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Abstract—In this paper, a procedure to design Wide-Area
Damping Controller based on the solution of the Riccati equation
considering uncertainties of the system operation is proposed.
Originally, the method based on Riccati equation does not
consider uncertainties, providing a satisfactory damping only
for the nominal operating condition. In this paper, the resulting
controller presents fixed order, communication time-delays and
it is robust to load, topological variations and time-delays.
Besides, the closed-loop system presents quadratic stability. The
performance of the proposal procedure is evaluated through
the modal analysis and non-linear time-domain simulations of
the Brazilian 7 bus Equivalent Power System Model, an IEEE
benchmark system for small-signal analysis.
Index Terms—Small-Signal Stability, Wide-Area Damping
Control, Wide-Area Measurement Systems, System Uncertainties.

I. I NTRODUCTION
Poorly damped or unstable oscillation modes are an important concern in Small-Signal Stability because they limit the
power flow between areas as well as may cause power system
blackouts [1]. Traditionally, this problem has been successfully
tackled by the use of local controllers at the generators.
However, even well setting local controllers may present
limited performance under topological and load variation for
real-time operating conditions [2].
In recent years, the expansion of wide-area measurement
systems (WAMS) has provided attractive control strategies
in order to minimize the influence of these low-damping
oscillations [3]–[15]. Among several control structures considered for wide-area damping control (WADC), the two-level
control structure presents potential interest in the literature
for power system application [16]. The two-level control
structure presents local controllers and a central controller.
The local controllers, corresponding to the well-known automatic voltage regulator - power system stabilizer (AVRPSS) at the generators, ensure a satisfactory performance. The
central controller ensures the optimization of the global system
performance or stabilizes the power system in situations where
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topological variations or load changes require the re-tuning
of the local control. The main central controller advantage
is to coordinate the low-level controller in order to improve
system-wide performance. Notice that, in this work, despite
the local control is part of the two-level controller, the two
controllers are not designed simultaneously. The local control
is considered already well adjusted by the local utility and
coordinated changes will involve utility agreement which is
not suitable for real-time operation.
There is not a standard method for WADC design. In the
literature, the main methods proposed for WADC design are:
linear-quadratic design (where a Riccati equation is solved)
[3], [4], Linear Matrix Inequalities (LMIs) [4]–[6], Genetic
Algorithms [7]–[12] and Swarm Intelligence [13]–[15]. The
great advantage of methods based on solution of Riccati
equation is that it can be solved even for large-scale systems
[3]. However, the proposed method did not include operating
uncertainties in the control design method. As a result, the controller may not be effective in providing satisfactory damping
for uncertainties, such as topological and load variations, find
out during power system operation.
The main contributions of this paper is the application of
the method based on the solution of the Riccati equation
considering power system operating uncertainties [17]. The
resulting centralized controller presents fixed and low-order
compared with the power system size. The controller is also
robust to load, topological and time-delays variations. Comparing with the previous approach, presented in [3], this method
will reduce the necessity of the central controller retuning
because it considers operating uncertainties in the control
design moment. Modal analysis and non-linear time-domain
simulations are performed for the design validation and performance assessment in the multimachine Southern/Southeastern
Brazilian equivalent power system.
The paper is organized as follows: section II presents the
power system modeling, the time delay model and control
structure; section III present the proposed procedure based on
Riccati equation considering operating uncertainties; section
IV evaluates through modal analysis and non-linear timedomain simulation the resulting controllers of the original and

proposed procedure; section V presents the conclusions.

D. Closed Loop System

II. S YSTEM M ODEL
A. Power System Modeling
The power system model is linearized around a nominal
operating point and it is defined by [1]:
ẋ = Ax + Bu
y = Cx

(1)
(2)

where x, u and y are the state, input and output vectors
respectively.
B. Time Delay Model
A second order Padé approximation [18] is used to represent
the time delay model. Its transfer function is
6 − 2T s
Gd (s) =
6 + 4T s + (sT )2

(3)

where T is the time delay. The state space equations are
ẋd = Ad xd + Bd ud
yd = Cd xd + Dd ud

(4)
(5)

where xd is the delay state vector, ud is the input vector, yd
is the output vector and
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1 − T4
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Cd = 0 1
Dd = 0
(7)


x xi xi where subscripts i and o
Defining x̄ =
denote the input and the output delays respectively, the state
space system is given by
x̄˙ =Āx̄ + B̄udi
ydo =C̄x̄
where the matrices Ā, B̄ and C̄ are


A
BCdi
0
0
Adi
0 
Ā = 
Bdo C
0
Ado

T
B̄ = BDdi Bdi 0


C̄ = Ddo C 0 Cdo

(8)
(9)

(10)
(11)
(12)

C. Controlled System
We use the following structure to design a linear dynamic
output feedback controller for the power system model (8-9)
ẋc = Ac xc + Bc uc
yc = Cc xc + Dc uc

(13)
(14)

where xc is the controller state vector, uc is the vector of
stabilizing signals, yc is the vector of controller outputs.

Using (10-12) to represent the power system with time
delays and including the dynamical compensators given by
(13-14), the closed loop system can be represented by

 


Ā + B̄Dc C̄ B̄Cc
x̄
x̄˙
=
(15)
Bc C̄
Ac
xc
ẋc
Defining the matrices




Ā B̄Cc
B̄ 0
Aa =
Ba =
(16)
0
Ac
0 I



T
Ca = C̄ 0
Ga = −Dc −Bc
(17)
 T
T
x
xc T
, an
and the augmented state vector xa =
augmented system can be defined by
ẋa =Aa xa + Ba ua
ya =Ca xa

(18)
(19)

and the controlled system given by (15) corresponds to the
augmented system given by (18-19) with the output feedback
ua = −Ga ya or ua = −Ga Ca xa . If the canonical observability form is used to represent the controller in (13-14) and
if the poles of the controller are fixed, matrices Aa , Ba and
Ca are known. Matrices Dc and Bc , corresponding to the gain
and zeros of the central controller must be determined from
the static output gains. Therefore the dynamic compensator
problem is reduced to a constant output feedback problem [3].
III. C ENTRALIZED C ONTROL D ESIGN
A. Original Design Method
In [3] is presented a procedure to design a central controller
using Linear Quadratic Regular (LQR) and the solution of the
Riccati equation. This procedure takes into account on the
resulting control strategy the existence of practical structural
constraints, such as decentralization and output feedback.
Notice that the output feedback constrain is the only relevant
one for the two-level control scheme.
The method main goal is to determine a time-invariant
feedback gain matrix such that the closed loop system satisfies
the power system damping requirements. In order to solve it,
a quadratic objective function is minimized (LQR Problem)
[19], that is
Z
1 ∞
(xa T Qxa + ua T Rxa )dt
(20)
J(xa , ua ) =
2 0
where the positive definite matrix R and the semi-definite
positive matrix Q are weighting matrices. In [3], R was chosen
as an identity matrix and Q was chosen as a diagonal matrix
with states associated to low damped oscillation modes. The
states associated with the low damped modes are strongly
weighted.
The solution of the structurally constrained optimal control
problem is obtained through the Generalized Riccati Equation
Aa T P + PAa − PBa R−1 Ba T P + Q + LT RL = 0 (21)

where L is a matrix which is used to include the structural
constraints. Notice that, if the matrix L is set equal to zero
(L = 0) the equation (21) becomes exactly to the original
Riccati equation (centralized control and state feedback).
B. Design Method Considering Uncertainties [17]

ẋa = (Aa0 +

(22)

N
N
1 X
1 X
Aaj )xa + (Ba0 +
Ba )ua (23)
N j=1
N j=1 j

where Aa0 and Ba0 are the nominal operating point and ∆Aa
and ∆Ba represent the uncertainties.
Besides, the uncertainties of the system can satisfy the following matching conditions ∆Aa = Ba G and ∆Ba = Ba H
[17]. These uncertainties can be included in the matrices R
and Q of the original design method [3]. For the uncertainties
described in (22) the matrix R is chosen as [17]
R = γI =

β
I
σ

(29)
(30)

Step 9: Solve the Riccati equation

Consider the system (18-19), the uncertain large-scale interconnected system composed of N uncertain subsystems can
be written as [17]
ẋa = (Aa0 + ∆Aa )xa + (Ba0 + ∆Ba )ua

Step 8: Set k = k + 1 and calculate
h
i
Lk =R−1 Ba Pk−1 I − Ca T (Ca Ca T )−1 Ca

1
1 + H̄ 2 LTk Lk
Qk =Q0 +
η

(24)

Aa T Pk + Pk Aa − Pk Ba R−1 Ba T Pk + Qk = 0

(31)

Step 10: If ||Lk − Lk−1 ||e < , go to the Step 11, otherwise
go to the Step 8;
Step 11: Calculate K = R−1 Ba T Pk−1 − Lk and Ga =
KCa T (Ca Ca T )−1 ;
Step 12: Determine Bc and Dc through

T
Ga = −Dc −Bc
(32)
IV. A PPLICATION R ESULTS
The proposal procedure based on Riccati equation were applied in an IEEE benchmark system for small-signal analysis:
the Brazilian 7 bus Equivalent Model [20], shown in the Fig. 1.
This power system model presents 5 synchronous generators
of fifth-order and the same AVR model with limiters for all
generators. A washout filter with a time constant of 10 seconds
were used in the inputs of the decentralized and centralized
controllers.

where
σ = (1 + 2η)
η > 1 is a real scalar number

β = min[λmin HT + H + I]
and
Q  GT G +


1
1 + H̄ 2 LT L
η

(25)

where
H̄ = max ||H||

(26)

C. Proposal Procedure
Step 1: Define the order and the poles of the controller and,
then, build the matrices Ac and Cc in the canonical form;
Step 2: Define the time delays and build the matrices Aa , Ba
and Ca for all N operating points and define  > 0;
Step 3: Determine ∆Aa and ∆Ba from the set of N
operating points:
N
1 X
∆Aa =
Aai
N i=1

(27)

N
1 X
Ba
N i=1 i

(28)

∆Ba =

Fig. 1. Brazilian 7 bus Equivalent Model [4], [21].

Table I presents the open-loop system dominant oscillation
modes (without any controller) of this power system for an
operating nominal condition. As can be seen, there are two
inter-area modes.
TABLE I
O PEN -L OOP S YSTEM D OMINANT O SCILLATION M ODES

T

Step 5: Calculate G = (|Ba |T |Ba |)−1 |Ba ||∆Aa | and H =
(|Ba |T |Ba |)−1 |Ba T ||∆Ba |;
Step 6: Define η > 0, r > 0, ρ > 0 and calculate R as (24)
and Q0 = rGT G + ρI;
Step 7: Define k = 0 and L0 = 0 and solve the Riccati
equation Aa T P0 + P0 Aa − P0 Ba R−1 Ba T P0 + Q0 = 0;

Mode

Eigenvalue

Frequency (Hz)

Damping (%)

1

0.64 ± 5.39i

0.86

-11.9

2

−0.22 ± 5.87i

0.93

3.84

In order to stabilize and improve the system minimum
damping, the reference [20] designed four PSSs placed in
four generators: Foz do Areia, Salto Santiago, Salto Segredo
and Itaipu. Table II, row 1 provides the decentralized control

dominant oscillation modes with these designed PSSs. As can
be seen, the damping ratio is higher than 5% (safe condition
[22]) for this nominal operating condition.
However, if we consider some contingencies in this nominal
operating condition such as a typical daily load variation
(±46% of base load) and topological changes (transmission
lines disconnections (1-3) and (2-3)) resulting in 72 different
operating conditions, the decentralized control dominant oscillation modes are presented in Table II, row 2. As you can see,
the closed loop system with PSSs presents unstable modes of
1.71%. This operating point is −46% of the base case load
and without the transmission line (2-3) and will be called the
worst case (WC).
TABLE II
D ECENTRALIZED C ONTROL D OMINANT O SCILLATION M ODES
Case

Eigenvalue

Frequency (Hz)

Base [3]

−0.33 ± 5.20i

0.82

Damping (%)
6.39

Worst of 72

0.09 ± 4.96i

0.79

-1.71

Then, we must design a robust central controller, considering the 72 points of operation that were linearized (Aai , i =
1, ..., N, N = 72), ensuring a minimum damping of 5%.
Besides, the central controller must present robustness to time
delay variation. To do this, the 72 operating points were
considered to obtain the uncertainty matrix ∆Aa , eq. (27).
Estimated time delays of 200 ms were introduced for the two
methods at the system inputs and outputs, resulting in a total
time delay of 400 ms. However, for the proposed procedure
time delays of 100 and 300 ms were also considered to obtain
the matrix ∆Ba , eq. (28).
Two control designs are realized: without operation uncertainties (Not Robust LQR, NR-LQR), using the method presented in [3], and considering system operation uncertainties
(Robust LQR, R-LQR), proposed in this paper. The difference
between the two methods is the choice of the matrices R and
Q. The designed controllers have 4 inputs (generators speed
deviation of the bars 1 to 4) and 4 outputs. The parameters of
the procedure were:  = 0.02, η = 200, r = 5 and ρ = 0.01.
The controller order was 3 and the three poles equal to −10.
The resulting central controller are presented in (33).
A. Robustness to Load and Topological Variations
Table III provides the minimum damping modes of the
closed loop system with the centralized controllers designed
by the two methods for two operating points: the base case
(BC) (Table II, row 1) and the worst case (WC) (Table II,
row 2) considering a time delay of 200 ms. In [3], a central
controller was designed for the nominal operating point and
considering a time delay of 200 ms.
Non-linear time-domain simulations were carried out in the
power system with the two designed central controllers using
ANATEM software [23]. A temporary three-phase short-circuit
of 30 ms was applied at bus 4 (Itaipu) and cleared without
any switching for the two operating points. The angle and

TABLE III
M INIMUM DAMPING M ODES OF THE C LOSED -L OOP S YSTEM
WADC

WITH

Case

Method

Eigenvalue

Freq. (Hz)

Damping (%)

BC

R-LQR
NR-LQR

−1.71 ± 13.68i
−0.49 ± 5.02i

2.18
0.80

12.45
9.65

WC

R-LQR
NR-LQR

−0.45 ± 4.69i
−0.13 ± 4.82i

0.75
0.77

9.46
2.77

field voltage of the generator 4 (Itaipu) for the base case are
presented in the Figs. 2(a) and 2(b), respectively. The angle
and field voltage of the generator 4 (Itaipu) for the worst case
are presented in the Figs. 2(c) and 2(d), respectively. The RLQR controller provided better damping in the angle response
than the NR-LQR controller for the operating points of Table
III.
B. Robustness to Time Delay Variation
Table IV provides the minimum damping modes of the
closed loop system with the centralized controllers designed
by the two methods for one operating point: the worst case
(WC) (Table II, row 2) considering a time delay (T) of 100
and 300 ms. As you can see, the damping of the closed-loop
system is higher than 5%, considered safety [22], when the
central controller is designed by the R-LQR method.
TABLE IV
M INIMUM DAMPING M ODES OF THE C LOSED -L OOP S YSTEM
WADC

WITH

T (ms)

Method

Eigenvalue

Freq. (Hz)

Damping (%)

100

R-LQR
NR-LQR

−0.67 ± 12.16i
0.03 ± 4.72i

1.93
0.75

5.53
-0.55

300

R-LQR
NR-LQR

−0.32 ± 5.64i
−0.17 ± 5.15i

0.90
0.82

5.68
3.30

Non-linear time-domain simulations were carried out in the
power system with the two controllers. A temporary threephase short-circuit of 30 ms was applied at bus 4 (Itaipu) and
cleared without any switching. The angle and field voltage
of the generator 4 (Itaipu) for the worst case and T = 100
ms are presented in the Figs. 3(a) and 3(b) respectively, and
for T = 300 ms are presented in the Figs. 3(c) and 3(d)
respectively. The R-LQR controller provided better damping in
the angle response than the NR-LQR controller for time delay
variation. The angle and field voltage responses for NR-LQR
are unstable when T = 100 ms.
V. C ONCLUSIONS
The paper main goal was to propose and apply a procedure
based on Riccati equation considering power system operation uncertainties such as load, topological and time delay
variations. The controller order is fixed to allow practical
applications. The procedure is an improvement of the method
presented in [3]. Based on the achieved results, the controller






CC(s) = 

19.1s3 +572.6s2 +5726s+19090
s3 +30s2 +300s+1000
−5.7s3 −171.1s2 −1711s−5704
s3 +30s2 +300s+1000
−8.0s3 −238.9s2 −2390s−7965
s3 +30s2 +300s+1000
−23.3s3 −698.3s2 −6984s−23280
s3 +30s2 +300s+1000

39.4s3 +1183s2 +11830s+39420
s3 +30s2 +300s+1000
−29.5s3 −884.1s2 −8841s−29470
s3 +30s2 +300s+1000
−17.3s3 −520.2s2 −5202s−17340
s3 +30s2 +300s+1000
−10.7s3 −320.4s2 −3204s−10680
s3 +30s2 +300s+1000

6.6s3 +132.4s2 +666s+13.08
s3 +30s2 +300s+1000
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−17.9s3 −537.4s2 −5374s−17910
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s3 +30s2 +300s+1000
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(c) Angle of Itaipu for the operating point of Table III, row 2.

(d) Field voltage of Itaipu for the operating point of Table III, row 2.

Fig. 2. Non-linear simulations with T = 200 ms.

designed by the current proposal procedure provided better
performance for operation uncertainties than the original design method. The damping of all modes was significantly
improved by the controller designed considering uncertainties.
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[18] M. Vajta, “Some remarks on padé-approximations,” in Proceedings of
the 3rd TEMPUS-INTCOM Symposium, 2000.
[19] J. C. Geromel and P. L. D. Peres, “Decentralised load-frequency control,”
IEE Proceedings D Control Theory and Applications, vol. 132, no. 5,
pp. 225–230, 1985, doi: 10.1049/ip-d.1985.0039.
[20] N. Martins and L. T. G. Lima, “Eigenvalue and frequency domain analysis of small-signal electromechanical stability problems,” in Proceedings
of the IEEE Symposium on Application of Eigenanalysis and Frequency
Domain Method for System Dynamic Performance, 1989, pp. 17–33.
[21] D. Dotta, “Controle Hierárquico Usando Sinais de Medição Fasorial Sincronizada,” Ph.D. dissertation, Universidade Federal de Santa Catarina,
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