for deriving a model that has con-
stant machine conductance submatrix as in [15] (assum-
ing a magnetically linear machine) using approximation
of saliency technique [16].

3) The proposed constant conductance (CC-PD) model can
be achieved for either salient-pole or round rotor machines
with appropriately fitted parameters for required accuracy
and discretization time step.

4) The proposed CC-PD model is shown to maintain very
good accuracy even at large time step similar to the clas-
sical PD model.

II. COUPLED-CIRCUIT PD MACHINE MODEL

For the purpose of power systems transients, a three-phase
electrical machine can be modeled by lumped-parameter cou-

pled circuits in physical variables and abc coordinates, known
in EMTP community as the PD model. Without loss of gener-
ality, this paper considers a three-phase synchronous machine
with one field winding fd, and M and N damper windings in
the q- and d-axes, respectively. The parameters of the exam-
ple machine considered in the case studies are summarized in
Appendix A. All rotor windings are assumed to be referred to
the stator side by appropriate turn ratios. Motor convention is
used so that the stator currents flowing into the machine have a
positive sign in the voltage equations. The flux linkage of each
winding is assumed to have the same sign as the current flowing
in that winding.

A. Continuous-Time PD Model

To set the stage for the further derivations, the PD model in
continuous time is briefly included here. The voltage equation
in physical variables and phase coordinates is [17]

[
vabcs

vqdr

]
= R

[
iabcs

iqdr

]
+ p

[
λabcs

λqdr

]
(1)

where the resistance matrix is given as

R =
[
Rs

Rr

]
. (2)

The flux linkage equation is expressed as

[
λabcs

λqdr

]
= L(θr )

[
iabcs

iqdr

]
(3)

where the stator and rotor self- inductance and mutual induc-
tance matrix may be expressed as

L(θr ) =
[

Ls(θr ) Lsr (θr )
Lrs(θr ) Lr

]
. (4)

The detailed expressions of the resistance and inductance sub-
matrices are given in Appendix B. The induced electromagnetic
torque is calculated in terms of physical variables (currents) as
follows:

Te =
P

2

[
1
2
iTabcs

∂

∂θr
(Ls − LlsI) iabcs + iTabcs

∂Lsr

∂θr
iqdr

]

(5)
which can be written in expanded form given in Appendix B,
(B9) for simplified implementation instead of the involved ma-
trix product (5). The mechanical equations can be found in [8]
and [17], and are not included here due to space limitation.

B. Discretized PD Model for EMTP Solution

In order to obtain numerical solution within the EMTP, the PD
machine model is discretized using implicit trapezoidal rule [1].
To interface the machine, the discretized model is first expressed
in the following general form [8]:

vabcs(t) = Rpd
eq iabcs(t) + epd

h (t) (6)
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where the equivalent resistance matrix Rpd
eq is expressed as

Rpd
eq (t) = Rs +

2
Δt

Ls(t)

− 4
Δt2

Lsr (t)
(
Rr +

2
Δt

Lr

)−1

Lrs(t). (7)

The history term epd
h (t) is represented as

epd
h (t) = epd

sh(t) +
2

Δt
Lsr (t)

(
Rr +

2
Δt

Lr

)−1

× (vqdr (t) − epd
rh(t)). (8)

where

epd
sh(t) =

(
Rs −

2
Δt

Ls(t − Δt)
)

iabcs(t − Δt)

− 2
Δt

Lsr (t − Δt)iqdr (t − Δt) − vabcs(t − Δt)

(9)

and

epd
rh(t) =

(
Rr −

2
Δt

Lr

)
iqdr (t − Δt)

− 2
Δt

Lrs(t − Δt)iabcs(t − Δt) − vqdr (t − Δt).

(10)

The rotor currents can be expressed as

iqdr (t) =
(
Rr +

2
Δt

Lr

)−1 (
vqdr (t)

− 2
Δt

Lrs(t)iabcs(t)−epd
rh(t)

)
. (11)

In the machine interface equation (6), the equivalent resis-
tance matrix Rpd

eq is of our particular interest. Based on (7), it
is observed that Rpd

eq is the sum of three terms: the stator re-
sistance matrix Rs , the stator inductance matrix term 2

Δt Ls(t),
and the third term: the triple matrix product of − 4

Δt2 Lsr (t)
(Rr + 2

Δt Lr )−1Lrs(t). It is shown in [15] that for induction
machines, due to machine’s symmetry, the second and third
terms are independent of the rotor displacement θr . Therefore,
matrix Rpd

eq is constant for symmetrical induction machines (as-
suming magnetic saturation is ignored).

In the case of synchronous machines, the stator inductance
matrix Ls(t) is rotor-position-dependent due to salient-pole ro-
tor. The third term, 4

Δt2 Lsr (t)(Rr + 2
Δt Lr )−1Lrs(t), in (7) is

also rotor-position-dependent since the machine’s geometry and
winding parameters in q- and d-axis are no longer the same as
in induction machines.

However, as it turns out (see Appendix C, Theorem 1) that
for the synchronous machine with salient or round rotor, the
equivalent resistance matrix (7) can be expressed as a constant

Zmq

(a) (b)

Zlkq1 ZlkqMZq
Zmd Zlfd Zlkd1 ZlkdN

Zd

Fig. 1. Equivalent subtransient impedances in discrete-time domain: (a) q-
axis, Z ′′

q ; and (b) d-axis, Z ′′
d .

plus a rotor-position-dependent part, as follows:

Rpd
eq (t) = R0 +

1
3
(
Z ′′

q − Z ′′
d

)

×

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

cos 2θr cos 2
(
θr −

π

3

)
cos 2

(
θr +

π

3

)

cos 2
(
θr −

π

3

)
cos 2

(
θr −

2π

3

)
cos 2θr

cos 2
(
θr +

π

3

)
cos 2θr cos 2

(
θr +

2π

3

)

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(12)

where R0 represents the constant part. Moreover, in (12), the
equivalent discrete-time q- and d-axis subtransient impedances
Z ′′

q and Z ′′
d are defined as

Z ′′
q =

(
(Zmq )

−1 +
M∑
i=1

(Zlkqi)
−1

)−1

(13)

Z ′′
d =

(
(Zmd)

−1 + (Zlf d)
−1 +

N∑
i=1

(Zlkdi)
−1

)−1

(14)

with

Zmq =
2

Δt
Lmq and Zmd =

2
Δt

Lmd (15)

and

Zlj = Rj +
2

Δt
Llj ,

where j = kq1, . . . kqM, fd, kd1, . . . kdN. (16)

The equivalent circuits depicting the discrete-time domain sub-
transient impedances Z ′′

q and Z ′′
d are illustrated in Fig. 1.

In general, the term Z ′′
q − Z ′′

d in (12) is nonzero for either
round or salient rotor machines and it is not to be confused
with dynamic or rotor saliency of the machine. However,
this numerical saliency, Z ′′

q �= Z ′′
d in (12), makes matrix Rpd

eq
also rotor-position-dependent. By analogy, the unequal q- and
d-axes subtransient inductances/reactances make the equivalent
inductance matrix rotor-position-dependent in the continuous
time synchronous machine VBR model [7].

III. CONSTANT EQUIVALENT CONDUCTANCE MATRIX

To interface the machine model with the external EMTP net-
work, the machine branch voltages (6) are replaced by the nodal
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equation as

Geqvabcs = iabcs + ipd
h . (17)

Here, the equivalent conductance matrix is calculated as

Geq = [Rpd
eq ]−1 . (18)

This 3 × 3 submatrix Geq is then inserted into the overall net-
work conductance matrix G, which forms the standard nodal
equation, GVn = Ih . The machine history current sources,
ipd
h = Geqe

pd
h , is then injected into the nodes corresponding to

the machine terminals (appropriately included into Ih ). More-
over, for an efficient EMTP solution, it is desirable to have
matrix G constant [1]. The main focus of this section is to
achieve a constant machine equivalent conductance matrix Geq
for the conventional PD models [4], [5], [8].

A. Elimination of Numerical Saliency

The approach of removing this numerical saliency in (12) is
based on a pioneering technique introduced in [16], which adds
one additional artificial damper winding to one of the axis with
the purpose of achieving a certain numerical property. Other-
wise, this additional winding has no physical significance or
relationship to the actual machine parameters. In particular, de-
pending on the relative values of Z ′′

q and Z ′′
d , the artificial wind-

ing should be added to the axis with the highest discrete-time
domain subtransient impedance. Observing that the winding pa-
rameters in (13) and (14) are asymmetrical, it is typical that the
d-axis has the lowest impedance (see [10]). Without loss of gen-
erality, it is assumed that a new M + 1 damper winding with
resistance RkqM +1 and leakage inductance LlkqM +1 is added to
the q-axis. To distinguish the subtransient quantities of the new
model that uses the (M + 1)th winding, and for consistency
with [10], we use the triple-prime sign (′′′) instead of double-
prime sign (′′). The new equivalent subtransient impedance in
the q-axis, including the added winding, becomes

Z ′′′
q =

(
(Zmq )

−1 +
M∑
i=1

(Zlkqi)
−1 + (ZlkqM +1)

−1

)−1

(19)

where

ZlkqM +1 = RkqM +1 +
2

Δt
LlkqM +1 . (20)

The parameters RkqM +1 and LlkqM +1 should be carefully se-
lected such that

Z ′′′
q = Z ′′

d . (21)

Condition (21) removes the rotor-position-dependent term in
(12) and gives the desired result:

Geq = [Rpd
eq ]−1 = [R0 ]−1 = constant. (22)

The new constant conductance phase-domain (CC-PG) model
is then implemented similar to the conventional PD model [8],
except that Rpd

eq and Geq are calculated only once using (7) and
(22).

B. Calculation of Added Winding Parameters

It is noted that discrete-time domain impedances Z ′′
q and Z ′′

d

are dependent on the machine parameters (resistances and induc-
tances) as well as the discretization time step Δt [see (13)–(16)].
Therefore, based on (13), (14) and (20), (21), the added winding
equivalent impedance in discrete time can be calculated as

ZlkqM +1 = [(Z ′′
d )−1 − (Z ′′

q )−1 ]−1 . (23)

However, (23) and (20) do not uniquely define the finding
parameters for a given time step Δt. Moreover, as it has been
shown in [16], adding this extra damper winding also changes
the q-axis operational impedance by adding a corresponding
pole (and zero) to the respective transfer function [17, Ch. 7]. In
order to preserve a good accuracy in predicting the machine’s
transients, it is important to select the additional winding pa-
rameters such that the low-frequency response is preserved, and
the effect of extra winding may appear visible only in high
frequencies that are above the range of interest—fit frequency,
ffit ≈ 120 Hz [16]. Assuming the same guidelines as in [16],
the added pole time constant should be placed about ten times
higher than the fit frequency. That is

τQM +1 ≤ 1
2π · 10ffit

. (24)

Furthermore, using the analysis of machine time constants
[17, Ch. 7], the corresponding time constant can be also calcu-
lated as

τQM +1 =
LlkqM +1

RkqM +1
+

1
RkqM +1

(
(Lmq )−1 +

M∑
i=1

(Llkqi)−1

)−1

.

(25)
Combining (24) and (25), we get

RkqM +1 ≥ 20π · ffit · LlkqM +1

+ 20π · ffit ·
(

(Lmq )
−1 +

M∑
i=1

(Llkqi)
−1

)−1

. (26)

Substituting (26) into (20), we can define a critical value for the
leakage inductance as

Lcritical

=
ZlkqM +1 − 20π · ffit ·

(
(Lmq )−1 +

∑M
i=1 (Llkqi)−1

)−1

20π · ffit + 2/Δt
.

(27)

Thereafter, the additional winding leakage inductance and re-
sistance are calculated as follows:

LlkqM +1 ≤ Lcritical (28)

RkqM +1 = ZlkqM +1 −
2

Δt
LlkqM +1 . (29)

For the purpose of this paper, it was assumed that LlkqM +1 =
Lcritical . The corresponding parameters calculated for different
time steps are included in Appendix A.
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IV. MODEL COMPUTATIONAL EFFICIENCY ANALYSIS

In order to achieve fastest possible simulation speed, the nu-
merical implementation of the machine model has to be care-
fully optimized. For the conventional PD and CC-PD mod-
els considered in this paper, we consider all possible compu-
tational savings, including efficient calculation of trigonomet-
ric functions and utilization of symmetrical properties of ma-
chine matrices. It is observed in Section II and Appendix B
that PD models require evaluation of trigonometric functions
for the calculation of resistance matrix, history terms, and elec-
tromagnetic torque. More specifically, the models need eval-
uating cos(2θr ) and cos(2θr ± 2π/3) terms in Ls(θr ); then
terms sin(θr ), sin(θr ± 2π/3), cos(θr ± 2π/3) in Lsr (θr ); and
sin(2θr ) in Te(θr ). The evaluation of trigonometric functions
depends on many factors, including the CPU hardware and low-
level software implementation of trigonometric functions on a
specific computer platform. Usually, high-order polynomial ap-
proximation or lookup table methods are used to evaluate these
functions [19]. For example, the studies conducted on a typi-
cal Intel-based PC with Microsoft Windows Operating System
show that evaluation of a single trigonometric function may
cost about twenty equivalent flops, where one flop is defined
as one addition, subtraction, multiplication, or division of two
floating-point numbers [20].

As the evaluation of trigonometric functions is in general
more expensive than performing simple additions and multipli-
cations, efficient use of trigonometric functions is important. In
this paper, an efficient calculation of the required trigonometric
functions is implemented similar to the method used in [21].
Specifically, instead of calculating these functions directly by
calling cos(·) and sin(·) each time for different arguments, only
two functions cos(θr ) and sin(θr ) for a given angle θr are evalu-
ated. Thereafter, the remaining trigonometric functions are cal-
culated indirectly using identities:

cos(2θr ) = 2 cos2 θr − 1 (30)

sin(2θr ) = 2 cos θr sin θr (31)

cos(2θr ± 2π/3) = −1/2 cos 2θr ∓
√

3/2 sin 2θr (32)

cos(θr ± 2π/3) = −1/2 cos θr ∓
√

3/2 sin θr (33)

sin(θr ± 2π/3) = −1/2 sin θr ±
√

3/2 cos θr . (34)

Evaluation of trigonometric functions using (30)–(34) re-
quires much less computational efforts compared with the direct
evaluation of these functions. For example, the required number
of equivalent flops using both direct and indirect approaches
is summarized in Table I. Since indirect calculation achieves
significant computational savings, it is therefore considered in
the final implementation of both conventional PD and CC-PD
models.

Next, the computational costs of PD and CC-PD models are
compared in terms of flop counts for a single time step. A typical
salient-pole hydroturbine synchronous machine is used wherein
the machine parameters are given in Appendix A and [17]. The

TABLE I
COMPARISON OF TRIG FUNCTIONS IMPLEMENTATIONS

TABLE II
FLOPS AND TRIG FUNCTIONS COUNT PER TIME STEP

considered generator model has the field winding fd, and two
damper windings, kd and kq1, respectively. The CC-PD model is
formulated according to Section III with one additional damper
winding kq2 in q-axis. Thus, the dimension of the rotor matrices
and variables in the CC-PD model is higher than those in the
original PD model. To maximize the numerical efficiency of
both models, all constant terms and coefficient are precalculated
outside of the main time stepping loop of the simulation. For
example, the constant coefficients in the machine resistance
matrix (12) are precalculated before the time step loop. For
efficient calculation of electromagnetic torque in PD models,
instead of the direct calculation using (5), the expanded form
of torque equation (B9) in Appendix B is used. This reduces
the number of flops since the two triple matrix products in (5)
are avoided and minimizes the additional flops due to the added
damper winding (see Table II).

After utilization of the efficient method for evaluation of
trigonometric functions described in this section, the total num-
bers of flops required by the PD and CC-PD models are sum-
marized in Table II. For better comparison and understanding
of the computational costs, the flops are roughly assigned to
several terms of the respective models. It is observed in Table II
that the CC-PD model requires no flops for the evaluation of
Req in time stepping loop. However, the calculation of history
term eh and rotor current iqdr make the constant CC-PD model
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slightly more costly than the conventional PD model due to the
higher dimension of the rotor matrices and one extra rotor cur-
rent. As a result, the CC-PD model requires more flops per time
step compared to the conventional PD model (295 flops versus
251 flops).

V. CASE STUDIES

Since the main idea of this paper is about the new CC-PD
machine model rather than the power network solution, and
due to the limited space, the presented studies and discussion
are focused on a synchronous-machine infinite-bus system. The
proposed model has been implemented according to the EMTP
solution methodology. For comparison purpose, a state vari-
able qd0 synchronous machine model [17] has also been im-
plemented in MATLAB/Simulink. This model is solved using
fourth-order Runge–Kutta method with a very small time step of
1 μs to obtain very accurate numerical solutions, which are used
as reference. To demonstrate the improved numerical accuracy
of the proposed CC-PD model over the conventional EMTP-
type qd0 model, we used the build-in EMTP-RV’s synchronous
machine model as a benchmark case.

The salient-pole hydroturbine generator with parameters
given in Appendix A has been used in all studies. To inves-
tigate the accuracy of the proposed PD model, one may con-
sider a number of case studies, e.g., short-circuit of a fully
loaded machine, a case of machine with large dynamic saliency,
pole-slipping events, etc. However, such transient events excite
mostly the low-frequency modes where the approximation intro-
duced by additional fictitious damper winding should not have
any visible impact. The transient studies of a three-phase fault
have been previously considered in [8] and are not included
here due to space limitations. Therefore, for the purpose of
this paper, a single-phase-to-ground fault study is chosen as this
even excites higher frequencies. In the following transient study,
the generator initially operates with no load. At t = 0.002 s, a
single-phase-to-ground fault is applied at the machine terminals
(phase a). The transient responses produced by various models
are plotted in Figs. 2–5. Such studies have been previously con-
sidered in [9] and may be very useful for benchmarking and/or
validating various models.

A. Model Verification Using Small Time Step

The considered study of an unbalanced fault is first simulated
using a relatively small time step, Δt = 50 μs. The resulting
transients of the field current ifd , stator currents ias , ibs , and
electromagnetic torque Te are depicted in Fig. 2. The simula-
tion results obtained by the EMTP-RV, the PD model [8], and
the proposed CC-PD models are overlaid with the reference so-
lutions. As can be observed from Fig. 2, the transient responses
produced by all models coincide and converge to the reference
solutions. This clearly demonstrates that these models are all
equivalent and predict the unbalanced operations with accept-
able accuracy for the given time step, which is an expected
result.

Fig. 2. Field and phase currents, and electromagnetic torque for the single-
phase fault study using time step of 50 μs, as predicted by various models.

B. Model Verification Using Large Time Step

To further compare the numerical properties and robustness of
the new CC-PD model, a larger time step, Δt = 1ms, is applied
to the same test case. The same variables are plotted in Figs. 3–5.
As can be observed in Fig. 3, the results produced by the various
models visibly diverge from the reference solution. The tran-
sient responses obtained by EMTP-RV(qd0) model (red-dotted
line) diverge from the reference solutions with the largest error
among the considered models. The problem of convergence and
accuracy of qd models is attributed to their interface with the ex-
ternal network and is discussed in detail in [8], [9], [22]. At the
same time, the PD and CC-PD models still produce reasonably
accurate and convergent simulation results.

A more detailed fragment of the transient observed in ifd
is shown in Fig. 4, which is a magnified view of Fig. 3 (first
subplot). A magnified view of the phase current ibs is shown
in Fig. 5, which is a detailed view of Fig. 3 (third subplot). As
Figs. 4 and 5 show, the point-by-point solutions obtained by the
PD and CC-PD models are almost identical and are reasonably
close to the reference solution. The detailed analysis of other
variables shows similar result.
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Fig. 3. Field and phase currents, and torque for the single-phase fault study
using time step of 1 ms, as predicted by various models.

Fig. 4. Magnified view of field current for the single-phase fault study using
time step of 1 ms, as predicted by various models.

Fig. 5. Magnified view of phase b current for the single-phase fault study
using time step of 1 ms, as predicted by various models.

VI. DISCUSSION

A. Choice of Added Winding Parameters

The idea of adding a fictitious damper winding to eliminate
the dynamic saliency was originated in [16]. This approach
is used here for the proposed CC-PD model for EMTP-type
solution. It is noted that ZlkqM +1 in (20) consists of two vari-
ables, RkqM +1 and LlkqM +1 , that need to be determined. These
parameters should be determined subject to satisfying the con-
straint (23). At the same time, the q-axis frequency response in
the low-frequency range should remain the same as it was in the
original machine. Observing (20), one can see that for a given
value of ZlkqM +1 [since (23) is a constraint], choosing smaller
LlkqM +1 results in larger RkqM +1 . Also, as can be observed
from (25), the larger winding resistance RkqM +1 makes the ad-
ditional pole time constant τQM +1 very small, which pushes the
corner frequency of this pole far away from the fitting frequency
ffit . Therefore, satisfying the inequality (28), and then choosing
RkqM +1 according to (29), ensures that the added winding does
not affect the machine’s response in frequency domain as well
as in time domain in the range of interest.

Interested reader can find very insightful discussions in [16]
and [10] regarding the added winding parameter choice for im-
plementing the synchronous machine model (in continuous time
domain) for state-variable-based simulation packages. Therein,
increasing the winding resistance RkqM +1 , although improves
the model accuracy, also makes the machine model numerically
stiff and possibly hard to solve/simulate, if an explicit integra-
tion method is used. However, for the EMTP solution, this does
not represent a problem since the equations are discretized at the
branch level using the implicit (stiffly stable) trapezoidal rule.
So, in general, one can choose small LlkqM +1 to satisfy the con-
straint (28), and then choose very large resistance RkqM +1 so
that the added winding effectively appear open-circuited, which
minimizes its impact.

B. Model Accuracy

The PD model in general improves the numerical accuracy
compared with the conventional qd0 models that are imple-
mented in EMTP-RV, PSCAD, ATP/EMTP, etc. This is the re-
sult of the direct interface of the machine’s stator circuit in abc
phase coordinates with EMTP network solution. The proposed
CC-PD model possesses the same interfacing accuracy as the
conventional PD model. The detailed accuracy comparisons of
various machine models, such as qd0, PD, and VBR, are doc-
umented in [8], [9], [21], and [22]. The numerical accuracy of
the proposed CC-PD model is also verified by the simulation
results in Figs. 2–5. Moreover, since the added damper wind-
ing has no effect (error) in steady state and only minimally
impacts the transient response in very high frequencies due to
relatively large value of the winding resistance, the proposed
CC-PD model is expected to give very good results for most
practical cases. The winding approximation is expected to give
very good results for larger machines and the studies with pre-
dominantly slow transients that do not have high frequencies
(e.g., three-phase faults, pole slipping of large generators, etc.).
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The study presented in this paper demonstrates a single-phase-
to-ground fault (which is richer in higher frequencies), wherein
the proposed CC-PD model produces results that are almost
identical to the conventional PD model even at relatively large
time step (see Figs. 4 and 5). However, potentially, the area
where the proposed CC-PD model may be less accurate could
be, for example, small machines driven by switching converters
(i.e. wherever the high-frequency transients are excited). For
such cases, the fitting frequency ffit will have to be increased
according the needs of the study.

C. Network Solution Impact

Although the CC-PD model has slightly higher flop count
per step (295 flops versus 251 flops, see Table II) than conven-
tional PD, its major advantage is that it enables very efficient
EMTP time stepping network solution. For the conventional PD
model, the time-variant machine conductance submatrix forces
the entire network G matrix to be refactorized at each time step.
Although the use of sparse matrix techniques such as partial
matrix factorization and optimal node ordering methods can al-
leviate the impact of the time-varying G matrix [23], [24], a
constant conductance matrix is always preferred for efficient
EMTP network solution. Interested reader can find case stud-
ies documented in [5] that compare the calculation times and
the numbers of triangulations when using the conventional PD
model and the classical qd model (Type-59 synchronous ma-
chine model in EMTP) with constant G matrix. Therein, for
a 190-bus three-generator system, a ratio of 308.3/70.1 (about
4.4 times) of increased calculation time due to retriangulation
was reported [5]. However, with the proposed CC-PD model,
the need for retriangulation of the network G matrix is re-
moved. At the same time, just like the conventional PD model,
the CC-PD model preserves the direct interface of the machine
electrical variables within the EMTP network solution. It is also
understood that the computational speedup due to avoiding the
network G matrix retriangulation will be system and case de-
pendent. In general, the larger the power system network, the
better simulation speedup from using the proposed CC-PD over

the conventional PD model may be anticipated. These are in-
deed very interesting issues that would also shift the focus of
publication toward power systems. Therefore, in the near future,
the authors would like to take this issue to a separate dedicated
publication in appropriate journal.

VII. CONCLUSION

In this paper, we have presented a new PD synchronous
machine model for EMTP-type solution. The new model has
a constant equivalent conductance matrix in the discrete-time
machine–network interface equation, which is achieved by elim-
inating the dynamic saliency existing in the equivalent resistance
matrix of the original PD model. This constant equivalent con-
ductance matrix is desirable since it avoids the refactorization of
the network conductance matrix at every time step. This feature
may make the new model very attractive for possible use in var-
ious EMTP packages. A case study of salient-pole synchronous
machine has been performed to demonstrate the effectiveness of
the proposed constant equivalent conductance PD model. The
large time step study has shown that the numerical accuracy of
the proposed model is well preserved compared with the original
PD model and represents significant improvement over the con-
ventional qd models implemented in commercial EMTP-type
software packages such as EMTP-RV.

APPENDIX A

Parameters of synchronous hydroturbine generator [17]:
325 MVA; 20 kV; 0.85 pf; 64 poles; 112.5 r/min; H = 7.5 s;
J = 35.1 × 106 kg·m2 ; ωb = 376.99 rad/s.

Nominal circuit parameters: Rs = 0.00234 Ω; Xls =
0.1478 Ω; Xq = 0.5911 Ω; Xd = 1.0467 Ω; Rf d = 0.0005 Ω;
Xlf d = 0.2523 Ω; Rkd = 0.01736 Ω; Xlkd = 0.1970 Ω;
Rkq1 = 0.01675 Ω; Xlkq1 = 0.1267 Ω.

Additional winding parameters:
1) fitted at Δt = 50 μs: Rkq2 = 1,827.7 Ω; Xlkq2 =

91.29 Ω.
2) fitted at Δt = 1000 μs: Rkq2 = 38.13 Ω; Xlkq2 =

1.8081 Ω.

APPENDIX B

Matrices and block submatrices used in the model:

Rs = diag ( Rs Rs Rs ) (B1)

Rr = diag	Rrq Rrd 
 = diag	 diag ( Rkq1 · · · RkqM ) diag ( Rfd Rkd1 · · · RkdN ) 
 (B2)

Ls(θr ) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

Lls + LA − LB cos 2θr −1
2
LA − LB cos 2

(
θr −

π

3

)
−1

2
LA − LB cos 2

(
θr +

π

3

)

−1
2
LA − LB cos 2

(
θr −

π

3

)
Lls + LA − LB cos 2

(
θr −

2π

3

)
−1

2
LA − LB cos 2(θr + π)

−1
2
LA − LB cos 2

(
θr +

π

3

)
−1

2
LA − LB cos 2(θr + π) Lls + LA − LB cos 2

(
θr +

2π

3

)

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(B3)

where LA =
Lmd + Lmq

3
and LB =

Lmd − Lmq

3
. (B4)
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Mutual inductance matrices:

Lsr (θr ) = 	Lsrq (θr ) Lsrd(θr ) 
 and Lrs(θr ) =
2
3

(Lsr (θr ))
T =

2
3

[
Lsrq (θr )

Lsrd(θr )

]
(B5)

where Lsrq (θr ) =

⎡
⎢⎢⎢⎢⎢⎢⎣

Lmq cos θr · · · Lmq cos θr

Lmq cos
(

θr −
2π

3

)
· · · Lmq cos

(
θr −

2π

3

)

Lmq cos
(

θr +
2π

3

)
· · · Lmq cos

(
θr +

2π

3

)

⎤
⎥⎥⎥⎥⎥⎥⎦

3×M

and Lsrq (θr ) =

⎡
⎢⎢⎢⎢⎢⎢⎣

Lmd sin θr · · · Lmd sin θr

Lmd sin
(

θr −
2π

3

)
· · · Lmd sin

(
θr −

2π

3

)

Lmd sin
(

θr +
2π

3

)
· · · Lmd sin

(
θr +

2π

3

)

⎤
⎥⎥⎥⎥⎥⎥⎦

3×(N +1)

. (B6)

Rotor inductance matrix and its blocks:

Lr = diag (Lrq Lrd ) (B7)

where Lrq =

⎡
⎢⎢⎢⎢⎢⎢⎣

Llkq1 + Lmq Lmq · · · Lmq

Lmq Llkq2 + Lmq Lmq

...

... Lmq
. . . Lmq

Lmq · · · Lmq LlkqM + Lmq

⎤
⎥⎥⎥⎥⎥⎥⎦

M ×M

and Lrd =

⎡
⎢⎢⎢⎢⎢⎣

Llf d + Lmd Lmd · · · Lmd

Lmd Llkd1 + Lmd Lmd

...
... Lmd

. . . Lmd

Lmd · · · Lmd LlkdN + Lmd

⎤
⎥⎥⎥⎥⎥⎦

(N +1)×(N +1)

(B8)

Te =
P

2

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Lmd − Lmq

3

[(
i2as −

1
2
i2bs −

1
2
i2cs − iasibs − iasics − ibsics

)
sin (2θr )

+
√

3
2
(
i2bs − i2cs − 2iasibs + 2iasics

)
cos (2θr )

]

−Lmq

(
M∑

x=1

ikqx

)[(
ias −

1
2
ibs −

1
2
ics

)
sin (θr ) −

√
3

2
(ibs − ics) cos (θr )

]

+Lmd

(
if d +

N∑
x=1

ikdx

)[(
ias −

1
2
ibs −

1
2
ics

)
cos (θr ) +

√
3

2
(ibs − ics) sin (θr )

]

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

. (B9)

APPENDIX C

Theorem 1: For synchronous machine with arbitrary number of damper windings, the equivalent resistance matrix Rpd
eq can be

expressed in the form of (12).
Proof: Without loss of generality, a synchronous machine with two damping windings kq1, kq2 in q-axis, one field winding fd

and one damping winding kd in d-axis is assumed. The proof goes through the following five steps:
Step 1: The triple matrix product in (7) is reformulated using the machine resistance and inductance matrices (B2), (B5)–(B8)

into two separate parts, for q- and d-axis components as

Lsr (t)
(
Rr +

2
Δt

Lr

)−1

Lrs(t) = Lsrq (t)
(
Rrq +

2
Δt

Lrq

)−1

Lrsq (t) + Lsrd(t)
(
Rrd +

2
Δt

Lrd

)−1

Lrsd(t). (C1)
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Step 2: The matrix inverse in the first term (the q-axis term) of (C1) can be expressed as

(
Rrq +

2
Δt

Lrq

)−1

=

[
Zlkq1 + Zmq Zmq

Zmq Zlkq2 + Zmq

]−1

. (C2)

The matrix inverse of (C2) can be further solved using Theorem 2 in Appendix D as

[
Zlkq1 + Zmq Zmq

Zmq Zlkq2 + Zmq

]−1

=

⎡
⎢⎢⎢⎢⎣

1 + ZmqZ
−1
lkq2

Zlkq1D2q
− Zmq

Zlkq1Zlkq2D2q

− Zmq

Zlkq2Zlkq1D2q

1 + ZmqZ
−1
lkq1

Zlkq2D2q

⎤
⎥⎥⎥⎥⎦ (C3)

where D2q = 1 +
Zmq

ZlkqΣ2
and ZlkqΣ2 = ((Zlkq1)−1 + (Zlkq2)−1)−1 . (C4)

Using (C2)–(C4), the first term of (C1) can be expressed as

Lsrq (t)
(
Rrq +

2
Δt

Lrq

)−1

Lrsq (t)

=
2
3

L2
mq

ZkqΣ2 + Zmq

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

cos2 θr cos θr cos
(

θr −
2π

3

)
cos θr cos

(
θr +

2π

3

)

cos
(

θr −
2π

3

)
cos θr cos2

(
θr −

2π

3

)
cos
(

θr −
2π

3

)
cos
(

θr +
2π

3

)

cos
(

θr +
2π

3

)
cos θr cos

(
θr +

2π

3

)
cos
(

θr −
2π

3

)
cos2

(
θr +

2π

3

)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (C5)

Step 3: The similar procedure is applied for the second term of (C1) (the d-axis term). The matrix inverse of the second term in
(C1) is expressed as

(
Rrd +

2
Δt

Lrd

)−1

=

[
Zlf d + Zmd Zmd

Zmd Zlkd + Zmd

]−1

=

⎡
⎢⎢⎢⎢⎣

1 + ZmdZ
−1
lkd

Zlf dD2d
− Zmd

Zlf dZlkdD2d

− Zmd

ZlkdZlf dD2d

1 + ZmdZ
−1
lf d

ZlkdD2d

⎤
⎥⎥⎥⎥⎦ (C6)

where D2d = 1 +
Zmd

ZlkdΣ2
and ZlkdΣ2 = ((Zlf d)−1 + (Zlkd)−1)−1 . (C7)

Using (C6) and (C7), the second term of (C1) can be expressed as

Lsrd(t)
(
Rrd +

2
Δt

Lrd

)−1

Lrsd(t)

=
2
3

L2
md

ZkdΣ2 + Zmd

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

sin2 θr sin θr sin
(

θr −
2π

3

)
sin θr sin

(
θr +

2π

3

)

sin
(

θr −
2π

3

)
sin θr sin2

(
θr −

2π

3

)
sin
(

θr −
2π

3

)
sin
(

θr +
2π

3

)

sin
(

θr +
2π

3

)
sin θr sin

(
θr +

2π

3

)
sin
(

θr −
2π

3

)
sin2

(
θr +

2π

3

)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (C8)

Step 4: For the purpose of model derivation, the triple matrix product in the equivalent resistance matrix (7) is defined as a new
matrix A.

Lsr (t)
(
Rr +

2
Δt

Lr

)−1

Lrs(t) = A =

⎡
⎢⎣

a11 a12 a13

a21 a22 a23

a31 a32 a33

⎤
⎥⎦ . (C9)
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Using (C5) and (C8), the elements of A can be represented in terms of machine parameters. Without loss of generality, the first
element a11 is expressed here as an example

a11 =
2
3

L2
mq

ZkqΣ2 + Zmq
cos2 θr +

2
3

L2
md

ZkdΣ2 + Zmd
sin2 θr . (C10)

Substituting the trigonometric identity, sin2 θr = 1 − cos2 θr , the coefficient a11 can be expressed as

a11 =
2
3

(
L2

mq

ZkqΣ2 + Zmq
− L2

md

ZkdΣ2 + Zmd

)
cos2 θr +

2
3

L2
md

ZkdΣ2 + Zmd
. (C11)

Step 5: The constant and rotor-position-dependent terms in the equivalent resistance matrix Rpd
eq (t) can be separated by

substituting (B3) and (C9) into (7). The rotor-position-dependent terms can be combined and further simplified. Without loss of
generality, as an example, the rotor-position-dependent term r11(t) in the first element of Rpd

eq (t) is expressed as

R11(t) = − 2
Δt

LB cos 2θr −
2
3

(
2

Δt

)2
(

L2
mq

ZkqΣ2 + Zmq
− L2

md

ZkdΣ2 + Zmd

)
cos2 θr . (C12)

Substituting the trigonometric identity cos2 θr = 1+cos 2θr

2 into (C12), R11(t) can be expressed as

R11(t) = − 2
Δt

Lmd − Lmq

3
cos 2θr −

2
3

(
2

Δt

)2
(

L2
mq

ZkqΣ2 + Zmq
− L2

md

ZkdΣ2 + Zmd

)
1 + cos 2θr

2
. (C13)

The rotor-position-dependent terms in (C13) can be collected as

R′
11(t) = − 2

Δt

Lmd − Lmq

3
cos 2θr −

1
3

(
2

Δt

)2
(

L2
mq

ZkqΣ2 + Zmq
− L2

md

ZkdΣ2 + Zmd

)
cos 2θr

=
1
3

(
ZkqΣ2Zmq

ZkqΣ2 + Zmq
− ZkdΣ2Zmd

ZkdΣ2 + Zmd

)
cos 2θr =

1
3
(
Z ′′

q − Z ′′
d

)
cos 2θr . (C14)

It is observed in (C14) that R′
11(t) is the same as the rotor-position-dependent term in the first element of the equivalent resistance

matrix (12). The same procedure and conclusion apply to all other elements in the variable term in (12), which completes the
proof.

APPENDIX D

Theorem 2: The analytical inverse of a special matrix (that has self inductances in diagonal and the same mutual inductances in
all off diagonal entries) has the following form:

⎡
⎢⎢⎢⎢⎣

Zlkq1 + Zmq Zmq · · · Zmq

Zmq Zlkq2 + Zmq · · · Zmq

...
...

. . .
...

Zmq Zmq · · · ZlkqN + Zmq

⎤
⎥⎥⎥⎥⎦

−1

M ×M

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 + Zmq (Z−1
lkqΣM − Z−1

lkq1)
Zlkq1DM q

− Zmq

Zlkq1Zlkq2DM q
· · · − Zmq

Zlkq1ZlkqM DM q

− Zmq

Zlkq2Zlkq1DM q

1 + Zmq (Z−1
lkqΣM − Z−1

lkq2)
Zlkq2DM q

· · · − Zmq

Zlkq2ZlkqM DM q

...
...

. . .
...

− Zmq

ZlkqM Zlkq1DM q
− Zmq

ZlkqM Zlkq2DM q
· · ·

1 + Zmq (Z−1
lkqΣM − Z−1

lkqM )
ZlkqM DM q

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

M ×M

(D1)

where DM q = 1 +
Zmq

ZlkqΣM
and ZlkqΣM =

⎛
⎝ N∑

j=1

(Zlkqj )
−1

⎞
⎠

−1

. (D2)

Note: It can be shown that using step-by-step row and column reductions one can obtain the result (D1). The detailed proof is not
included in Appendix D due to space limitation.
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