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Nowadays, power quality (PQ) analysis is having more relevance in the operation of power systems due
to the increase of power quality events and disturbances. Those disturbances are related to the inter-
connection of renewable energy generators, and to the highly non-linear characteristics of the load,
among others. There is a need of having knowledge about the nature of the PQ disturbances and about
the mathematical approaches that describe the PQ disturbance. This paper presents the development of
a structured methodology in combination with a mathematical model, intended for describing wave-
forms that contain simultaneous PQ disturbances. The validation process is made by fitting the proposed
model to standard reference waveforms along with field recorded waveforms. The proposed mathemat-
ical model is capable of being adjusted in order to reproduce waveforms that contain simultaneous PQ
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disturbances. Five study cases are presented in order to test the proposed methodology.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

During the last decades, power quality (PQ) analysis on power
systems has significantly increased due to its relevance for oper-
ational issues like power system stability and propagation of PQ
related effects in the grid. It is especially relevant when utilities
want to preserve both the quality and the stability in the supply of
electric energy, having special interest in the development of novel
methods for accurately measuring the value of some power qual-
ity indexes (PQI) [ 1-3]. Typically, for almost every methodology in
topics related to PQ analysis such as: detecting, classifying, moni-
toring or measuring power quality disturbances (PQD), it has been
necessary to develop mathematical models for analyzing specific
disturbances [4-8]. Those models can be abstracted as mathemat-
ical representations of a limited number of disturbances or PQ
phenomena in a single event; in that sense, it could be said that
the models are partial solutions for particular research problems
and they are based on the nature of a specific disturbance, i.e. sags
[9], swells [10], harmonics [11,12], flickers [ 13], etc. There are many
specific models for several different PQD that allow the simulation
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or classification of these disturbances on power systems [14]; yet,
little has been reported to propose a single, structured and unified
mathematical model for a broader description of simultaneous PQ
phenomena for different stages on power systems. In other words,
only very few approaches combine different phenomena in a single
model, solving specific targets in PQ analysis, even when there is
evidence that different PQD occurs simultaneously on power sys-
tems [15,16]. Most of the proposed models are specific to a single
PQD and those that combine some PQD are partial models focused
in the specific phenomena of research.

There are approaches developed for classifying or monitoring
many PQD [2,3,17,18] by using well-defined mathematical models;
however, those models have been designed for partial and partic-
ular representations of specific PQD. In the same way, there are
standards devoted to PQ matters [4-8], where there can be found
definitions, performance tests, benchmarking and even specific
mathematical models related to PQ phenomena. These standards
are well known in the scientific community and they are widely
used in the electric industry. The aim of most PQ standards is to
establish the operational limits for voltage stability on power sys-
tems in presence of disturbances. Nevertheless, standards do not
establish limits for the electric current waveform, mostly because
of its high sensitivity to the load, which cannot be generalized,
even when the current waveform is typically more distorted than
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the voltage waveform on a given power system. Most analyses
are made to comply with the voltage waveform standards, mak-
ing difficult to truly represent the non-stationary behavior of the
current waveform by using specific voltage-related mathematical
models. The standards present PQ phenomena models by separat-
ing disturbances according to their own nature. These phenomena
have been classified in voltage variations (sags and swells), fre-
quency variations, signal distortion (harmonics, inter-harmonics,
amplitude modulation, etc.), sensorial perception (flicker), addi-
tive noise, high-frequency spurious signals, and transients, among
others. Some of these PQD are related to connection and intercon-
nection of renewable generation systems to the main grid, some
others are related to non-linear loads that are continuously switch-
ing, affecting voltage and current waveforms equally; somehow
making measuring, and classifying PQD more complicated [19].
Some reported approaches of PQ analysis have used computational
simulations based on mathematical models as a way to represent
real waveforms in order to set up algorithms for power quality
analysis [20,21]; yet, those approaches are capable of only par-
tially represent PQD, pointing out the need of more detailed models
for signal processing. For instance, in [22,23] computational tools
for PQ analysis are presented and discussed. In [23] a novel syn-
thetic reference waveform was designed for synchrophasor-related
applications; this waveform was designed and coded using a real-
istic scenario on power systems including harmonic distortion,
unbalance, inter-harmonics, oscillatory behavior of voltage ampli-
tude, and modulations in amplitude and phase, among other, but
the approach to the mathematical model is not shown, only the
temporal description of simultaneous PQD in order to reproduce
the testing waveform. Recent approaches [23] show the trend of
combining two or more PQD at the same time, being realistic in
comparison with a real power system; the abstraction and analy-
sis of two or more simultaneous PQD can be complex, and typically
depends on the nature of the PQD and the state of the power system,
being necessary to develop a complete organized mathematical
model that includes different types of PQD simultaneously.

There is a need to use an organized mathematical model
that truly represents those PQD found in real power systems.
For instance, in [24] a methodology for generating and vali-
dating synthetic waveform for power quality disturbances has
been described. Regarding synthetic waveform generation, there
are three main methodologies for reproducing electric wave-
forms in digital ways, using commercial software such as: (1)
PSCAD/EMTDC; (2) ATP/EMTP, and (3) Matlab/Simulink. Especially
in [24] a methodology based on Matlab/Simulink for simulation of
faults on a distribution power system was detailed. The selected
disturbances covered five scenarios: voltage amplitude varia-
tions, harmonics, interruptions, oscillatory transients and pure
sine waveforms. The methodology includes the use of paramet-
ric equations and simulation of events in a given power system
using Simulink. This work aims at developing computational tools
that are more realistic for synthetizing digital waveforms, yet, the
mathematical foundations for having a unified model for PQ is not
developed and it does not take into account the non-stationary case
for waveform generation, being a good research topic for PQ anal-
ysis either for synchrophasor dynamic algorithms research or for
designing better instruments for detecting, classifying and moni-
toring PQD in power systems. There are other approaches based on
statistical measurements, distribution system modeling and Monte
Carlo techniques for PQD simulation [25], but those approaches
only approximate PQD in stationary state for non-sinusoidal and
unbalanced conditions, this was intended to calculate PQI from a
statistical point of view, unlike to develop a reference generator of
PQD waveforms.

There is a lack of published works intended for developing
PQD analytical models that are capable of representing single dis-

turbances for stationary or non-stationary scenarios, as well as
representing the combination of several disturbances occurring
simultaneously. It is desirable to have a unified mathematical
model, which is capable of representing a wider spectrum of PQD
and phenomena, present in the generation, the transmission and
the distribution of power systems, accurately. Even more, by using
this abstraction it is possible to synthetize accurate digital PQD
waveforms for PQ analysis using computational tools.

In this work, a novel methodology for modeling PQD on power
systems is presented. It is aimed for improving the mathematical
background required in the analysis, classification and synthesis of
PQD on power systems. The approach is based on a unified math-
ematical basis for representing a wider range of disturbances than
most models have present to date. Also, it is shown that the devel-
opment of this particular capability is possible by structuring the
model into five main stages; one for modeling the steady-state
amplitude-related disturbances including harmonic distortion, a
second one for modeling frequency and phase changes of the funda-
mental frequency and its harmonics, which represents the dynamic
behavior of the fundamental frequency. A third one for modeling
non-correlated phenomena such as interharmonics; a fourth one
for describing transients and finally a section for additive noise with
both, Gaussian noise and colored noise. The process for validating
the proposed methodology consists in the creation step-by-step
of a waveform that contains several simultaneous PQD using the
proposed mathematical model and the methodology developed in
this work. Additionally, a direct comparison of accuracy against dif-
ferent standard recorded waveforms are carried out; for instance,
in the case of waveforms used in working groups in international
standards [26], by the use of waveforms stated in international
standards [27], by using a set of reference waveforms developed in
different National Metrology Institutes (NMI) worldwide [28-30],
by using a recorded event in a real power system and finally by
reproducing simultaneous non-stationary events and disturbances
in a single synthetic waveform. All those scenarios allow comparing
the performance of the developed model as a waveform genera-
tor; providing an assessment of accuracy and performance for this
novel methodology of reproducing simultaneous PQD based on a
structured mathematical model. The main potential application is
located as an accurate generator for synthetic waveforms (bench-
marking) in order to set up and testing signal processing algorithms
in PQ analysis, monitoring, classifying, filtering and even for testing
synchrophasor algorithms. It is shown that the proposed mathe-
matical tool is capable of adjusting a mathematical model aiming
to represent a kind of PQD: when the parameters of a given wave-
form are known a priori; and also when the waveform is obtained
from a real recorded sampled signal.

2. Methodology

There are at least three general groups described in the liter-
ature to classify PQD by their nature: (a) amplitude phenomena,
(b) deviations in the fundamental frequency, and (c) transient
events. In general, PQD have been historically classified by their
nature, for instance, amplitude phenomena like swells and sags
being phenomena that affect directly the amplitude of the sys-
tem; and frequency deviations or frequency acceleration being
phenomena particularly related with stability matters. This clas-
sification implies that some efforts have been oriented to achieve
solutions either for amplitude issues, or for frequency deviations, or
for distorted environments, in an almost exclusive way. Highly spe-
cialized algorithms for achieving solutions of measuring, detecting
and classifying PQD are commonly set up by the use of mathemat-
ical models for reproducing synthetic waveforms in order to stress
the methodologies for solving a particular issue in a PQ research
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field. Those models are detailed, but they represent just a fraction
of all possible PQD in a real power system.

The aim of this work is to provide a methodology for construct-
ing a mathematical tool that can exhibit some key features such as
high fidelity of representation of PQ events and capability of repre-
senting multiple simultaneous PQD. Some of the advantages of this
approach are: (1) the proposed mathematical model covers a wide
variety of PQD, being possible to simultaneously represent several
PQD; (2) having the proposed model as reference, it is possible to
generate synthetized signals that are more representative in order
to simulate realistic power system environments and finally; (3)
it is possible to tune the mathematical model to obtain a math-
ematical representation of real waveforms that are recorded by
commercial instruments in order to evaluate and validate different
methodologies used in the PQ field. There are commercial options
available in the market for simulation and generation of waveforms
related with PQ events in electric grids; however, those tools are
focused on deliver waveforms of a particular PQ event instead of
delivering the mathematical behavior of a given waveform. In many
cases, for research on PQ topics, a tool for understanding the nature
ofaPQeventis akey element for PQ analysis. The mathematical tool
that is proposed in this work aims to ease the understanding of how
a physical event in a grid can be modeled as a well-known struc-
tured mathematical model. Even more, the mathematical tool is
agile and easy of manipulating in order to generate waveforms that
can be used as reference in PQ analysis. This proposed mathemati-
cal model is not intended for substituting, competing or replacing
any commercial option; furthermore, the proposed mathematical
model may be thought as a well-structured complement of those
available tools.

The methodology used in this work is based on generating a
general parametric mathematical model structured for several PQD
into five groups:

1) Phenomena related to the amplitude of the fundamental fre-
quency and harmonics.

Some of the most significant phenomena of PQD are related to
the amplitude of the fundamental frequency, including phenom-
ena related to low frequency oscillations in amplitude, amplitude
distortions, sags, swells, and interruptions. PQD related to ampli-
tude are directly correlated with faults among lines to ground, by
sudden changes in the load, non-linear loads, or unbalanced con-
ditions. These PQD are all correlated to the fundamental frequency
and its harmonics. Eq. (1) states the first approximation x; (t) of the
proposed mathematical model for the amplitude-related PQD:

N
x(t)=A- [1 +5(t)] cos (angt + 91) + Zah (t)cos (2nhfot+(-),,) (1)

h=2

where A is the peak value of the amplitude, §(t) is a time
dependent function that represents events associated to amplitude
disturbances such as oscillations, swells, sags and interruptions.
The value of the fundamental frequency is fp, 61 is the value of the
phase for the fundamental component, whereas t is the indepen-
dent variable for time. h is the index value of the h-th harmonic
up to N. ai(t) is the time-dependent amplitude factor for the h-th
harmonic component correlated to the fundamental and 6}, is the
h-th harmonic phase value. For the first approximation model, the
fundamental frequency fp, the phase of the fundamental compo-
nent, and the phase of each harmonic component 6, are considered
constants.

2) Phenomena related to the fundamental frequency with changes
in frequency and phase.

Other significant group of PQD is related to variations in the fun-
damental frequency and its harmonics. These variations are closely
related with stability in power systems, and they are originated by
changes in the balance of power flux as well as dynamic changes
in the electric characteristics of the load. The PQD associated to
fundamental frequency are low-frequency phase modulation, sud-
den changes in the phase (jumps) and acceleration of the frequency,
for instance linear chirps. Eq. (2) represents the second approxima-
tion x, (t) of the proposed mathematical model for time-dependent
amplitude, frequency and phase.

N

X2 (£)=A- [Ha(r)] cos [27rfo(t)t+91(t)} +Zah(t)cos [2nhfg(t)t+0,,(t)]

)

whereA, §(t), ap(t) and t are the same thanin Eq.(1). fo(t)isatime
dependent function that represents frequency changes (sinusoidal,
square, etc.), #1(t) models phase changes such as low-frequency
oscillations, phase jumps, etc.; h is the index value of the h-th har-
monic up to N. 6p,(t) is the h-th harmonic phase value for the h-th
harmonic component correlated to the fundamental, which is a
time dependent function that is useful for representing dynamic
behavior of harmonics. The main difference between Eq. (1) and
Eq.(2)is directly related to frequency and phase components in the
fundamental and its harmonics. In Eq. (2) the phase and frequency
are not constant components, allowing to abstract phenomena such
as fluctuant harmonics or non-stationary behavior.

3) Stationary phenomena non-correlated to the fundamental fre-
quency.

Nowadays, the implementation of smart grids, which intercon-
nects renewable energy sources to traditional power systems, is
source of PQD that are non-correlated with the fundamental fre-
quency. For instance, the non-linear power electronics devices used
in AC-DC inverters generate some additive spurious signals such as
high frequency interharmonics, typically frequencies around 1 kHz.
Other sources of high frequency components are those related to
non-linear loads. Eq. (3) represents the third approximation x3 (t) of
the proposed mathematical model for non-correlated components
to fundamental frequency.

K

x3(0)=x2 () + Y _bi(6)cos[2fi (€)E + i (0)] (3)
k=1

where x;(t) it is the same than Eq. (2). k is the index value of the
k-th non-correlated component up to K. fi.(t) is the frequency value
of the k-th component that is typically not an exact multiple of
the fundamental frequency, by(t) is the time-dependent amplitude
factor for the k-th component non-correlated to the fundamental
and ¢ (t)is the time-dependent function regarding to the k-th non-
correlated component phase value.

4) Transient phenomena.

PQD of very short duration is typically known as transient
phenomena. The transients may be thought as components of
high frequency that appear only during a short period; often the
transients have a very fast decaying component. The way as the
transient decays can be either in combination with oscillatory
behavior having a high frequency component or in the presence
of a flat noisy notch waveform. Transient phenomena are com-
mon during switching conditions when different types of loads
are connected or disconnected in a given node in a power system.
Transients can be simplified as very fast variations in short periods
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defined by two time marks. Eq. (4) includes all the PQD defined
above in Egs. (1)-(3), and adds the short time transients.

M
X () =x3(6)+ > cm [u(t—am)—u(t—pm)]
m=1

e[ (-5)] - cos (27fint + Yrm) (4)

where t and x3 (t) is the same as Eq. (3). u(t) is the Heaviside step
function, o, defines the time value when the transient starts, Bm
defines the time value when the transient ends. m is the index value
of the m-th transient up to M. ¢, is the amplitude factor for the m-th
transient, fr, is the frequency value of the m-th transient, ¥, is the
phase value of the m-th transient. Both, f; and ¥, are considered
constant in the proposed models. Finally, T, is the decay rate value
of the transient.

5) Additive random noise, Gaussian and non-Gaussian.

Some additive components cannot be classified as correlated
phenomena or as non-correlated phenomena; yet, they are present
in electric power systems. For instance, in [14] and [31] situa-
tions and events where random behavior affects a power system
are depicted. Some events that produce additive noise have been
identified, such as starting and operating large arc furnaces, elec-
tromagnetic interference or by connecting non-linear loads. Eq. (5)
states the fifth approximation xs (t) of the proposed mathematical
model for additive random noise:

X5 (t) = x4(t) +n(t, X0, o)+ (t) (5)

Where t and x4 (t) is the same that Eq. (4). The random phenom-
ena is classified and abstracted in two time-dependent functions,
first n(t,xo,0) that represents the random Gaussian additive noise,
defined with a mean value xq, and a standard deviation, o. On the
other hand, p(t) is the term associated to colored additive noise or
additive components with a probability function different from the
Gaussian.

2.1. Construction of the proposed mathematical model for PQD

The complete mathematical model proposed in this work is
shown in Eq. (6), which is able to depict a combination of several
PQD. Based on the proposed model itis possible to synthetize wave-
forms that are similar, from a mathematical viewpoint, to those
recorded inreal power systems. Eq. (6) has been constructed adding
consecutively from Eq. (1) up to Eq. (5) plus a DC term, Xpc; mod-
eled as a constant value and superimposed to the other terms. Eq.
(6) summarizes a wide number of different PQD, allowing repro-
ducing waveforms, synthetically, which can be used as reference
for PQ analysis.

Another feature of this methodology is that it is possible to pro-
gram a kind of PQ event to appear in the waveform at a given time,
indexing several PQD. In the traditional approach it is common to
find parametric solutions, but in a single and separated way. With
the proposed methodology, it is also possible to generate accurate
benchmarking digital signals for several applications related to PQ
issues.

in a real power system; the field is still open for adding other kind
of events, the only requirement it is that these events can be model
in a parametric equation.

3. Model validation

This section presents the construction of a synthetic waveform
using the model from Eq. (6) in order to validate the proposed
methodology and also to show the procedure for generating the
desired PQD in the model. The proposed methodology stated in
Section 2 is capable of reproducing a wide range of different PQD,
and the developed example shows how a waveform is constructed
using the methodology. The methodology starts by defining a basis
fundamental signal where the PQD are incorporated sequentially.
Once the fundamental waveform is defined, the methodology is
applied in five steps. During each step, some PQD are added to the
waveform in concordance with Eqgs. (1)-(6) as follows: (1) In the
first step three harmonics are added; (2) in the second step, ampli-
tude disturbances are added, specifically a sag event and a swell
event; (3) at the third step, three non-correlated interharmonics are
added; (4) in the fourth step, an oscillatory transient is aggregated;
(5) and finally, in the fifth step, Gaussian noise is added.

In this example, the fundamental signal used as basis is a pure
sinusoidal waveform as stated in Eq. (7)

Xq(t)=A- cos [27tfot + 6] (7)

where X, (t) stands a single tone resulting waveform; A represents
the amplitude of the waveform, fj is the constant fundamental fre-
quency value, and 6 is the value of the phase given in rads. The
independent time variable is expressed with the t variable. At this
point of the methodology, the amplitude A and the phase 6 are con-
stants. The values used in this example are: A=1.0, fy=60Hz, and
0=0.0 rads.

At the first step of the methodology, it is added harmonic distor-
tion to the fundamental signal x, (t) in equation Eq. (7), resulting
the analytical expression of Eq. (8)

N
xb(t)=xa(t)+2ah cos [27hfot + 6] (8)
h=2

where x, (t) stands a fundamental frequency waveform with har-
monic distortion; h is the index related with the h-th harmonic
value, N is the value of the higher order harmonic; a; represents
de values of amplitude of each harmonic, 6, represents the val-
ues of phase of each harmonic, and fj is the constant fundamental
frequency value.

For the present example, only three harmonics are chosen. The
harmonic distortion contains values for at the 3rd, 5th, and 7th har-
monics of the fundamental. The numerical values for the harmonic
components are: N=7; a; =a4 =ag=0; a3 =0.05; a5=0.1; a; =0.05;
63 =0.7853 rads; 05 =1.5708 rads; 67 =—0.7853 rads. For even har-
monics a zero rads value is assigned. The Fig. 1 shows the resulting
waveform x(t).

The second step is related to the amplitude phenomena. Two
amplitude disturbances events are added to the x, (t) waveform; a
sag event, and a swell event. The analytical expression that repre-

X() = Xpc +A- [143(0)] {cos [27fo (£) € + 61 (1)] +h% ay (t)cos [272fo (£)t + 6 (1)) } +k§1bk(t)cos (27 (6t + @1 (0)]

=2

+ % Cm [u(t—am)—u (t—ﬁm)} e[(%)] . cos (anmt—i-wm) +n(t, Xg, o)+ () (6)

m=1

The model of Eq. (6) is one of the most complete to date regard-
ing PQ analysis. The model is not intended to cover all PQD present

sents this addition is stated in Eq. (9).
Xe (£) =%, (1) - [1+8(1)] 9)
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Fig. 1. Firststep of the construction of a signal with several PQD: fundamental signal
at 60 Hz plus harmonic distortion at the 3rd, 5th, and 7th harmonics, x;, (t).
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Fig. 2. Second step of the construction of a signal with several amplitude-related
PQD are added in the form of a Sag and a Swell.
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Fig.3. Third step of the construction of a synthetic signal with several PQD: Append-
ing non-correlated interharmonic distortion, x4 (t).

where §(t) represents the changes in the amplitude of the wave-
form. Eq. (10) shows the behavior of the amplitude during the
construction of the waveform x. (t).

8(t) = —Asag - [u (t — atsag) +u (t = Bsag) | + Aswelr

[u(t_aswell)"‘u (t_ﬂswell)] (10)

where Agqg is the reduction of the amplitude in the resulting wave-
form due to a sag event. A, is the increment of the amplitude in
the resulting waveform due to a swell event. asqz represents the
initial time of the sag event, Bsq¢ represents the final time mark of
the sag event. For the swell event, oy, stands for the initial time,
and By is final time mark.

The numerical values for this experiment are: Agqg=0.5;
Agwen =0.3; 0tsqg =0.18; Bsag =0.25; Olgyen =0.3 S Bgyenn =0.4s. Fig. 2
shows the resulting waveform x. (t) for the second step.

The third step includes phenomena that are non-correlated to
the fundamental frequency, such as interharmonic distortion. This
interharmonic distortion is added to the resulting waveform of the
latter step, x¢ (t). The analytical expression for this step is addressed
in Eq. (11)

K

Xa(0) = Xe () + ) _becos [2fit + @] (11)
k=1

where k is the index related with the k-th interharmonic value,
K is the value of total interharmonics; b; represents de values of
amplitude of each interharmonic, ¢, represents the values of phase
of each interharmonic. f; represents each interharmonic frequency
value.

Interharmonic distortion is included in the form of three fre-
quencies at the 1, 2 and 3 kHz range, which are not correlated to
the fundamental frequency as shown in Fig. 3. The numerical values
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Fig. 4. Fourth step of the construction of a synthetic signal with several PQD: Addi-
tion of an oscillatory transient, x (t).
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Fig. 5. Final step of the construction of a signal with several PQD: Addition of Gaus-
sian noise, x; (t).

for interharmonic distortion are set to: K=3; b; =0.076; b, =0.057;
b3 =0.038; @1 = ¢, = 3 =0.0rads. The interharmonic frequencies, fj,
are set to 1.025, 2.050, and 3.075 kHz.

The fourth step in the method includes an oscillatory transient.
Eq. (12) states this new addition to x4 (t).

Xe ()= x4 (6)+ {em [u(t —am) —u (t = Bm)] -
e[(*%)] - COS (anmt+1//m)} (12)

where t and x4 (t) is the same that Eq.(10) and Eq. (11) respectively.
u(t) is the Heaviside step function, o, defines the time value when
the transient begins, 3, defines the time value when the transient
ends. ¢y is the amplitude factor for the transient, fi, is the frequency
value of the transient, /1, is the phase value of the transient. Finally,
Tm is the decay rate value of the transient. The values are set as fol-
lows: a;m=17.236 ms; Bm=17.363ms; f, =3 kHz; c¢n=0.3; ¥, =0
rads; T, =1.2728 ms. Fig. 4 illustrates the resulting waveform x,(t).

At the fifth and final step, Gaussian noise is added to the resulting
waveform of this example, x. (t). The analytical expression for the
final waveform is stated in Eq. (13).

Xr (£) = Xe +n(t, X0, 0) (13)

The Gaussian noise function is defined by two parameters: a
mean value xg and its standard deviation o. For sake of simplicity,
the mean value is equal to 0.0 and the standard deviation is set
in 0.20. Fig. 5 depicts the final waveform that combines several
simultaneous PQD according to the proposed methodology.

The resulting waveform is constructed by using a structured
method that is able of generating simultaneous PQD in a single
waveform. The resulting waveform can get a different behavior if
the parameters of Eq. (6) are adjusted with different numeric val-
ues. The method provides a simple and practical way of modeling
waveforms with simultaneous PQD similar to those existent in real
power systems.

4. Standard definitions of PQD and its modeling

Three waveforms described in international standards are
selected in order to assess the capability of the proposed model to
reproduce some parametric reference waveforms. The definition of
the PQD from each library provides all the information required to
tune the proposed model in Eq. (6).
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Fig. 6. Time-domain representation of the IEC 61000-3-2 reference harmonic-
distorted waveform using the model of Eq. (6).
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Fig. 7. Time-domain representation of the NRC reference library for a harmonic-
distorted waveform using the model of Eq. (6).

4.1. Waveform defined in IEC 61000-3-2 [27]

The international standard IEC 61000-3-2 [27] contains limits
for current harmonic emissions and provides a reference library
(numerical values) of a fundamental signal with harmonic distor-
tion. This standard provides the amplitude value and phase range
for harmonics from the first and up to the 40th harmonic. The total
harmonic distortion (TDH index) is about 153.9%.

The proposed model shown in Eq. (6), is tuned exactly using the
parameter values indicated in [27] and [32]; the derived expres-
sionis shownin Eq. (14). The parameters take the following values:
A=1.0,fo =60Hz, 6 =0radians, N=40, and finally a; and 6}, have the
numerical values depicted in Table 1. As it can be seen, the wave-
form defined in IEC 61000-3-2 fits exactly in the proposed model.
Fig. 6 shows a time-domain representation of this PQD standard
waveform when the model stated in Eq. (6) is adjusted with the
parameters defined in [27].

N
Xiec (t) = A- cos [27tfot + 6] + Zah cos [27thfot + 6 (14)
h=2

4.2. NRC proposed waveform

The National Research Council, which is the NMI of Canada,
proposed a distorted sinusoidal waveform in [28,29]; specifying
amplitude and phase for harmonics from the first and up to the
49th. Eq. (15) is derived from mathematical model in Eq. (6) as
described in [33]. The parameter values are: A=1.0, fo=60Hz,
0 =0radians and N=49. The generated waveform has a THD of
15.4%. Table 2 shows the full set of parameters for the harmonic
components a, and 6y, of the waveform. The waveform originally
described in the NRC library is graphically reproduced in Fig. 7 by
using the proposed model of Eq. (6), when is adjusted with the
parameters shown in [28,29].

N
XNrc (£) =A- cos {27{f0t +6-— g} + Zah cos [Znhfot + Gh] (15)
h=2

4.3. Flicker waveform used in NPL (UK) for calibration

A flicker event is produced by continuous variations of the
supply voltage, non-correlated to the fundamental frequency.
Non-correlated phenomena like a flicker, requires well-defined

T
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Fig. 8. Time-domain representation using the model of Eq. (6) of the NPL flicker
waveform, including the modulation signal.

parameters such as: severity, DV/V, flicker frequency and duration
of the event. The National Physical Laboratory, which is the NMI in
the UK, proposed a reference waveform used for flicker calibration
in [30]. The parameters selected are: flicker frequency 33.33 Hz and
DV/V =2.4 to use in model shown in Eq. (6). Additionally, it is well-
known that the flicker is an event of long duration. It is important
to notice that the flicker waveform described in [30] is obtained
directly from Eq. (6) as stated in Eq. (16)

XnpL(t)=A- [1+38q(t)] - [cos (27fot +6)] (16)
where §, is a square modulation given by Eq. (17)
8a (t) = Aq-sgn [cos (27fnt +6) | (17)

being Ap the amplitude of a square signal for modulation,
directly related to the term DV/V. The function sgn() is the well-
known sign function. The modulation has a specific frequency of
33.33 Hz, represented by f;. The modulation phase 6 has 0 rads.
The other parameters take the following values: A=1.0, fo =60 Hz,
0 =0rads. Fig. 8 depicts the time-domain representation of the NPL
flicker waveform [30]. The parameters of the waveform are set up
exactly as [30].

5. Modeling recorded waveforms

Three different real recorded waveforms are selected in order to
compare waveforms obtained from the mathematical model in Eq.
(6) with waveform in the literature. The selected waveforms are:
(1) a recorded waveform from IEEE used in a workgroup during
the development of a published standard [26], (2) a noisy recorded
waveform of [26], and (3) a recorded waveform taken from a real
power system node.

In each case, it is necessary to perform a previous tuning pro-
cess for the mathematical model, which means that not all the
parameters in Eq. (6) are used simultaneously.

5.1. IEEE recorded waveform wave5.xls from the open library
IEEE 1159.2 Working Group [26]

The reference waveform is a recorded waveform of a real PQD
from the IEEE 1159.2 working group [26]. This waveform contains
1536 samples of a real PQD event with a sampling frequency of 256
samples per cycle (15.36 kHz). The recorded waveform comprises
6 cycles of the fundamental frequency.

The mathematical model is adjusted using a semi-manual
method. The model in Eq. (6) requires numeric values for the
parameters that define the model. The method used for identi-
fying the parameters is a traditional spectral analysis based on a
Discrete Fourier Transform (DFT). The IEEE waveform is separated
in 6 sections; each section corresponds to one fundamental cycle
of the fundamental. The spectral analysis is made in every one of
the six sections; it means that a single DFT is applied in each cycle
of the fundamental recorded waveform. At the end of this anal-
ysis harmonic content is identified in each cycle of the recorded
waveform.
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Table 1
Amplitude, ap,, and phase values, 6, for each harmonic distortion proposed in [27], for h = 2to40.
/60> as/03 a4/04 as/0s as/0s az/67 ag/0s as/09 a10/010
0.4700/0 1.0000/7 01870/ 0.4960/0 0.1300/0 03350/ 0.1000/7 0.1740/0 0.0800/0
a11/01 a12/012 a13/013 a14/014 a15/015 a16/016 a17/6h7 a15/61s a19/619 a20/620
0.1430/m 0.0667/ 0.0913/0 0.0571/0 0.0652/ 0.0500//7 0.0575/0 0.0444/0 0.0515/m 0.0400/™
a21/0n /02 a23/023 A24/024 az5/025 az6/026 a27/027 a2s/0>8 29/029 aso/030
0.0466/0 0.0364/0 0.0425/7 0.0333/7 0.0391/0 0.0308/0 0.0362/7 0.0286/7 0.0337/0 0.0267/0
a31/031 a3y/032 as3/033 a34/034 ass/03s ase/036 a37/037 a3g/03s a39/039 a0/040
0.0316/m 0.0250/™ 0.0296/0 0.0235/0 0.0280/ 0.0222/ 0.0264/0 0.0211/0 0.0251/m 0.0200/m
Table 2
Amplitude, ap,, and phase values, 6, for each harmonic distortion proposed in [33], for h = 2to49.
ax/0> as/03 a4/04 as/0s as/0s az/67 ag/0s as/09 aio/610
0.0122/-2.427 0.0212/-2.623 0.0253/-2.775 0.0604/-1.317 0.0246/2.021 0.0153/-0.829 0.0054/-0.684 0.0177/-2.181 0.0222/-2.506
a11/011 a12/612 a13/013 a14/014 a15/615 a16/016 a17/617 a18/6hs a19/619 a20/620
0.0266/-1.040 0.0272/2.441 0.0128/-1.331 0.0036/0.064 0.0203/-1.956 0.0205/-2.239 0.0153/-0.642 0.0302/2.921 0.0169/-1.083 0.0033/2.401
a21/0 a22/02 a23/023 a24/024 a25/05 a26/026 a27/027 a2s/08 a29/029 aso/030
0.0235/-1.766  0.0189/-2.110 0.0068/-0.322 0.0331/-2.954 0.0101/-0.754 0.0166/3.014 0.0249/-1.558 0.0166/-2.099 0.0016/-2.750 0.0347/-2.618
a31/031 a3/032 as3/033 a34/034 ass/03s a36/036 a37/037 azg/038 39/039 aa0/040
0.0133/-0.396 0.0162/-2.947 0.0242/-1.296 0.0146/-2.178 0.0078/-2.771 0.0344/-2.248 0.0090/0.350  0.0212/-2.534 0.0231/-0.925 0.0170/-2.190
A41/041 A12/012 43/043 44/014 As5/045 a6/016 A47/047 a48/048 49/019

0.0140/-2.354 0.0354/-1.980 0.0092/1.284  0.0278/-2.274 0.0212/-0.635

0.0225/-2.248

0.0180/-2.176

0.0325/-1.794

0.0113/2.132

The second stage in the parametric identification corresponds
to the evaluation of interharmonic content. The spectral analysis
provides an approximation to the values of the interharmonic con-
tent, however, the identification of the interharmonic frequencies
is made by hand.

If only harmonic and interharmonic content is taken into
account for modeling the IEEE waveform according with Eq. (6),
there is a difference that evidences that one oscillatory transient is
in the original recorded waveform. The identification of the values
in the transient event is made by hand when the model approach
is compared with the original IEEE waveform, emphasizing on
the duration of the transient event and also on the value of the
decaying frequency. At this point, acceleration in the fundamental
frequency is detected; the model of this acceleration is linear, and
also included in the parametric identification.

It is possible to apply the construction method described in
Section 2.1 and Section 3 of this paper once the parameters are esti-
mated. The first step is the definition of the fundamental frequency
at 60 Hz as shown in Eq. (18).

Xq (t)=A- cos [27rfot+9} (18)

Where A, fy, and 8 means the same than Eq. (7). The values are
A=0.58, fo=60Hz, and 6 =—0.8726 rads.

The second step is to set the parameters for the harmonic dis-
tortion as stated in Eq. (19).

xg(t) =X (£)+ Zah cos [Znhfot + Qh]
2

N
(19)

h=

The number of harmonics considered for each cycle are: 25
harmonics for the 1st cycle, 13 harmonics for the 2nd cycle, 100 har-
monics for the 3rd cycle and 14 harmonics for the 4th, 5th and 6th
cycles. All harmonics contain information of amplitude and phase.
For sake of simplicity only the first four parameters for amplitude
and phase in each cycle are used for defining Eq. (19) are shown
in this paper. Table 3 summarizes the values of amplitude, aj, and
phase, 6;, for each fundamental cycle.

At the third step, an interharmonic non-correlated to the fun-
damental signal is included, as shown in Eq. (20).

K

Xy (£) =X () + Y _brcos [2fit + ¢ (8)]
k=1

(20)

The function that defines the behavior of the phase of this wave-
form includes an initial phase and other component related with
frequency acceleration. This behavior is approached in Eq. (21):

@ (t) = Qo + Tt% - Rys (21)

There are two interharmonic components identified. The val-
ues of the parameters in Eq. (20), and in Eq. (21) are: K=2;
b1 =0.025; by =0.015; fi =[55Hz, 50 Hz]; 10 =0.9948 rads; @0 =1
rads; Ryf =103 Hz/s; Ry =205 Hz/s.

Finally, at the fourth step, a transient PQD is added to the wave-
form as stated in Eq. (22).

M
Xigge (£) =Xy (£) + Y _cm [u(t = am) = u (¢ = Bm)] -

m=1

e[(-52)] . cos (27tfmt + Yrm) (22)

The parametric vales used in Eq. (22) are: M=1; for
m=1 f;=1.095kHz; cy=0.06354; 1=—m rad; a;=45.99ms;
31=46.44ms, and 71 =455 ps.

Fig. 9 shows the comparison in the time-domain between the
recorded waveform and the synthetic waveform constructed with
the proposed method. Fig. 10(a) depicts the original waveform from
the original recorded library and Fig. 10(b) shows the waveform as
synthesized by the model of Eq. (22). Additionally, Fig. 10(c) depicts
the difference between the original and the synthetic waveforms,
showing that there is a deviation having a mean of 0.26% and a
standard deviation of + 1.01%.

5.2. IEEE recorded waveform wavel4a.xls from the open library
IEEE 1159.2 Working Group [26]

The second case of study is also a recorded waveform of a real
PQD from the IEEE 1159.2 working group [26]. This library contains
1536 samples of a real PQD event with the sampling frequency of
256 samples per cycle (15.36 kHz). The recorded waveform com-
prises 6 cycles of the fundamental frequency.

The mathematical model is adjusted using a semi-manual
method applying the same methodology described in Section 5.1 in
this paper. The IEEE waveformis separated into 6 sections; each sec-
tion corresponding to one fundamental cycle of the fundamental.
The spectral analysis is made in every one of the six sections.
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Table 3

Values of amplitude and phase for Eq. (19) during each cycle of the fundamental frequency.
Cycle number ax/0, as/03 a4/04 as/0s
1 0.000380/—-2.97812 0.007654/0.9973 0.001023/-2.0677 0.009953/-1.8549
2 0.004843/-1.9103 0.005987/-2.7906 0.002352/-0.4409 0.007729/-1.8795
3 0.006032/1.0582 0.012483/2.1829 0.020848/-2.7129 0.019175/-1.8523
4 0.012110/1.3251 0.018599/-3.1367 0.033583/-1.4427 0.006851/-0.6405
5 0.009229/1.2868 0.022149/-3.1362 0.026344/-1.2486 0.012628/-0.5070
6 0.009917/1.4739 0.022153/3.1240 0.024385/-1.2064 0.011017/-0.4135
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Fig. 9. IEEE 1159.2 recorded waveform: (a) Time-domain recorded waveform, (b)
Time-domain model-based waveform, (c) Time-domain difference.
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Fig. 10. Real field-recorded waveform case: (a) Time-domain original recorded
waveform, (b) Time-domain model-based waveform, (c) Time-domain difference.

The second stage in the parametric identification corresponds to
the evaluation of the behavior of the resulting difference between
waveforms, the recorded waveform, and the model-based wave-
form when only harmonic content is added. The resulting behavior
is approximated with a Gaussian noise function.

The first step in waveform construction process is the definition
of the fundamental frequency at 60 Hz in Eq. (23)

X2 (t) = A- cos [27fot + 6] (23)
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Fig. 11. Real field-recorded waveform case: (a) Time-domain original recorded
waveform, (b) Time-domain model-based waveform, (c) Time-domain difference.

where A, fy, and 6 means the same than Eq. (7). The values are
A=0.1067, fo =60 Hz, and 6 =1.6542 rads.

The second step is to set the parameters for the harmonic dis-
tortion as stated in Eq. (24).

N
Xgy (£) = Xo2 (t) + Zah cos [2nhf0t+9h] (24)
h=2

The number of harmonics considered for all cycles are: 128 har-
monics. All harmonics contain information of amplitude and phase.
For sake of simplicity only the first four harmonic parameters for
amplitude and phase are shown in this paper. Table 4 summarizes
the estimated values for Eq. (24) in amplitude, a;,, and phase, 6.

At the third step, one component related with Gaussian noise is
added as stated in Eq. (25).

Xiggg—2 (t) = Xpga (t) + n (¢, X0, 0) (25)

Where the Gaussian noise function is identified by two parameters:
a mean value xy = —0.0017 and its standard deviation o =+0.0019.

Fig. 10 shows the comparison in the time-domain between the
recorded waveform and the synthetic waveform constructed with
the proposed method. Fig. 11(a) depicts the original recorded wave-
form from IEEE and Fig. 11(b) shows the waveform as synthesized
by the model of Eq. (25). Additionally, Fig. 11(c) depicts the differ-
ence between the original and the synthetic waveforms; the error
has a mean of 1% and a standard deviation of + 1%.

5.3. Recorded waveform from a real power system

The waveform of this case of study was recorded during the
startup of an arc furnace in a given power system node. The acquisi-
tion sampling rate is 15.35 kHz, giving 256 samples per cycle during
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Table 4
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Values of amplitude and phase for Eq. (24) during each cycle of the fundamental frequency.

Cycle number

az/0>

az/63

a4/04

as/0s

1 0.0069/-2.8341, 0.0241/2.0987 0.0053/0.1859 0.0331/1.8674
2 0.0169/-2.9101 0.0459/2.0860 0.0101/1.2406 0.0476/1.7679
3 0.0120/-2.4419 0.0176/1.4400 0.0064/0.1103 0.0183/1.3176
4 0.0138/-2.3459 0.0208/1.4693 0.0076/0.2003 0.0198/1.4036
5 0.0119/-2.6907 0.0198/1.2771 0.0081/0.3893 0.0167/1.2261
6 0.0139/-2.6826 0.0189/1.1945 0.0085/0.5020 0.0167/1.1933
Table 5
Values of amplitude and phase for Eq. (26) during each cycle of the fundamental frequency.
Cycle number Xbc ay/6, as/63 a4/04 as/0s
1 1.7607 0.1417/0.4876 0.2187/2.0398 0.2870/-2.7726 22.5213/-2.0773
2 1.8694 0.0577/1.3622 0.2760/2.5157 0.4031/-1.7170 22.6085/-1.9583
3 1.8694 0.0577/1.3622 0.2760/2.5157 0.4031/-2.7170 22.6085/-1.9583
4 1.8694 0.0577/1.3622 0.2760/2.5157 0.4031/-2.7170 22.6085/-1.9583
5 1.9863 0.1633/-1.2320 0.0600/-2.2736 0.2959/-1.7933 22.4658/-1.9439
6 23.3645 19.3850/-2.7737 15.3887/-2.5223 15.5349/-2.4408 36.1533/-2.0797

100 ms of the testing run using a 16-bit ADC, which comprises 6
cycles of the signal.

In order to identify the parameters of the model in Eq. (6)
the process is similar to the cases shown in Sections 5.1, and 5.2.
The identification process includes the separation of the recorded
waveform in six stages. The first approximation uses the DFT spec-
tral analysis for defining the harmonic content. The second process
includes interharmonic content identification. Using the estimates
values for harmonic content and for interharmonic content it is
possible to reach deviations within 1% of accuracy.

The construction of the mathematical model based on Eq. (6) is
developed in three steps.

The first step is the definition of the fundamental frequency at
60Hz in Eq. (26)

X3 (t) =Xpc +A- cos [27fot + 6] (26)

where A, fy, and 6 means the same than Eq. (7). The values are A=53,
fo=60Hz, and 6=-2.421 rads.

The second step is to set the parameters for the harmonic dis-
tortion as stated in Eq. (27).

N

X3 (£) = X3 (£) + Zah cos [27hfyt + 6y (27)
h=2

The number of harmonics considered for each cycle are: 10
harmonics for the first 5 cycles, whereas 100 harmonics are used
for the 6th cycle. All harmonics contain information of amplitude
and phase. For sake of simplicity only the first four parameters of
amplitude and phase in each cycle are shown in this paper. Table 5
summarizes the values of amplitude, aj,, and phase, 6.

The value of the DC component of the recorded waveform is
significant compared to the other cases, up to the 5th cycle the
value of the DC component is almost constant, for the 6th cycle the
DC component increases its value 20 times the original one, it is
inferred that the arc furnace started in this cycle.

At the third step, an interharmonic non-correlated to the fun-
damental signal is included in Eq. (28).

Xy3 (£) = xg3 (£) + bycos [27fit + ¢y ] (28)

There is one interharmonic component identified. The values of
the parameters in Eq. (27) are: by, =9; f, =302 Hz; ¢} = /4 rads.

Fig. 11 depicts the comparison in the time-domain between the
recorded waveform and the synthetic waveform that it is obtained
from the proposed model when using the parameter settings sum-
marized in Table 5. Fig. 11(a) shows the original waveform from the

real power system and Fig. 11(b) depicts the waveform as synthe-
sized by the model. Additionally, Fig. 11(c) illustrates the difference
between the original and the synthetic waveforms, there is a devi-
ation with a mean of 0.84% and a standard deviation of + 0.52%.

6. Discussion

The aim of this work is to define a mathematical model that rep-
resents different dynamic waveforms, including simultaneous PQD.
With the model defined in Eq. (6), it is possible to accurately achieve
parametric models that represents physical phenomena in power
systems. The methodology developed for constructing waveforms
is feasible of being applied in engineering environments just like
the electrical utilities.

The proposed model is capable of reproducing waveforms with a
minimum error, where the PQD parameters are fully defined. There
are well-defined PQD references that can be reproduced as seen in
Section 4.1 for the [EC waveform [27], Section 4.2 for the NRC wave-
form, [28,29]; and Section 4.3 for the NPL flicker waveform, [30].
These standard waveforms are used as PQD references for interna-
tional standardization, equipment calibration, and for PQ analysis
in some National Metrology Institutes worldwide.

When the parameters of the model are not previously known
or predefined, like in recorded waveforms, then the model fit-
ting becomes a parameter identification problem. For the cases
shown in Sections 5.1-5.3, the chosen methodology for model-
ing the recorded waveform is to apply classical signal processing
techniques in order to estimate the value of the parameters to fit
the recorded waveforms into Eq. (6). Once these parameters are
estimated, the model is adjusted to reproduce the waveforms. The
results show an agreement between the mathematical model and
the reference libraries. For those references that provide the exact
value of parameters, differences are almost zero. For those recorded
waveforms of a given node in a power system, differences are
within 1%, which can be further reduced if optimization techniques
are used to improve the parameter identification.

The accuracy of this adjustment depends exclusively on how
precise the parametric identification process is. In this work the
process of identifying parameters is made by spectral analysis in
combination with a semi-manual analysis of the behavior of dif-
ferences between the recorded waveforms and the model-based
waveform. This last parametric identification relays directly on the
expertise of the authors. The accuracy of the model is related to
the process of selecting and identifying the whole set of different
PQD and their parameters that a given recorded waveform con-
tains. The computational burden is almost negligible because the
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semi-manual process is made in a post-processing stage, the com-
putational resources are not critical due the fact that one part of
the identification of parameters relays on classic processing tech-
niques, i.e. DFT. The other part of the parameter identification relays
directly on the expertise of the user. The aim of this work is focused
in provide a mathematical model capable of representing multiple
simultaneous PQD. Using the proposed model and the constructing
methodology, itis possible to reproduce waveforms from standards
and also from recorded waveforms in power systems. The identifi-
cation process of parameters in this work is aimed to explore the
capability of the proposed model to be fitted in different scenar-
ios and not as an optimal solution for parametric identification in
waveforms.

If the accuracy is a key feature when PQ waveforms are modeled,
then an automatic method is required for parametric identification.
There are efforts in that direction, for instance in [34], a method
based on micro-genetic algorithms for detecting and classifying
electric power disturbances is addressed. The method proposed
in this reference is capable of detecting and classifying several
PQD at one single step automatically. In this work, some PQD
cases are explored such as: sag events, swell, unbalance, among
other amplitude related disturbances. The methodology proposed
in [34] can be extended to different PQD if these events can be
parameterized into a mathematical model taking into account the
advantages of the micro-genetic algorithms. The scheme proposed
in [34] achieves results within 5% of accuracy with reduced com-
putational resources when these resources are compared to other
approaches.

The proposed method for modeling waveforms is prepared for
dynamic cases where the parameters are either time variant or
completely non-periodic. It is possible to expand the model to
waveforms that may contain dynamic PQD such as: simultaneous
modulation of amplitude and phase, fluctuant harmonics, interhar-
monics near to the value of the fundamental frequency, for behavior
related to non-linear electrical loads, for dynamic off-nominal con-
ditions in islanding conditions, and so on, even in the case when
the acquisition of the waveforms is subject to noise in non-clearly
repetitive patterns. When real waveforms are recorded, it is pos-
sible that they contain non-periodic patterns; in that case, the
proposed mathematical model is able of responding to this chal-
lenges if the constructing process for any waveform is applied as
shown in this paper, and even more important, if the fitting pro-
cess is developed using more sophisticated analysis tools in order to
accurately estimating the parameters in the model. The model con-
siders a section for non-correlated components with not-Gaussian
nature; this section is able to be extended to those patterns and
disturbances.

Even for cases where no periodic noise is added into the acquir-
ing systems. In this last dynamic cases, the complexity for the
identification process grows while the identification process is
semi-manual, in fact it is expected a more complex identification
process when the fitting process include time variant or non-
periodic behaviors in the waveforms.

7. Conclusions

The proposed methodology is capable of adjusting a mathemat-
ical model aiming to represent various types of PQD, when the
parameters of a given waveform are known a priori; and also when
the waveform is obtained from a real recorded sampled signal.
This represents a key feature of the proposed model if it is used
in PQ analysis applications. The proposed methodology is broadly
inclusive due to the way it can reproduce a wide number of simul-
taneous PQD from a single analytical expression. This model is a
generalization of the major models already in use for PQD and PQ
analysis.

Three different sets of results are obtained. First, it is demon-
strated the step-by-step construction of a synthetic waveform
with several simultaneous PQD. Then, the model is used to repro-
duce waveforms defined in standard libraries from the parameter
definition of the PQD described in those libraries. The model is
adjusted to reproduce recorded waveforms from real power sys-
tems. In the case of recorded waveforms, an additional problem of
parameter identification arises, requiring further development of
optimization techniques for improving the parameter identifica-
tion to better fit those waveforms into the proposed model. Future
work includes the development of these automatic tools oriented
to optimize the parameters of the proposed model to fit recorded
waveforms and minimizing the resultant error.
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